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PREFACE. 


4 tae aim of the present work is to set forth, as completely as the 
limitations of space permit, the analytical theory of the motion of 
those dynamical systems which have a finite number of degrees of 


freedom. 


The treatment of the more elementary parts of the subject, which is 
given in the earlier chapters, is intended to lead up continuously to that 
view of theoretical Dynamics which has become prominent in recent 
researches, and which is presented in the latter part of the book; in 
particular, the soluble problems of the Dynamics of Particles and Rigid 
Bodies are discussed in what appears to be the most natural place in the 
orderly sequence of a general theory. Those special artifices and methods 
of solution which are available only for small groups of problems have 
been discarded in favour of a uniform procedure. 

A large proportion of the subject-matter has hitherto been accessible 
only in scattered memoirs by various investigators, among whom may be 
mentioned (to take only such as are of comparatively recent date) Lie, 
Rayleigh, Klein, Hertz, Lorentz, Poincaré, Siacci, Bruns, Boltzmann, Larmor, 
Greenhill, Appell, Painlevé, Stiickel, and Levi-Civita; it is hoped that a 
connected account of the advances due to these and other workers will 
prove a stimulus to further research. 

It would ill become me to omit mention of the debt which I, in common 
with all English students of Dynamics, owe to the influence which Dr Routh 


has so long exercised on the study of the science. 


My grateful thanks are due to Mr J. G. Leathem, M.A., Fellow and 
Lecturer of St John’s College, Cambridge, and Mr H. C, Plummer, M.A., 
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of the University Observatory, Oxford, who with great kindness have read 
the work in proof, and have spared no pains to free it from error. I wish 
also to record my obligation to the staff of the University Press for 
much courtesy and consideration shewn to me during the progress of the 
printing. 


KE. T. WHITTAKER. 


CAMBRIDGE, 
November, 1904. 
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CHAPTER LI. 
KINEMATICAL PRELIMINARIES. 


1. The displacements of rigid bodies. 


The name Analytical Dynamics is given to that branch of knowledge 
in which the motions of material bodies, considered as due to the mutual 
interactions of the bodies, are discussed by the aid of mathematical analysis. 


It is natural to begin this discussion by considering the various possible 
types of motion in themselves, leaving out of account for a time the causes 
to which the initiation of motion may be ascribed; this preliminary enquiry 
constitutes the science of Kinematics. The object of the present chapter is 
to establish a number of kinematical theorems which will be required in the 
rest of the work. 


Kinematics is in itself an extensive subject, for a complete account of which the student 
is referred to treatises dealing exclusively with it, e.g. that of Koenigs (Paris, 1897). In 
what follows we shall confine our attention to theorems which are of utility in the appli- 
cations of Kinematics to Dynamics. 


We shall say that a material body is rigid when the mutual distance of 
every pair of specified points in it is invariable, so that the body does not 
expand or contract or change its shape in any way, although it may change 
its position with reference to surrounding objects. 


If a rigid body is moved from one position to another, the change of 
position is called a displacement of the body. Certain special kinds of 
displacement have received specific names; thus, if the position in space 
of every point of the body which les on some straight line Z is unchanged, 
the displacement is called a rotation about the line L; if the position in 
space of some point P of the body is unchanged, the displacement is called 
a rotation about the point P; and if the lines joining the initial and final 
positions of each of the points of the body are a set of parallel straight lines 
of length J, so that the orientation of the body in space is unaltered, the 
displacement is called a translation parallel to the direction of the lines, 
through a distance 1. 
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2. LEuler’s theorem on rotations about a pownt. 


Consider a rigid body, one of whose points is made immoveable by some 
attachment ; suppose that the body is free to turn about this point in any 
manner, and let any two possible configurations of the body be taken: for 
convenience we shall call these the configuration P and the configuration Q. 
We shall now shew that it is possible to bring the body from the configuration 
P to the configuration Q by simply rotating it about some definite line 
through the fixed point, ie. that a rotation about a point is always equivalent 
to a rotation about a line through the povnt. 


To establish this result (which was first given by Euler), denote the fixed 
point by 0; let O.A, OB, be the positions, in the configuration P, of two lines 
through the fixed point which are fixed in the body and move with it; let 
0A’, OB’, be the positions of the same lines on the configuration Q. Draw 
the plane which is perpendicular to the plane AOA’ and bisects the angle 
AOA’; and draw also the plane which is perpendicular to the plane BOB’ 
and bisects the angle BOB’. Let OC be the line of intersection of these two 
planes, supposing them to be not coincident; if they are coincident, we 
denote by OC the line of intersection of the planes OAB and OA'B.. 


Then clearly in either case the line OC is related to the lines Od’, OB’, 
in exactly the same way as it is related to the lines OA and’ OB; that is to 
say, the angles AOC and BOC are respectively equal to the angles A’OC and 
BOC. It follows that ifthe system OABC is rotated about O in such a way 
that the lines OA and OB come into the positions 0A’ and OB’ respectively, 
then OC will retain its position unchanged. The line OC is therefore 
unaffected by the displacement in question, and so the displacement can 
be represented by a rotation through some angle round OC; which proves 
the theorem. 


When a body is continuously moving round one of its points, which is 
fixed in space, the displacement from its position at time ¢ to its position at 
time ¢+ Aé, can, by Euler’s theorem, be obtained by rotating the body about 
some definite line through the fixed point. The limiting position of this 
line, when the interval At is indefinitely diminished, is called the instantaneous 
axis of rotation of the body at the time t. 


When a body is continuously moving round one of its points, which is fixed, the locus 
of the instantaneous axis in the body is a cone, whose vertex is at the fixed point: the 
locus of the instantaneous axis in space is also a cone whose vertex is at the fixed point. 
Shew that the actual motion of the body can be obtained by making the former of these 
cones (supposed to be rigidly connected with the body) roll on the latter cone (supposed to 
be fixed in space). (Poinsot.) 


A similar proof shews that if any two positions of a plane figure in the 
same plane are given, the displacement from one position to the other can be 
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regarded as a rotation about some point in the plane. This point is called 
the centre of rotation. 


When the body is regarded as continuously moving, the small displace- 
ment from one position to the position which succeeds it after an infinitesimal 
interval of time can therefore be accomplished by a rotation round a point; 
this point is called the instantaneous centre of rotation. 


Example 1. A lamina moves in any manner in its plane. Prove that the locus at any 
instant of points which are at inflexions of their paths is a circle, which touches the loci 
in the lamina and in space of the centre of instantaneous rotation. (Coll. Exam.) 


Example 2. A rigid body in two dimensions is subjected successively to two finite 
displacements in its plane. If D, be the line joining the centres of displacement, and if 
D, be the line which is brought into the position D, by half the first displacement (i.e. 
by rotation through half the angle), and if D, be the position to which D, is brought by 
half the second displacement, shew that the centre of the total displacement of the rigid 
body is the intersection of D, and D,. (Coll. Exam.) 


3. Hamilton’s theorem. 


Any two successive rotations about a fixed point can be compounded into 
a single rotation by means of a theorem due to Hamilton*, which may be 
stated as follows: 


Successwe rotations about three concurrent lines fixed in space, through twice 
the angles of the planes formed by them, restore a body to its original position. 


For let the lines be denoted by OP, OQ, OR. Draw Op, Og, Or, per- 
pendicular to the planes QOR, ROP, POQ, respectively. Then if a body is 
rotated through two right angles about Ogq, and afterwards through two right 
angles about Or, the position of OP is on the whole unaffected, while Oq is 
moved to the position occupied by its image in the line Or; the effect is 
therefore the same as that of a rotation round OP through twice the angle 
between the planes PR and PQ, which we may call the angle RPQ. It 
follows that successive rotations round OP, OQ, OR, through twice the angles 
RPQ, PQR, VRP, respectively, are equivalent to successive rotations through 
two right angles about the lines Og, Or, Or, Op, Op, Oq; but the latter 
rotations will clearly on the whole produce no displacement ; which establishes 
the theorem. 


4. The composition of equal and opposite rotations about parallel axes. 


A case of special interest is that in which a body is subjected in turn to 
two rotations of equal amount in opposite senses about two parallel axes. 


In neither displacement is any point of the body displaced in a direction 
parallel to the axes, and this is therefore true of the total displacement. 
Moreover, if any line be taken in the body in a plane perpendicular to the 

* Lectures on Quaternions, § 344; the proof here given is due to Burnside, Acta Math, xxv. 


(1902). 
=) 
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axes, this line in the first displacement will be turned through an angle 
equal to the angle of rotation, and in the second displacement will be turned 
back through the same angle; so its final position will be parallel to its 
original position; which evidently can be the case for every line without 
exception, only when the total displacement is equivalent to a simple 
translation. It follows that two successive equal and opposite rotations about 
parallel axes are equivalent to a translation in a direction perpendicular to 
the axes; or, in other words, a rotation about any axis is equivalent to 
a rotation through the same angle about any axis parallel to it, together with 
a simple translation in a direction perpendicular to the axis. 


The converse of this, namely the theorem that a rotation of a rigid 
body about any axis, preceded or followed by a translation in a direction 
perpendicular to the aais, are together equivalent to a rotation of the body 
about a parallel axis, is also true, being essentially the same as the result 
stated in § 2, that any displacement in a plane can be regarded as a rotation 
round some point in the plane. By considering the angle between the 
initial and final positions of any line which is perpendicular to the axis and 
moves with the body, we see that the angles of rotation round the two axes 
are equal. 


5. Chasles’ theorem on the most general displacement of a rigid body. 


We shall now consider displacements of a more general character. It is 
evident that a free rigid body can be moved from any one selected con- 
figuration P in space to any other Q by first moving some selected point of 
the body from its position in the configuration P to its position in the 
configuration Q, each of the other points of the body being moved by a simple 
translation parallel to this (so that the body is oriented in the same way after 
the operation as before), and secondly rotating the body about this point into 
the configuration Q. By Euler’s theorem, this latter operation can be 
performed by simply rotating the body about a line through the point; so 
we see that the most general displacement of a rigid body can be obtained by 
jirst translating the body, and then rotating it about a line. 


We shall now shew that the line about which the rotation takes place can 
be so chosen, that the motion of translation is parallel to this line. For let A 
be the initial position of any point of the body, and B the position to which 
this point is brought by the motion of translation. Let AX be the line 
through A parallel to the lme round which the rotation takes place, and let 
K be the foot of the perpendicular from Bon AK. Then the motion of 
translation can evidently be accomplished in two stages, the first of which is 
a translation parallel to the line about which the rotation takes place, 
bringing the point A to the position K, and the second of which is 
a translation perpendicular to the line about which the rotation takes place, 
bringing the point A to the position B. But by § 4, the second translation, 
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together with the rotation which follows it, are together equivalent to 
a simple rotation about a new axis parallel to the first one. If therefore any 
point on this axis be taken as base point, the whole displacement can be 
accomplished by a translation of the body parallel to a certain line through 
this point, together with a rotation about this line; this establishes the 
theorem, which was first given by Chasles. 


This combination of a translation and a rotation round a line parallel to 
the direction of translation is called a screw; the ratio of the distance of 
translation to the angle of rotation is called the pitch of the screw. It is 
clear that in a screw displacement, the order in which the translation and 
rotation take place is indifferent. 


6. Halphen’s theorem on the composition of two general displacements. 


Halphen has shewn * how to determine geometrically the resultant of any two -screw- 
displacements as a screw-displacement. 


Let A, and A, denote the axes of the two screws, and A, their common perpendicular. 
Let B, be the line which is brought to the position A, by half the first displacement 
(i.e. half the translation, and rotation through half the angle), and let B, be the line to 
whose position A,, is brought by half the second displacement ; let C denote the common 
perpendicular to the lines B, and B,. Halphen’s result is that the axis of the resultant 
serew-displacement is C, and the displacement is twice that which brings the line B, to the 
position Bo. 

For let D, and D, be lines such that half the given displacements will bring 4,, to the 
position PD, and D, to the position Aj, respectively, and let C’ be the common perpendicular 
to D, and D,. 


The figure thus obtained, and that which is obtained from it by rotating it through two 
right angles about A,., evidently coincide ; whence we have the relations : 


Intercept made on B, by A, and C=Intercept made on D, by A, and 0’, 
Intercept made on B, by A, and C=Intercept made on D, by A, and C’, 
Intercept made on C by B, and B,=Intercept made on O’ by D, and D,, 
Angle between the planes 4,8,, B,C/= Angle between the planes 4,D,, D,C’, 
Angle between the planes A,B,, B,?= Angle between the planes A,D,, D,C’, 
Angle between B, and B, = Angle between D, and D,. 


It follows that the screw about A, brings C to the position of C’ produced, the inter- 
section of B, and C being brought to the position of the intersection of D, and C’; and 
then the screw about A, brings C’ to the position of C produced, the intersection of 
D, and C’ being brought to the intersection of B, and C'; so C is the axis of the resultant 
screw, and the amount of the translation is twice the intercept made on C by B, and B. 
Also the line B,, which by the first screw is brought to the position D,, is by the second 
brought to a position making the same angle with B, that B, makes with B, ; and therefore 
the rotation of the resultant screw is twice the angle between B, and B,. This establishes 
Halphen’s theorem. 

Example. Shew that any infinitesimal displacement of a rigid body can be obtained 
by the composition of two infinitesimal rotations round lines, and that one of these lines 
can be arbitrarily chosen. 

* Nouvelles Annales de Math. (3) 1. p. 298 (1882). The proof given here is due to Burnside, 
Mess. of Math. x1x. p. 104 (1889). 


6 Kinematical Preliminaries [OH. I 


7. Analytic representation of a general displacement. 


We shall now see how any displacement of a rigid body can be represented — 
analytically. 

Let rectangular axes Owyz be taken, fixed in space: these will be supposed 
to form a right-handed system, ie. if the axes are so placed that Oz is directed 
vertically upwards and Oy is directed to the northern horizon, then Oz will 
be directed to the east. Let the displacement considered be equivalent to a 
rotation through an angle w about a line whose direction-angles are (a, 8, ¥), 
and which passes through a point A whose coordinates are (a, b, c), together 
with a translation through a distance d parallel to this line. The angle 
must be taken with its appropriate sign, the sign being positive when the line 
(a, B, y) being directed vertically upwards, the rotation from the southern 
horizon to the northern is round by the east. Let the point P whose 
coordinates are (a, y, z) be brought by the displacement to the position of the 
point Q (X, Y, Z); and let the point P be brought by the translation alone 
to the position of the point Rf (€, n, €); then we have evidently 

E=x2+d cosa, n=yt+dcosB, €=z+dcosy. 

Let K be the foot of the perpendicular from R (or Q) on the axis of 
rotation, and let LZ be the foot of the perpendicular from Q on KAR. Then 
we have 

X — &=projection of the broken line RLQ on the axis Oz, 
it being understood that projections have their appropriate signs, so that the 
projection of a line AB on the axis of # is (wg — #4), not (w4— pz). 

Now the projection of AR on the axis Oz is 

€—a—(projection of AX on the axis Ox) 
or E—a—cosa{(E—a) cosa+(n—b) cos 8 +(£—c) cos x}, 
and as RL =—(1—cosw) KR, it follows that the projection of RZ on the 
axis Ox 1s 
—(1 —cos w) [& —a— cosa {(E — a) cosa+(n—b) cos 8 + (f—c) cos y}]. 
Moreover, the line LQ is normal to the plane RA, and its direction-cosines 
are therefore proportional to the quantities 
(€—c) cos 8B —(n — 6) cosy, (€ — a) cosy —(€—c) cosa, 
(n — b) cosa—(E—a) cos B, 
and since the sum of the squares of these three quantities, divided by the 
expression {(€ — a)? + (n — b)? + (€ —c)*}, represents the quantity sin? RAK, it 
follows that the sum of the three squares is equal to AR, and the three 
quantities themselves are the projections on the axes of a length +KR 
measured along the line LQ. Since LQ=+KRsine, the projection of LQ 
on the axis Uw is therefore 


+ sin w {(€—c) cos 8 — (m — b) cos 9}. 
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On considering a special case, e.g. supposing that the axis of rotation is the 
axis Oz, we see that the upper sign is correct ; and thus we have 
X — &=—(1—cos ){(E— a) — cos?a (€—a) 
— cos a cos B (n — b) — cos acos y (€—c)} 
+sin w {cos 8 (€—¢) — cos y(n —b)}. 
Substituting for &, », ¢ their values in terms of a, y, z, we have 
X =%+dcosa—(1—cos w){(w—a) sin? a 
— cos acos 8 (y — b) — cos a cos y (z —c)} 
+sin {cos 8 (z—¢) — cosy (y—b)}. 
Similarly we have 
Y=y+dcos 8 —(1 —cos ) {(y —b) sin? 8 
— cos 8 cos y (z —c) — cos B cos a(a — a)} 
+sin {cos y (x — a) — cos a(z—e)} 
and Z=2z+dcosy—(1— cos @) {(z—c) sin? y 
— cos y cos a (a# — a) — cos y cos B (y — b)} 
+ sin w {cos a (y — b) — cos 8 (a —a)}. 
These equations give the new coordinates X, Y, Z, in terms of the 
coordinates , y, z, of the original position of the point and the quantities 
which define the displacement. 


8. The composition of small rotations. 

We shall now apply the last result to the case in which the rotation is 
infinitesimal, the axis of rotation passing through the origin and there being 
no motion of translation. We shall write dW for w, where dy is a small 
quantity whose square can be neglected. The equations of the last article 
now become 

X =2+(z cos B—ycos yx) ov 
Y=y+(«cos y —2 cosa) dw 


Z =2z+(ycos a —xcosB) dp. 

But these are the equations which we should obtain if we successively (in 
any order) subjected the body to infinitesimal rotations cos a. dy about Oz, 
cos 8. dy about Oy, and cosy. dy about Oz. It follows that any small rota- 
tion SW about a line OK is equivalent to successive small rotations dp .cos KOx 
about Ox, d.cos K Oy about Oy, and dv.cos K Oz about Oz, where Ox, Oy, Oz, 
are any three mutually perpendicular lines which intersect OK in one of tts 
pownts, O. 

9. The parametric specification of rotations round a point. 

The analytic expressions for the translational part of a displacement are, 
as we have seen, extremely simple; but the expressions for the rotational 
part are not so simple, and these will now be further considered. Suppose 
then that a rigid body is rotated through an angle about a line through 
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the origin, whose direction-angles are a, 8, y. By § 7, the coordinates 
(X, Y, Z) of the new position of a point whose original coordinates were 


(a, y, 2) are given by the equations 
X =«-2sin’F (wsin?a- y cos acos B — zcos 4 COS y) 


(0) 


+2sin 5 


cos a (zcos B—y cosy), 


| Y =y—2sin? 5 (ysin® B — « cos 8 cosy — # cos 8 cos a) 


< 
+2 sin5 cos 2 (a cos y — 2 COS @), 
Z=2—2sin’ 5 (zsin*y— @ cos cosy — y cos 8 cos 7) 
| + 2sin 5 cos 5 (y cos a — a cos 8). 
\ 
Now introduce parameters &, n, € x, defined by the equations 
&=cosasin 5, n=cos@sin—, f= cos ysin 5, X = 008 F; 


these parameters evidently satisfy the identical relation 
B+ at O 4+ 7 =I, 
and the above equations can be written in the form 


X= (E— 9 — + 42) w+ 2 (En — Sx) y + 2 (ES + nx) % 
Y=2 (En + Cy) a+ (—-B+y— +) y +2 (gf — Ex) 2, 
lz =2(E— nx) a+ 2(no+ Ex)yt(—P— pt & +x?) z. 

If therefore the coordinate axes are denoted by OX YZ, and if moveable 
axes which originally coincide with these are brought into the position Oxyz 
by the given rotation, the direction-cosines of the two sets of axes with 
reference to each other are given by the following scheme : 


X Ve Z 
a at hanes Gans) a 2 (&) +¢yx) | 2 (€¢—nx) 
y nee | hat ae aiatens 
Z 2 (E¢+nx) . years at Steet ae an 


Example. Shew that the parameters (&”, n", ¢”, x"), corresponding to the resultant of 
two successive displacements (&, 7’, ¢’, x’) and (&, », ¢, x), are given by the equations 
Ree EX ne Cn Res 

Sela Fee NT 
| Mest Eqns i eR, 
SRN REE is ay EE (Rodrigues. ) 
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(10. The Eulerian angles, 


The most practically useful of the various methods of parametrically 
representing the displacement of a rigid body due to a rotation round a fixed 
point is one due to Euler: it has the disadvantage of being unsymmetrical, 
but is otherwise very simple and convenient. 


Let O be the fixed point round which the rotation takes place, and let 
OXYZ be a right-handed system of rectangular axes fixed in space. Let 
Oxyz be rectangular axes fixed relatively to the body and moving with it, 
and such that before the displacement the two sets of axes OX YZ and Oayz 
are coincident in position. Let OK be perpendicular to the plane zOZ, 
drawn so that if OZ is directed to the vertical and the projection of Oz 
perpendicular to OZ is directed to the south, then OK is directed to the east. 


Denote the angles 20Z, YOK, yOR, by 0, ¢, wW, respectively; these are 
known as the three Lulerian angles defining the position of the axes Oryz 
with reference to the axes OX YZ. 


In order to find the direction-cosines of Ox, Oy, Oz, with respect to OX, 
we observe that these are equal to the projections on Ox, Oy, Oz respectively, 
of a unit length measured along OX. Now this unit length has projections 
cos @ along OL and —sin ¢ along OK, where OL is the intersection of the 
planes XOY and ZOz; but alength cos ¢ along OL has projections cos ¢ sin 0 
along Oz and cos¢cos@ along OM, where OW is the intersection of the 
planes Oy and ZOz; and a length cos¢cos@ along OM has projections 
cos cos 9 cosy along Ox and —cos¢ cos @sin yp along Oy; also, a length 
—sing along OK has projections —sin ¢siny along Ow and —sin¢cosy 
along Oy. Hence finally the projections on Ow, Oy, Oz respectively of the 
unit length measured on OX are 


{ cos ¢ cos 8 cos ~—sin gsin y along Oz, 
| — cos ¢ cos O sin ~ — sin ¢ cosy along Oy, 


cos ¢ sin 0 along Oz. 


Proceeding in this way, we obtain for the direction-cosines of the two sets of 
axes OX YZ and Oxyz with respect to each other the following scheme : 


xX JG Z 


az | cosdcos 6 cosy —sin ¢ siny sin d cos 6 cos p+cos f sin y | —sin 6 cosy 


y | —cos cos Osiny—sinpcosy | —sin cos sin W+cos d cos ~ sin @ sin y 


z cos d sin 6 sin ¢ sin 6 cos 6 
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11. Conneaion of the Eulerian angles with the parameters E, n, €, x. 


The relations between the Eulerian angles @, ¢, , and the parameters 
En, 6 x of § 9 may be obtained by comparing the schemes of direction- 
cosines which have been given in §§ 9 and 10; they may however be obtained 
directly as follows: 


Let OX YZ and Oxyz be the fixed axes and the axes derived from these 
by the rotation » round a line OR, whose direction-angles are (a, 8, ¥). 
Draw a sphere of unit radius with the point O as centre, so that planes 
passing through O intersect the sphere in great circles, and lines intersect the 
sphere in points. Then in the spherical triangle RZz, the sides are y, y, 8, 
and the angle at R is w; whence we have the relation 


sin =siny sine 
De a oas 
Moreover, let » denote the angle RZY, so Rhz= 5 - @—v. Then the 


arc RZ is brought to the position Rz by successive rotations ¢ about Z, 
@ about the pole of Zz, and ~ about z; but the first of these transforms RZ 


into an arc making an angle ea or oy with Zz, at Z; the 


second rotation transforms this into an arc making the same angle ~ v 
with Zz, but passing through z; and the third rotation transforms it into an 


are making an angle ne y+ with Zz, at z. But this angle must be equal 


to r— RzZ, or r— RZz, or m= (F-p-») ,or5+6+7; so we have 


A le 
v-¢ 


or a 


= . . ® = . T 
Hence, since in the spherical triangle RZX the sides are a, y, 5 , and the 


bo 


9 


“= 


, we have 


cos @= sin y sin 8 ao 


ohh QT. 
angle at Z 1s 5—v or 5 — 


a 


Substituting for sin y from the equation already found, this gives 


eater a tenos = 
cos a Sln = = S1n = Sin an ay ' 


2 2 
Ones 


; acne 
or & =sin 5 sin te 
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Similarly from the spherical triangle RZY we have 


cos 8 = sin y cos YS ®, 


and again eliminating sin y, we have 


Sean vy 
cos 8 sin 5 = sin 5 cos a 
aU v-¢ 
or ine 
= Sin 5 COs“. 


Moreover, since we have shewn that in the spherical triangle RZz the sides 


are y, y, 9, and the angles are eee ee ibe @, we have the 


aoe 2, 2 
relations 

Porn 
COS 5 = COS 5 COs “5, 
and Ree ee 
2 2 2 

0 + 
or x=coss cos V+, 
6. w+od 

= cos 5 sin 9 


The four parameters £, n, €, x, are thus expressed in terms of the Eulerian 
angles @, 6, ~, by the relations 


eee nD 
f=sin5sin“5—, 
ie ee 
7) = SID 5 COS “5 
— coe Dein VIF 
C= cos 5 sin oe 


ey ee ak 
X= COS 5 cos “5 — . 


12. The parameters of Kleim. 


A rotation round a fixed point may also be specified by another set of 
parameters, of which Klein has made considerable use; these parameters, 
which will be denoted by a, 8, y, 6, are connected with the parameters &, 7, ¢, 
x, by the equations 


is + a—sé a+6 
Ali ald a am) 
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so that Klein’s parameters are connected with the Eulerian angles 0, ¢, by 
the equations 


4 


a = cos on tty) y=tsing gates 
eee : i a 

ee 6 i-6-w 
B=ising .o° oD B= cos 5. 68 oie 


These parameters clearly satisfy the relation 
ao — By =1, 


and replacing the quantities &, , € y~ in the scheme of direction-cosines 
given in § 9 by their values in terms of a, 8, y, 6, we have for the values of 
the direction-cosines in terms of a, B, y, 6, the following scheme : 


x Me Z 


w} $(2+B2+y2+82) | o(-a- +748) | i (ay +88) 


y | o(@-B+P-8) | b(@—B-y+8%) | -ayt88 


zZ —7t(aB+y6) —aB+yd ad +By 


The interest of Klein’s parameters arises chiefly from their connexion 
with the linear substitution 
X, = ax, + Ba, 
1s = yx, + dao. 


This connexion is illustrated by the following examples, which may easily be 
verified. 


Example 1. Shew that the parameters (a”, 8”, y”, 8”) corresponding to the resultant 
of two successive displacements (a’, 8’, y’, 6’) and (a, 8, y, 6) are given by the equations 
a’=dat+y'B, B"=aB'+B8, 
y" =ya' + by’, 8" =f" + 88’. 
These equations shew that the substitution 
=a", +B"'X,, 
Xg=y'%,+ 8", 
is the result of performing in succession the two substitutions 
‘= =a'x,+f'X, pe =at,+ Bx, 
ts p> and 5 
Ao=y¥'t, +5 ro X= yt, + b2o. 
Example 2. If from the equations 
X,=at,+Bx,, 
Ag=yx,+ dx, 
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the quantities Y,7, X,%, X,X, are formed, and if these quantities are regarded as umbral 
symbols and the quantities 47, X,%, X,Y, x2, x2, x,w, are replaced by — ¥+<X, 
Y+iX, Z, —y+ix, y+7x, 2, respectively, shew that the equations obtained are 

— Y+iX=a? (—y+ix)+2a8z+ B? (y+iz), 

Y+iXk=y? (-—y+iv)+2ydz +8? (y+iz), 
Z =ay(—y+tx)+ (ad-+By) 2489 (y+i2), | 

and that these are the three equations connecting the coordinates (XY, Y, Z) of a point 
referred to the axes OX YZ with its coordinates (#, y, z) referred to the axes Oxyz. 


Example 3. If 
—ytin: ytie: z=! 31:41 +N), 


and —Y4iX : Y+iX : Z=drAy’: 1: F(A +A), 
shew that 
_ac+B ,_av’+B 
Seog a and ), Tee 


13. Vectors. 


We now proceed to consider the essential features involved in the 
displacement by simple translation of a rigid body. 

The operation of translation in itself, considered apart from the body 
translated, evidently possesses the following properties: 

1°. It can be completely specified by any one of the equal and parallel 
lines of space which have a given length (viz. the distance of the translation) 
and given direction (viz. the direction of the translation); since such a line 
furnishes all the data which describe the operation. 

2°. If AB be one of these lines, and ACDE...KB be a broken line 
joining its extremities, then the operation represented by AB is equivalent 
to the sum of the operations represented by AC, CD, DE, ... KB. 

These properties 1° and 2° are possessed by a large number of operations 
and quantities other than the operation of translation; any operation or 
quantity which possesses them is called a vector quantity. 

By 2°, a vector AB is equivalent to the sum of three vectors AK, KL, LB, 
respectively parallel to three given rectangular axes, and forming a broken 
line joining the points A and B. These three vectors are called the 
components of the vector AB along the given axes. If / be the length and 
(a, 8, y) the direction-angles of AB, the lengths of the component vectors are 
clearly (J cos a, 1 cos 8, /cosy), being in fact the projections of AB on the axes. 


A single vector which is equivalent to any number of given vectors is 
called their resultant. 

If a vector is conceived as varying in dependence on a parameter (e.g. the 
time), the difference between the vectors corresponding to any two values of 
the parameter is also a vector, and hence the rate of change of the vector 
with respect to the parameter is also a vector, whose components are the 
rates of change of the corresponding components. This is called the flua 
of the vector with respect to the parameter. 
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14. Velocity and acceleration ; their vectorial character. 

Consider now a body which is being continuously translated (though not 
necessarily always in the same direction) without any change of orientation. 
Its total translation to any time ¢ is a vector quantity, and hence the rate at 
which this changes with the time, ie. its time-flux, is also a vector quantity, 
which is called the velocity of the body; if a, y, z, are the coordinates referred 
to fixed axes of any point fixed in the body and moving with it, then the com- 
ponents of the velocity referred to these axes are the rates of change of z, y, 2, 
Le. are &, y, 2 (where dots denote differentiations with respect to the time ?). 

Similarly the rate of change of the velocity is again a vector, whose 
components are #, ¥, Z (two dots indicating second derivates with respect 
to the time); this vector is called the acceleration of the body. 

It is clear that if P and Q are two moving points, the vector which 
represents the translation (or velocity, or acceleration) of Q is the sum of the 
vector which represents the translation (or velocity, or acceleration, as the 
case may be) of P and the vector which represents the translation (or velocity, 
or acceleration) of Q relative to P, i.e. of Q referred to axes whose origin 
moves with P, and whose directions are invariable. 

15. Angular velocity: its vectorial character. 

Consider next a.body which is rotating continuously about a line. Let @ 
denote the angle turned through at any time ¢: then 6 represents the speed 
of turning at the time ¢. If from any point on the line round which the 
rotation takes place a segment whose length represents 6 is measured along 
the line, this segment will evidently furnish a complete specification of the 
nature of the rotation at the instant ¢, or (as it is generally expressed) of 
the angular velocity of the body. The direction in which the segment is 
measured from the base-point is to be connected with the sense of rotation 
by the usual convention, namely that when the segment is directed vertically 
upwards the rotation from the southern horizon to the northern is round by 
the east. 

An angular velocity is therefore represented by a line of definite length 
and direction, Now by § 8, if a body one of whose points O is fixed 
experiences a small rotation dy round any line OK, this displacement is 
equivalent to successive small rotations dy cosa round Oz, dv cos 8 round 
Oy, and éycosy round Oz, where Oz, Oy, Oz, are any three mutually 
perpendicular lines passing through O and (a, 8, y) are the direction-angles 
of OK with reference to Oxyz. From this it is clear that we can regard an 
angular velocity represented by a length w measured on OX as equivalent 
to angular velocities represented by lengths wcosa, cos 8B, vr cos y, 
measured along Ox, Oy, Oz, respectively. 

But this is essentially the fundamental property of vectors, and can be 
expressed by the statement that angular velocities can be resolved and 
compounded according to the vectorial law. 
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It must be observed however that an angular velocity does not fulfil all 
the conditions which enter into the definition of a vector, for an-angular 
velocity about one line is not equivalent to an angular velocity of the same 
magnitude about a parallel line. Angular velocity must therefore be regarded 
as a vector which is localised along a definite line. 


Example. A right circular cone of semi-vertical angle B rolls without sliding on a plane. 
To find its instantaneous axis of rotation, and to determine its angular velocity about this 
aais in terms of the angular velocity of the line of contact in the plene. 


Since all points of the generator which is in contact with the plane are instantaneously 
at rest (for there is no sliding), this generator is the instantaneous axis of rotation of 
the cone. Let denote the angular velocity of the cone about this generator, and let 6 
denote the angular velocity of the line of contact in the plane. Then the motion of the 
axis of the cone can be represented by an angular velocity @ round the normal to the 
plane, and the whole motion of the cone is compounded of this together with a rotation 
round the axis of the cone. It follows that the component of angular velocity of the cone 
about a line through the vertex of the cone perpendicular to the axis is @cos8 3; but 


this must equal the resolved part of » in this direction, which is » sinf. We have 
therefore 


w= 6 cot B, 


which is the required relation between o and 6. 


16. Determination of the components of angular velocity of a system in 
terms of the Eulerian angles, and of the symmetrical parameters. 


The position at any time of a rigid body which is continuously moving 
about a fixed point O is most conveniently described by taking two sets 
of rectangular axes, of which one set OX YZ are fixed in space, while the 
other set Oxyz are fixed relatively to the body, and move with it; the 
position of the body being then specified by the three Eulerian angles 8, ¢, yy, 
which define the position of the axes Oxyz relatively to the axes OX YZ. 
We shall now determine the components, along the moving axes, of the 
angular velocity of the body at any instant. 


Let OK denote the line of intersection of the planes XOY and wOy; the 
angular velocity of the system is evidently compounded of angular velocities 
6 about OK, ¢ about OZ, and y about Oz. Of these, the first can be 
replaced according to the vectorial law by angular velocities 6 sin about Ox 
and @cosy about Oy; and the second can be resolved into — ¢ sin @ cos 
about Oz, dsin@siny about Oy, and ¢ceos@ about Oz. So finally if 
@,, @:, @;, denote the components of angular velocity of the body about the 
axes Oa, Oy, Oz, respectively, we have 


o, = Osin y— ¢sin 4 cos py, 
©, = O cos + ¢sin O sin yp, 
= + ¢ cos 0. 


- 
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From these expressions we can at once deduce the values of @,, @2, @s, 
in terms of the symmetrical parameters &, 9, ¢, x, of § 9; for we have 


(CH) 69 


og MOR ADR CR he ‘) 
= (tan a er (ton = 
iat re Seals 

Pha SG aX 
Similarly we have 


;_ —fptnt  xb—& 
ayes P+ 7? + C+ x7’ 
and we have cos 0 = — P-74+ O4+y* 


Substituting these values in the equation ,= yf + ¢ cos 8, we have 


w= 2 (nf — £9 + xb — &). 
The values of », and w, can be at once obtained from this by the 
principle of symmetry; and thus we have the components of angular velocity 
given by the equations 


w= 2 (x + $4 — nb — EX) 
w= 2(— E+ x9 + nx) 
| w= 2 (nf — En + xb — £%). 
17. Time-flux of a vector whose components relative to moving axes are 
given. 


Suppose now that a vector quantity is specified by its components €, », € 
at any instant ¢ with reference to the instantaneous position of a right-handed 
system of axes Oxyz which are themselves in motion: and let it be required 
to find the vector which represents the rate of change of the given vector. 


Let @,, @,, w;, denote the components of the angular velocity of the 
system Owyz, resolved along the instantaneous position of the axes Ox, Oy, Oz 
themselves. 


The time-flux of the given vector is the (vector) sum of the time-fluxes 
of the components &, n, € taken separately. But if we consider the vector &, 
it is increased in length to &+ dt in the infinitesimal interval of time de, 
and at the same time is turned by the motion of the axes, so that (owing to 
the angular velocity round Oy) it is displaced through an angle , dt from its 
position in the original plane zOw, in the direction away from Qz, and also 
(owing to the angular velocity round Qz) it is displaced through an angle 
w; dt from its position in the original plane «Oy, towards Oy. The coordinates 
of its extremity at the end of the interval of time dt, referred to the positions 
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of the axes at the commencement of the interval dt, are therefore (neglecting 
infinitesimals of order higher than the first) 


£+ Edt, w; Edt, — @, dt, 
and so the components of the vector which represents the time-flux of £ are 
E, Ws; E, — @, E. 


Similarly the components of the vectors which represent the time-fluxes 
of the vectors and ¢ are respectively 


— @37), N; @)1, 
and De G ee wf, ‘Ss 


Adding these, we have finally the components of the time-flua of the given 
vector in the form 


E — no, oF Fao, 
= Cai Ews, 
€— Ea, + nay. 


This result can be immediately applied to find the velocity and 
acceleration of a point whose coordinates (a, y, 2) at time ¢ are given with 
reference to axes moving with an angular velocity whose components along 
_ the axes themselves at time ¢ are (@,, @2, 3). 


For substituting in the above formulae, we see that the components of 
the velocity are 
L — YO; + ZWo, Y — 20, + 203, Z— £0, + YO). 
Now applying the same formulae to the case in which the vector whose 


time-flux is sought is the velocity, we have the components of the accelera- 
tion of the point in the form 


£ (i — Ys; + 20) — 03 (Y — Z@, + LW3) + W,(Z — LWz + YO), 
aad — 20, + £03) — @ (2 — HM, + YO,) + @3(& — Ys + Z@s), 


= (2 — La, + YO) — @, (& — Yo; + ZW») + @, (Y — 20, + Ls). 


In the case in which the motion takes place in a plane, which we may 
take as the plane Ozy, there will be only two coordinates (#, y), and only one 
component of angular velocity, namely 6, where @ is the angle made by the 
moving axes with their positions at some fixed epoch; the components of 
velocity are therefore (putting z, @,, @,, each equal to zero in the above 
expressions ; ; 
; z—y@ and 4+ «#6, 
and the components of acceleration are 


# — 296 — yb — 6? and + 26%0+ 00 — yh 
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Example. Prove that in the general case of motion of a rigid body there is at each 
instant one definite point at a finite distance which regarded as invariably connected with 
the body has no acceleration at the instant, provided the axis of the body’s screwing 
motion be not instantaneously stationary in direction. (Coll. Exam.) 


18. Special resolutions of the velocity and acceleration. 


The results obtained in the last ‘article enable us to obtain formulae, 
which are frequently of use, relating to the components of the velocity and 
acceleration of a moving point in various special directions. 


(i) Velocity and acceleration in polar coordinates. 


Let the position of a point be defined by its polar coordinates r, 0, , ~ 
connected with the coordinates (X, Y, Z) of the point referred to fixed 
rectangular axes OXYZ by the equations 


X =rsin @ cos $ 
Y=rsin@sing 
Z=rcos6; 


and let it be required to determine the components of velocity and 
acceleration of the point in the direction of the radius vector 7, in the 
direction which is perpendicular to r and lies in the plane containing r and 
OZ (this plane is generally called the meridian plane), and in the direction 
perpendicular to the meridian plane; these three directions are frequently 
described as the directions of r increasing, 0 increasing, and increasing, 
respectively. Take a line through the origin O, parallel to the direction of @ 
increasing, as a moving axis Ox; and take a line through 0, parallel to the 
direction of ¢ increasing, as axis Oy, and a line parallel to the direction of r 
increasing as axis Oz. The three Eulerian angles which determine the 
position of the moving axes Oxyz with reference to the fixed axes OX YZ are 
(9, ¢, 0); so (§ 16) the components of angular velocity of the system Ozyz, 
resolved along the axes Ox, Oy, Oz, themselves, are 


@,=— ¢ sin 8, @, = 6, @;= cos 8. 
The coordinates of the moving point, referred to the moving axes, are 


(0, 0, r); and so by § 17 the components of velocity of the point resolved 
parallel to the moving axes are 


v0, rd sin 0, r, 
and the components of acceleration in the directions of 6 increasing, 
¢ increasing, and r increasing, (again using the formulae of § 17) are 
i (r@) — rg’ sin @ cos 0+76, or 76 + 276 — r¢?sin 6 cos 8, 


d 


| op (rp sin 0) + * sin 0+ rd cos 0, or ein Ogi SD 0$), 


and 7 —r@ — rd? sin? 0. 


/ 
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If the motion of the point in a plane, we can take the initial line in this 
plane as axis Oz, and the quantities denoted by r and @ in these formulae 
become ordinary polar coordinates in the plane; since ¢ is now zero, the 
components of velocity and acceleration in the directions of r increasing and 
@ increasing are 

eu Tt), 
and (F¥—7r6, rh + 276), 
(11) Velocity and acceleration in cylindrical coordinates. 


Consider now a point whose position is defined by its cylindrical 
coordinates z, p, $, connected with the coordinates (X, Y, Z) of the point 
referred to fixed rectangular axes OX YZ by the equations 


X =p cos ¢, Y=psin qd, Z=2; 


and let it be required to find the components of the velocity and acceleration 
of the point in the direction parallel to the axis of z, in the direction of the 
line drawn from the axis of z to the point, perpendicular to the axis of z, and 
in the direction perpendicular to these two lines. These three directions are 
generally called the direction of z increasing, the direction of p increasing, 
and the direction of @ increasing; and the coordinate ¢ is called the azimuth 
of the point. 


In this case we take moving axes Oz, Oy, Oz, passing through the origin 
and parallel respectively to the directions of p increasing, @ increasing, and z 
increasing. The components of angular velocity of the system Owyz, resolved 
along the axes Oxyz themselves, are clearly 


o,= 90, w= 0, o; = , 
and the coordinates of the moving point, referred to the moving axes, are 
(p, 0, 2). It follows by § 17 that the components of velocity of the pomt in 
these directions are ; 

(p, Pd, Z), 

and the components of acceleration are 

(5—pd, pb+2pg, 2). 

(iii) Velocity and acceleration in arc-coordinates. 


Another application of the formulae of § 17 is to the determination of the 
components of velocity and acceleration of a point which is moving in any 
way in space, resolved along the tangent, principal normal, and binormal, to 
its path. 

Consider first the case of a particle moving in a plane: and take lines 
through a fixed point O, parallel respectively to the tangent and inward 
normal to the path, as moving axes Ow and Oy. These axes are rotating 


2 


Ess 
v4 
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round O with angular velocity ¢, where ¢ is the angle made by the tangent 
to the path with some fixed line in the plane. If v denotes the velocity of . 
the point, s the arc of the path described at time ¢, and p the radius of 
curvature of the path at the point, we have 


ds ds 


ee FS, eae 


and the angular velocity of the axes can therefore be written in the form »/p. 


Since the components of the velocity parallel to the moving axes are 
(v, 0), it follows from § 17 that the components of the acceleration parallel to 


Sa eet ; 
the same axes are (, v. 2). Since 
p 


,_do_dsdv_ dv 
Oy di -dids da’ 
it follows that the acceleration of the moving point in the direction of the 


tangent to its path is of, and the acceleration in the direction of the inward 


d 


. vw 
normal is —. 
p 


Now the velocity of a moving point is determined by the knowledge of 
two consecutive positions of the moving point, and the acceleration is therefore 
determined by the knowledge of three consecutive positions; so even if the 
path of the point is not plane, it can for the purpose of determining its 
acceleration at any instant be regarded as moving in the osculating plane of 
its path, since this plane contains three consecutive positions of the point. 
Hence the components of acceleration of the point, in the directions of the 
tangent, principal normal, and binormal to its path, are 


dv v 
(v ads ) Pp ; 0) . 


(iv) Acceleration along the radius and tangent. 


The acceleration of a point which is in motion in a plane may be expressed 
in the following form* ; let r be the radius vector to the point from a fixed 
origin in the plane, p the perpendicular from the origin on the tangent to the 
path, s the are of the path described at time ¢, p the radius of curvature of 
the path at the point, and v or s the velocity of the point at time ¢; and let 
h denote the product pv. Then the acceleration of the point can be resolved 


Qa 


/ e | 
amto components = along the radius vector to the origin and few along the 


pds 
tangent to the path. 


* Due to Siacci, Atti della R. Acc. di Torino, x1v. p. 750. 


4 
' 
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For the acceleration can be resolved into components vdv/ds along the 
tangent and v/p along the normal; now a vector F directed outwards along 
the radius vector can be resolved into vectors — F’p/r along the inward normal 
and F' dr/ds along the tangent, so a vector v*/p along the inward normal can be 

2 2 
resolved into i inwards along the radius vector and zr A along the tangent. 
| 8 
The acceleration is therefore equivalent to components 


oe + wy ie along the tangent, 


TO. ; 
and- oe inwards along the radius vector. 


= : 
The latter component is i , and the former can be written 


i deta tp 1 d (vp?) 
2 ds p ds 2p? deve 


h 
Olea. 
pe 


which establishes Siacci’s result. 


Example 1. Determine the meridian, normal, and transverse components of the accelera- 
tion of a point moving on the surface of the anchor-ring 


xv=(c+asin 6)cos¢, y=(e+asin 6) sing, z=acos 6. 


Let P be the point (6, p), and let O be the centre of the anchor-ring and C the centre 
of the meridian cross-section on which P lies. The polar coordinates of C relative to O 
are (c, p), and the polar coordinates of P relative to C are (a, 6, @); so the components 
of acceleration of C relative to O are 


cd, transverse 
and — ed? outwards from the axis, i.e. — cp? sin 6 along the normal, 


and —c@? cos 6 along the meridian. 


The components of acceleration of P relative to C are 


ab— Bp sin 6 cos 6 along the meridian, 
sin? 6. transverse 

sin i dt 7! $) $ 

— a6? — ad sin? 6 normal. 


Thus finally the components of acceleration of P in space are 


~(c+asin 6) ? cos 6 along the meridian, 


— a6?—ad* sin? 6—cp?sin 6 normal, 


and ep + oats Aer (sin? 6. p) transverse. 
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Example 2. If the tangential and normal components of the acceleration of a point 
moving in a plane are constant, shew that the point describes a logarithmic spiral. 


In this case 


dv ; 
» — =a, where a is a constant, 


ds . 
so v=as. 
v : 
Also aoe where c is a constant, 
So s= Cp, where Cis a constant, 
or 5G ie where @ is the angle made by the tangent with a fixed line. 


Integrating this equation, we have 
s= AeP?, 


where A and B are constants: and this is the intrinsic equation of the logarithmic spiral. 


Example 3. To find the acceleration of a point which describes a logarithmic spiral with 
constant angular velocity about the pole. 


By Siacci’s theorem, the components of acceleration are = along the radius vector 


P’p 


and bak along the tangent; but if w is the constant angular velocity, we have h=or*: 


me 
p? ds 
so the components of acceleration are 


oS 4 20% dr 
Pp pds” 


Since > as and - are constant in the spiral, we see that each of these components of 
p 


d 
acceleration varies directly as the radius vector. 


MISCELLANEOUS EXAMPLES. 


1. Ifthe instantaneous axis of rotation of a body moveable about a fixed point is fixed 
in the body, shew that it is also fixed in space, i.e. the motion is a rotation round a fixed 
axis. 


2. <A point is referred to rectangular axes Ox, Oy, revolving about the origin with 
angular velocity w; if there be an acceleration to «=a, y=0, of amount nw? x (distance), 
shew that the path relative to the axes can be constructed by taking (i) a point 
e2=nal|(n*—1), (ii) a uniform circular motion with angular velocity (x—1)@ about this, 
and (iii) a uniform circular motion with angular velocity (x+1), but in the opposite 
sense, about this last. (Coll. Exam. ) 


3. The velocity of a point moving in a plane is the resultant of a velocity v along the 
radius vector to a fixed point and a velocity v’ parallel to a fixed line. Prove that the 
corresponding accelerations are 

dv vv’ dv’ w’ 


Ge tp 008 4, and 5k ar 


6 being the angle that the radius vector makes with the fixed direction. (Coll. Exam.) 
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4. A point moves in a plane, and is referred to Cartesian axes making angles a, 8 with 
a fixed line in the plane, where a, 8 are given functions of the time. Shew that: the com- 
ponent velocities of the point are 


&— xa cot (B— a) — yB cosec (B—a), 9 +yB cot (8 — a)+.a cosec (B—a), 


and obtain expressions for the component accelerations. (Coll. Exam.) 


5. A point is moving in a plane: 6 is the logarithm of the ratio of its distances from 
two fixed points in the plane, and ¢ is the angle between them: also 2k is the distance 
between the fixed points. Shew that the velocity of the point is 


iV 6442 


cosh 6—cos f* (Coll. Exam.) 


6. If in two different descriptions of a curve by a moving point, the product of the 
velocities at corresponding places in the two descriptions is constant, shew that the 
accelerations at corresponding places in the two descriptions are as the squares of the 
velocities, and that their directions make equal angles with the normal to the curve, in 
opposite senses. (J. von Vieth.) 


7. A point is moving in a parabola of latus rectum 4a, and when its distance from the 
focus is 7, the velocity is v; shew that its acceleration is compounded of accelerations R 
and J, along the radius vector and normal respectively, where 

2 
ee Ne eran (Coll. Exam.) 
dr " 

8. Shew that if the axes of w and y rotate with angular velocities ,, w, respectively, 
and yf is the angle between them, the component accelerations of the point (#, y) parallel 
to the axes are 

E— 402 — (#6, +2Lw,) cot — (ya_+ 2a) cosec p, 
and i — Yor? + (Lb,+2%@,) cosec p+ (Yo,+2yo,)coty. (Coll. Exam.) 


9. The velocity of a point is made up of components w, v in directions making angles 
6, @ with a fixed line. Prove that the components /, f’ in these directions of the accelera- 
tion of the point will be given by 


f=t— ub cot x — vd cosec x, 
f/ =6+u6 cosec x +v¢ cot x, 
x being the inclination of the two directions. 


Being given that the lines joining a moving point to two fixed points are 7, s in length 
and 6, ¢ in inclination to the line joining the two fixed points, determine the acceleration 
of the point in terms of @, o’, the rates of increase of 6, ¢. (Coll. Exam.) 


10. If A, B, C be three fixed points, and the component velocities of a moving point P 
along the directions PA, PB, PC be u, v, and w; shew that the accelerations in the same 


directions are 
: COSEAL2) Vr 1 cos APC 
wd (o5 lh i eli ia sah 8 eae lead 
and two similar expressions. (Coll, Exam.) 
11. The movement of a plane lamina is given by the angular velocity and the com- 


ponent velocities w, v of the origin O resolved along axes Ox, Oy traced on the lamina. 
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Find the component velocities of any point (#, y) of the lamina, Shew that the equations - 


ad U-Yo 
” tan-1 =e 
‘ dt ase (*) cai 


represent circular loci on the lamina; one being the locus of those points which are pass- 
ing cusps on their curve loci in space and the other being the locus of the centres of curva- 
ture of the envelopes in space of all straight lines of the lamina. (Coll. Exam.) 


12. Shew that when a point describes a space-curve, its acceleration can be resolved 
into two components, of which one acts along the radius vector from the projection of a 
fixed point on the osculating plane, and the other along the tangent; and that these are 
respectively 


and Bae ise AY tp Bae 


where p is the radius of curvature, g the distance of the fixed point from its projection on 
the osculating plane, 7 and p are the distances of this projection from the moving point 
and the tangent, 7’ is an arbitrary function (equal to the product of p and the velocity) and 
s is the arc. (Siacci.) 


13. <A circle, a straight line, and a point lie in one plane, and the position of the point 
is determined by the lengths ¢ of its tangent to the circle and p of its perpendicular to 
the line. Prove that, if the velocity of the point is made up of components w, v, in the 
directions of these lengths and if their mutual inclination be 6, the component accelera- 
tions will be 


u— uv cos 6/t, b+urit. (Coll. Exam.) 


14. A particle moves in a circular arc. If7, 7’ are the distances of the particle at P 
from the extremities A, B of a fixed chord, shew that the accelerations along 4P, BP, are 
respectively 


ae —— Red cos a), and — = at er —7 COS a), 


where ¥, v’ are the velocities in the directions of 7, 2”, and a is the angle 4 PB. 


A point describes a semicircle under accelerations directed to the extremities of a 
diameter, which are at any point inversely as the radii vectores 7, 7’ to the extremities of 
the diameter. Shew that the accelerations are 

4at V2 4at V2 


73y"2 ’ py’ ’ 


where a@ is the radius of the circle and V the velocity of the point parallel to the diameter. 
(Coll. Exam.) 


15. The motion of a rigid body in two dimensions is defined by the velocity (w, v) of 
one of its points C and its angular velocity . Determine the coordinates relative to C of 
the point J of zero velocity, and shew that the direction of motion of any other point P is 
perpendicular to PJ. 


Find the coordinates of the point J of zero acceleration, and express the acceleration of 
P in terms of its coordinates relative to J. (Coll. Exam.) 
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16. A point on a plane is moving with constant velocity V relative to it, the plane at 
the same time turning round a fixed axis perpendicular to it with angular velocity #. Shew 
that the path of the point is given by the equation 


y es 
MAL ceo Bee a Pee ; 
@ @ ?. 


r and @ being referred to fixed axes, and a being the shortest distance of the point from the 
axis of rotation. (Coll. Exam.) 


17. The acceleration of a moving point Q is represented at any instant by wa, where o 
is a fixed point and a describes uniformly a circle whose centre is . Prove that the 
velocity of Q at any instant is represented by Op, where O is a fixed point and p describes 
a circle je uniformly’; ; and determine the path described by Q. 

(Camb. Math. Tripos, Part I, 1902.) 


18. A point moves along the curve of intersection of the ellipsoid - +4 + o=1, and 


2 


: x? y 2 : F 2 
the hyperboloid of one sheet ESC a TP aye 1, and its velocity at the point where 
: a yx ee ; 
the curve meets the hyperboloid of two sheets -—— + ;=“— +~— =1Lis 
poe Pap’ ep 


areas + 
1 Geen eS 


where / is constant. Prove that the resolved part of the acceleration of the point along 
the normal to the ellipsoid is 
h?abe (u—X) 
(a? p) (0? p) (2 = p) Vp 


19. A rigid body is rolling without sliding on a plane, and at any instant its angular 
velocity has components @, ,, along the tangents to the lines of curvature at the point 
of contact, and , along the normal: shew that the point of the body which is at the point 
of contact has component accelerations 


(Coll. Exam.) 


2 2 
— h,w,03, — R,a.03, Ro? + hyw,”, 


where R,, R,, are the principal radii of curvature of the surface of the body at the point 
of contact. (Coll. Exam.) 


CHAPTER II. 
THE EQUATIONS OF MOTION. 


19. The ideas of rest and motion. 


In the previous chapter we have frequently used the terms “fixed” and 
“moving” as applied to systems. So long as we are occupied with purely 
kinematical considerations, it is unnecessary to enter into the ultimate 
significance of these words; all that is meant is, that we consider the 
displacement of the “moving” systems, so far as it affects their configuration 
with respect to the systems which are called “fixed,” leaving on one side the 
question of what is meant by absolute “ fixity.” 


When however we come to consider the motion of bodies as due to specific 
causes, this question can no longer be disregarded. 


In popular language the word “fixed” is generally used of terrestrial 
objects to denote invariable position relative to the surface of the earth 
at the place considered. But the earth is rotating on its axis, and 
at the same time revolving round the Sun, while the Sun in tur, 
accompanied by all the planets, is moving with a large velocity along some 
not very accurately known direction in space. It seems hopeless therefore 
to attempt to find anything which can be really considered to be “at rest.” 


Accordingly in dynamics, although when we speak of the motion of bodies 
we always imply that there is some set of axes, or frame of reference as it may 
be called, with reference to which the motion is regarded as taking place, and 
to which we apply the conventional word “fixed,” yet it must not be supposed 
that absolute fixity has thereby been discovered. When we are considering 
the motion of terrestrial bodies at some place on the earth’s surface, we shall 
take the frame of reference to be fixed with reference to the earth, and it is 
then found that the laws which will presently be given are sufticient to 
explain the phenomena with a sufficient degree of accuracy ; in other words, 
the earth’s motion does not exercise a sufficient disturbing influence to make 
it necessary to allow for its effects in the majority of cases of the motion of 
terrestrial bodies. 
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It is also necessary to consider the meaning to be attached to the word 
“time,” which in the previous chapter stood merely for any parameter 
varying continuously with the configuration of the systems considered. We 
shall now assign a definite significance to this parameter by supposing that 
the angle through which the earth has rotated on its axis (measured with 
reference to the fixed stars, whose small motions we can for this purpose 
neglect), in the interval between two events, measures the time elapsed 
between the events in question. This angular measure can be converted 
into the ordinary measure in terms of mean solar hours, minutes, and seconds 
at the rate of 360 degrees to 24 x 3654/3664 hours. 


20. The laws which Fee motion. 


Considering now the motion of terrestrial objects, and taking the earth as 
the frame of reference, it is natural to begin by investigating the motion of a 
very small material body, or particle as we shall call it, when moving in vacuo 
and entirely unconnected with surrounding objects. The paths described by 
such a particle under various circumstances of projection may be observed, 
and the methods of the preceding chapter enable us, from the knowledge 
thus acquired, to calculate the acceleration of the particle at any point of any 
particular observed path. It is found that for all the paths the acceleration 
is of constant amount, and is always directed vertically downwards. This 
acceleration is known as gravity, and is generally denoted by the letter g; its 
amount is, in Great Britain, about 981 centimetres per second per second. 


The knowledge of this experimental fact is theoretically sufficient to 
enable us to calculate the path of any free terrestrial particle in vacuo, when 
the circumstances of its projection are known: the actual calculation will 
not be given here, as it belongs more properly to a later chapter. 


The case of motion which is next in simplicity is that of two particles 
which are connected together by an extremely light inextensible thread, and 
are free to move in vacuo at the earth’s surface. So long as the thread is 
slack, each particle moves with the acceleration gravity, just as if the other 
were not present. But when the thread is taut, the two particles influence 
each other’s motion. We can now as before observe the path of one of the 
particles, and hence. calculate the acceleration by which at any instant its 
motion is being modified. We thereby arrive at the experimental fact, that 
this acceleration can be represented at any instant by the resultant of two 
vectors, of which one represents the acceleration g and the other is directed 
along the instantaneous position of the thread. 


The influence of one particle on the motion of the other consists there- 
fore in superposing on the acceleration due to gravity another acceleration, 
which acts along the line joining the particles and which is compounded 
with gravity according to the vectorial law of composition of accelerations. 
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Denoting the particles by A and B, we can at any instant calculate, from the 
observed paths, the magnitudes of the accelerations f, and f, thus exerted by 
Bon A and by A on B respectively ; and this calculation immediately yields 
the result that the ratio of f, to f, does not vary throughout the motion. On 
investigating the motions which result from various modes of projection, at 
various temperatures etc., we are led to the conclusion that this ratio 1s 
an invariable physical constant of the pair of bodies A and B*. 


We are led by a consideration of the motion of more complex systems 
to infer that the experimental laws just stated can be generalised so as 
to form a complete basis for all dynamics, whether terrestrial or cosmic. 
This generalised statement is as follows: If any set of mutually connected 
particles are in motion, the acceleration with which any one particle moves 1s 
the resultant of the acceleration with which it would move if perfectly free, and 
accelerations directed along the lines joining it to the other particles which 
constrain its motion. Moreover, to the several particles A, B, C, ..., numbers 
M4, Mpg, Me, ... can be assigned, such that the acceleration along AB due to the 
influence of B on A is to the acceleration along BA due to the influence of 
A on B in the ratio m,:m,. The ratios of these numbers m4, Mg, --. are 
invariable physical constants of the particles. 


The evidence for the truth of this statement is to be found in the universal 
agreement of the calculations based on it, such as those given later in this 
book, with the results of observation. 


It will be noticed that only the ratios of the numbers m4, mg, Me, --- are 
determined by the law; it is convenient to take some definite particle A as 
a standard, calling it the wnit of mass, and then to call the numbers m;/m4, 
mg/m,4, ... the masses of the other particles mg, mq, .... 


The mass of the compound particle formed by uniting two or more particles 
is found to be equal to the sum of the masses of the separate particles. 
Owing to this additive property of mass, we can speak of the mass of a finite 
body of any size or shape; and it will be convenient to take as our wnit of 
mass the mass of the ;,/5,th part of a certain piece of platinum known as the 
standard kilogramme ; this unit will be called a gramme, and the number 
representing the ratio of the mass of any other body to this unit mass is 
called the mass of the body in grammes. 


21. Force. 


We have seen that in every case of the interaction of two particles A and 
B, the mutual influence consists of an acceleration f, on A and an acceleration 
J, on B, these accelerations being vectors directed aloug AB and BA respec- 
tively, and being inversely proportional to the masses m, and m,. It follows 
* The ratio is in fact equal to the ratio of the weight of B to the weicht of 4; the ratio of 


the weights of two terrestrial bodies, as observed at the same place on the earth’s surface, is a 
perfectly definite quantity, and does not vary with the place of observation. 
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that the vector quantity m, f, is equal to the vector quantity m, f,, but has 
the reverse direction. The vector mf, is called the force exerted by the 
particle B on the particle A; and similarly the vector mg; is called the force 
exerted by the particle A on the particle B. 


With this terminology, the law of the mutual action of a connected 
system of particles can be stated in the form: the forces exerted on each other 


by every pair of connected particles are equal and opposite. This is often 
called the Law of Action and Reaction. 


If the various forces which act on a particle A as a result of its connexion 
with other particles are compounded according to the vectorial law, the 
resultant force gives the total influence exerted by them on the particle A ; 
this force divided by m, is the acceleration induced in A by the other 
particles ; and the resultant of this acceleration and the acceleration which the 
particle A would have if entirely free (due to such causes as gravitation) 
is the actual acceleration with which the particle A moves. 


In general, if an acceleration represented by a vector f is induced in 
a particle of mass m by any agency, the vector mf is called the force due to 
this cause acting on the particle; and the resultant. of all the forces due to 
various agencies is called the total force acting on the particle. It follows 
that if (X, Y, Z) are the components parallel to fixed rectangular axes of the 
total force acting on the particle at any instant, and (#, ¥, 2) are the com- 
ponents of the acceleration with which its path is being described at that 
instant, then we have the equations 

méia=X, myj=Y, mz=Z. 


Two other terms which are frequently used may conveniently be defined 
at this point. 

The product of the number which represents the magnitude of the com- 
ponent of a given force perpendicular to a given line LZ and the number 
which represents the perpendicular distance of the line of action of the force 
from the line L is called the moment of the force about the line L. 


If the three components (X, Y, Z) of the force acting on a single free 
particle are given functions of the coordinates (a, y, z) of the particle, they 
are said to define a field of force. 


22. Work. 

Consider now any system of particles, whose motion is either quite free or 
restricted by given connexions between the particles, or constraints due to 
other particles which are not regarded as forming part of the system. Let m 
be the mass of any one of the particles, whose coordinates referred to fixed 
rectangular axes in any selected configuration of the system are (#, y, z); and 
let (X, Y, Z) be the components, parallel to the axes, of the total force 
acting on the particle in this configuration, 
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Let (v7 +62, y+6y, 2+6z) be the coordinates of any point very near to 
the point (a, y, z), such that the displacement of the particle m from one 
point to the other does not violate any of the constraints (for instance, if m is 
constrained to move on a given surface, the two points must both be situated 
on the surface). Then the quantity 

Xba + Ydy + Zbz 


is called the work done on the particle m by the forces acting on it in the 
infinitesimal displacement from the position (#, y, z) to the position 
(2+ dx, y + dy, z+ 82). 

This expression can evidently be interpreted physically as being the 
product of the distance through which the particle is displaeed and the com- 
ponent of the force (X, Y, Z) along the direction of this displacement. 

Since forces obey the vectorial law of composition, the sum of the com- 
ponents in a given direction of any number of forces acting together on a 
particle is equal to the component in this direction of their resultant: and 
hence the work done by a force which acts on a particle in a given displace- 
ment is equal to the sum of the quantities of work done in the same displacement 
by any set of forces into which this force can be resolved. 

Suppose now that in the course of a motion of the system, the particle m 
is gradually displaced from any position (which we can call its inztial position) 
to some other position at a finite distance from the first (which we can call 
the final position). The work done on the particle by the forces which act on 
it during this finite displacement is defined to be the sum of the quantities of 
work done in the successive infinitesimal displacements by which we can 
regard the finite displacement as achieved. The work done in a finite dis- 
placement is therefore represented by the integral 


dx dy dz 
[ (x43 +25) ds, 


where the integration is taken between the initial and final positions along 
the are s described in space by the particle during the displacement. 

These definitions can now be extended to the whole set of particles which 
form the system considered; the system being initially in any given con- 
figuration, we consider any mode of displacing the various particles of the 
system which is not inconsistent with the connexions and constraints; the 
sum of the quantities of work performed on all the particles of the system in 
the displacement is called the total work done on the system in the displace- 
ment by the forces which act on it. 


23. Forces which do no work. 

There are certain classes of forces which frequently occur in dynamical 
systems, and which are characterised by the feature that during the motion 
they do no work on the system. 
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Among these may be mentioned 


1°. The reactions of fixed smooth surfaces: the term smooth implies 
that the reaction is normal to the surface, and therefore in each infinitesimal 
displacement the point of application of the reaction is displaced in a direction 
perpendicular to the reaction, so that no work is done. 


2°. The reactions of fixed perfectly rough surfaces; the term perfectly 
rough implies that the motion of any body in contact with the surface is one 
of pure rolling without sliding, and therefore the point of application of the 
reaction is (to the first order of small quantities) not displaced in each 
infinitesimal displacement, so that no work is done. 


3°. The mutual reaction of two particles which are rigidly connected 
together: for if (a, 71, 2%) and (a, ys, 2.) are the coordinates of the particles, 
and (X, Y, Z) are the components of the force exerted by the first particle on 
the second, so that (— X, — Y, — Z) are the components of the force exerted 
by the second particle on the first, the total work done by these forces in 
an arbitrary infinitesimal displacement is 


X (6%, — 8a,) + Y (dy, — 8y,) + Z (8% — 82,). 

But since the distance between the particles is invariable, we have 
6 {(@ — 21)! + (Y2— I) + (2 — AP} =9, 

or (@2— £,) (84% — 62,) + (Yo— Yr) (8Y2 — 841) + (42 — 2) (82. — 84) = 9, 
and since the force acts in the direction of the line joining the particles, we 
have 

A7Y:2=(@—«@,) *(y, —y) : (Z2— 2). 
Combining the last two equations, we have 

X (64%, — ba) + Y (dy, — 8y;) + Z (62, — 82) = 0, 


and therefore no work is done in the aggregate by the mutual forces between 
the particles. 


4°. A rigid body is regarded from the dynamical point of view as an 
aggregate of particles, so connected together that their mutual distances are 
invariable. It follows from 3° that the reactions between the particles which 
are called into play in order that this condition may be satisfied (or molecular 
forces as they are called, to distinguish them from ewternal forces such as 
gravity) do, in the aggregate, no work in any displacement of the body. 


- 


5°, The reaction at a fixed pivot about which a body of the system can 
turn, or at a fixed hinge, or at a joint between two bodies of the system, are 
similarly seen to belong to the category of forces which do no work. 


In estimating the total work done by the forces acting on a dynamical 
system in any displacement of the system, we can therefore neglect all forces 
of the above-mentioned types. 
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24. The coordinates of a dynamical system. 

Any material system is regarded from the dynamical point of view as 
constituted of a number of particles, subject to interconnexions and con- 
straints of various kinds; a rigid body being regarded as a collection of 
particles, which are kept at invariable distances from each other by means 
of suitable internal reactions. 

When the constitution of such a system (ie. the shape, size, and mass of 
the various parts of which it is composed, and the constraints which act on 
them) is given, its configuration at any time can be specified in terms of a 
certain number of quantities which vary when the configuration is altered, 
and which will be called the coordinates of the system; thus, the position of a 
single free particle in space is completely defined by its three rectangular 
coordinates (2, y, 2) with reference to some fixed set of axes; the position of 
a single particle which is constrained to move in a fixed narrow tube, which has 
the form of a twisted curve in space, is completely specified by one coordinate, 
namely the distance s measured along the arc of the tube to the particle from 
some fixed point in the tube which is taken as origin; the position of a rigid 
body, one of whose points is fixed, is completely determined by three co- 
ordinates, namely the three Eulerian angles 0, ¢, ~ of § 10; the position of 
two particles which are connected by a taut inextensible string can be defined 
by five coordinates, namely the three rectangular coordinates of one of the 
particles and two of the direction-cosines of the string (since when these five 
quantities are known, the position of the second particle is uniquely deter- 
mined); and so on. . 

Example. State the number of independent coordinates required to specify the 
configuration at any instant of a rigid body which is constrained to move in contact with 
a given fixed smooth surface. 

We shall generally denote by n the number of coordinates required to 
specify the configuration of a system, and shall suppose the systems con- 
sidered to be such that n is finite. The coordinates will generally be denoted 
by %, G2, ++» Gn» If the system contains moving constraints (e.g. if it consists 
of a particle which is constrained to be in contact with a surface which in 
turn is made to rotate with constant angular velocity round a fixed axis), 
it may be necessary to specify the time ¢ in addition to the coordinates 
9 Jz) ++» Qn, in order to define completely a configuration of the system. 

The quantities @, qz, ... Gn, are frequently called the velocities correspond- 
ing to the coordinates q, qo, --- n- 

A heavy flexible string, free to move in space, is an example of a dynamical system 


which is excluded by the limitation that is to be finite; for the configuration of the 
string cannot be expressed in terms of a finite number of parameters. 


25. Holonomic and non-holonomic systems: 


It is now necessary to call attention to a distinction between two kinds 
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of dynamical systems, which is of great importance in the analytical discussion 
of their motion: this distinction may be illustrated by a simple example. 


-If we consider the motion of a sphere of given radius, which is constrained 
to move in contact with a given fixed plane, which we can take as the plane 
of wy, the configuration of the sphere at any instant is completely specified 
by five coordinates, namely the two rectangular coordinates (w, y) of the 
centre of the sphere and the three Eulerian angles 0, ¢, y of § 10, which 
specify the orientation of the sphere about its centre. The sphere can take 
up any position whatever, so long as it is in contact with the plane; the five 
coordinates (2, y, 6, , \) can therefore have any arbitrary values. 


If now the plane is smooth, the displacement from any position, defined 
by the coordinates (a, y, 6, 6, \), to any adjacent position, defined by the 
coordinates (w+ dz, y+ dy, 0+ 560, 64+54, ~+ dy), where dx, dy, 50, 5d, dp 
are arbitrary independent infinitesimal quantities, is a possible displacement, 
Le. the sphere can perform it without violating the constraints of the system. 
But if the plane is perfectly rough, this is no longer the case when 6, dy, 88, 
6d, dw, are arbitrary; for now the condition that the displacement of the 
point of contact is zero (to the first order of small quantities) must be 
satisfied, and this implies that the quantities dz, dy, 60, d¢, dy, are no 
longer independent, but are mutually connected (in fact, they must be such 
as to satisfy two linear equations); so that in the case of the sphere on the 
perfectly rough plane, a displacement represented by arbitrary infinitesimal 
changes in the coordinates is not necessarily a possible displacement. 


A dynamical system for which a displacement represented by arbitrary 
infinitesimal changes in the coordinates is in general a possible displacement 
(as in the case of the sphere on the smooth plane) is said to be holonomc ; 
when this condition is not satisfied (as in the case of the sphere on the rough 
plane) the system is said to be non-holononuc. 


If (6q, dq, --- 6¢n) are arbitrary infinitesimal increments of the coordinates 
in a dynamical system, these will define a possible displacement if the system 
is holonomic, while for non-holonomic systems a certain number, say m, of 
equations must be satisfied between them in order that they may correspond 
to a possible displacement. The number (n—‘m) is called the number of 
degrees of freedom of the system. Holonomic systems are therefore charac- 
terised by the fact that the number of degrees of freedom is equal to the 
number of independent coordinates required to specify the configuration 
of the system. 


26. Lagrange’s form of the equations of motion of a holonomac system. 


We shall now consider the motion of a holonomic system with n degrees 
of freedom. Let (q, q2,--- Gn) be the coordinates which specify the con- 
figuration of the system at the time t¢. 


Ww. Dz 3 
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Let m,; typify the mass of one of the particles of the system, and let 
(ai, 4, 2%) be its coordinates, referred to some fixed set of rectangular axes. 
These coordinates of individual particles are (from our knowledge of the 
constitution of the system) known functions of the coordinates q, q2, .-. Gn of 
the system, and possibly Le t also; let this dependence be expressed by the 
equations : 

a; = fi; (h; qa; eee, dn> t), 
1 $i (h, oy e+%> Ins t), 
2= (Hn; Jas +++) Ins t). 

Let (X;, Y;, Z;) be the components of the total force (external and 
molecular) acting on the particle m;; then the equations of motion of this 
particle are 

mi=Xi, m= Vi, me=Z. 
Multiply these equations by 

CE Na 

OG: Or OGr’ 
respectively, add them, and sum for all the particles of the system. We 
thus have 

i 5: i Oi,» Oi fi, vy Gi, 7 Vi 
Simi (2 5 Lg) E(Xigt tate tes a 

where the symbol = denotes summation over all the particles of the system ; 
this can be either an integration (if the particles are united into rigid bodies) 
or a summation over a discrete aggregate of particles. 


But we ae 


ay _ vg ee, vg oh) oe 
feo 
so a; ae ape 5a, 
en! (a a ay d om) 
crear en & 
_d (, dai af. Ot of. Bf 
~ at (a ie Sener h +5 5,09, 0 tagatgn tS oy 
d 0a; ‘\-a , Od; 
= alt OG ee 


d Re * 
= lar ($a; t-2 a (34), 


and therefore we have 


S Of. y Oi a) 
Faas (azn Rtas tet ae 


=} =m; i aC +924 22 5 42 =I a (2 + 92 + 22). 
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Now the quantity 
43m; (a? + Ye + 3?) 
represents the sum of the masses of the particles of the system, each 
multiplied by half the square of its velocity; this is called the Kinetic 
Energy of the system. From our knowledge of the constitution of the 
system, the kinetic energy can be calculated* as a function of 


MN» Yo, +++ In» qs qoy tee qn> t; 
we shall denote it by 


L(G Gas eee Gns Qi: Ya, +++ Un» t), 


and shall suppose that 7’ is a known function of its arguments. Since 


i a, hi, Ofi «4 i 
aq: 2 wha, O9n oN ee 


and y; and 2; are likewise linea functions of Gis Ga» ++» Gn, We see that Tis a 
quadratic function of g,, go, -.. gx; if the functions f, d, wy, do not involve the 
time explicitly (as is generally the case if there are no moving constraints 
in the system), the quantities w, y, Z, are homogeneous linear functions of 
Gy Gey «+» Qn, and then T is a homogeneous quadratic function of G, Go, ... Yn- 


bi = 


Get eee 


From the definition it follows that the kinetic energy of a system is essentially 
positive; Z’is therefore a positive definite quadratic form in q,, go, ..- Jn, and so satisfies 
the conditions that its discriminant and the principal minors of every order of its 
discriminant are positive. 


We have thus derived from the equations of motion the equation 


dYOLs ol Ofi Op; OW: 
aa (aq,) ~ Og =2 (255 age * Vag, + ag, ae 

and the expression on the left-hand side of this equation does not involve the 
individual particles of the system, except in so far as they contribute to the 
kinetic energy 7. We have now to see if the right-hand side of the equation 
can also be brought to a form in which the individuality of the separate 
particles is lost. 


For this purpose, consider that displacement of the system in which ,the 
coordinate qg, is changed to q, + 6q,, while the coordinates 


n> Qa» UG Fr—v Ur+1> cl ely Yn 
and the time (so far as this is required for the specification of the system) are 
unaltered. Since the system is holonomic, this can be effected without 
violating the constraints. In this displacement, the coordinates of the 
particle m; are changed to 


a+ a 8¢r, Yi a 89 ) Cite oe ~ 8 5) 


* The methods of performing this calculation for rigid bodies are given in Chapter V. 


ee) 


36 The Equations of Motion — [CH. II 


and therefore the total work done in the displacement by all the forces which. 
act on the particles of the system is 
| = ( ene ee 1B) Bar 

Now of the forces which act on the system, there are several kinds which 
do no work. Among these are, as was seen in § 23, 

1°. The molecular forces which act between the particles of the rigid 
bodies contained in the system: 

2°, The pressures of connecting-rods of invariable length, the reactions 
at fixed pivots, and the tensions of taut inextensible strings: 

3°. The reaction of any fixed smooth surfaces or curves with which 
bodies of the system are constrained to remain in contact; or of perfectly 
rough surfaces, so far as these can enter into holonomic systems: 

4°, The reactions of any smooth surfaces or curves with which bodies 
of the system are constrained to remain in contact, when these surfaces or 
curves are forced to move in some prescribed manner; for the displacement 
considered. above is made on the supposition that ¢, so far as it is required for 
the specification of the system, is not varied, i.e. that such surfaces or curves 
are not moved during the displacement; so that this case reduces to the 
preceding. 

The forces acting on the system, other than these which do no work, are 
called the external forces. It follows that the quantity 

= (x xii + ¥, is +2, ©) bg, 
a 0gr q 
is the work done by the eh forces in the displacement which corresponds 
to a change of q, to g,+ 6q,, the other coordinates being unaltered. This is 
a quantity which (from our knowledge of the constitution of the system, and 
of the forces at work) is a known function of q,, qo, --. Qn, t; we shall denote 
it by 
OalQt, Gateecas nt) OOK. 

ad ol). of 
dt Bale ee 

This equation is true for all values of 7 from 1 to m inclusive; we thus, 
have n ordinary differential equations of the second order, in which Gis Gas s+ Gen 
are the dependent variables and tis the independent variable; as the number 
of differential equations is equal to the number of dependent variables, the 
equations are theoretically sufficient to determine the motion when the 
initial circumstances are given. We have thus arrived at a result which may 
be thus stated : 

Let T' denote the kinetic energy of a dynamical system, and let 


Q,8q, + Q.8qo erscs oa Qn Gn 


We have therefore 
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denote the work done by the external forces in an arbitrary displacement 
COdreegss--- od,), 80 that T.Q,, Oss... Qn are, Jrom our knowledge of the 
constitution of the system, known functions of Gy, Gey «+» Gn» Gis Yar «++ Ing €3 
then the equations which determine the motion of the system may be written 
MIGEINS ow & 
ai 3q,) ~ 3g, = 2 (r=1, 2, ... m).. 
These are known as Lagrange’s equations of motion. It will be observed 
that the unknown reactions (e.g. of the constraints) do not enter into these 
equations. The determination of these reactions forms a separate branch of 
mechanics, which is known as Kineto-statics : so we can say that in Lagrange’s 
equations the kineto-statical relations of the problem are altogether eliminated. 


27. Conservative forces ; the Kinetic Potential. 


Certain fields of force have the property that the work done by the forces 
of the field in a displacement of a dynamical system from one configuration 
to another depends only on the initial and final configurations of the system, 
being the same whatever be the sequence of infinitesimal displacements by — 
which the finite displacement is effected. 


Gravity is a conspicuous example of a field of force of this character; the work done 
by gravity in the motion of a particle of mass m from one position at a height A to 
another position at a height & above the earth’s surface is mg(h—), and this does not 
depend in any way on the path by which the particle is moved from one position to the 
other. 


Fields of force of this type are said to be conservative. 


Let the configuration of any dynamical system be specified by n 
coordinates 4, g2, --- Qn. Choose some configuration of the system, say 
that for which 

G; =o; (P= 2. %)) 
as a standard configuration; then if the external forces acting on the system 
are conservative, the work done by these forces in a displacement of the 
system from the configuration (q,, qs, --. dn) to the standard configuration is a 
definite function of q,, qs, --. Yn; not depending on the mode of displacement. 
Let this function be denoted by V(q, qa, --- Yn); it is called the Potenteal 
Energy of the system in the configuration (q, q2,--. dn). In this case the 
work done by the external forces in an arbitrary displacement 


(81, 8q2, «++ 89n) 


is evidently equal to the infinitesimal decrease in the function V, corresponding 
to the displacement, i.e. is equal to the quantity 


a a ape 
Si 09n 


2 eee 


8¢n3 
Ods d 
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Lagrange’s equations of motion therefore take the form 


a for. of oV 
a —_ = = 1 2 eee . 
di a) A cies oad am 
If we introduce a new function Z of the variables qi, qo, «+» Uns Ns «++ Inn 
defined by the equation 
L=T-V, 
then Lagrange’s equations can be written 
d/oL\ ob 
fe re 


The function Z is called the Kinetic Potential, or Lagrangian function ; 
this single function completely specifies, so far as dynamical investigations 
are concerned, a holonomic system for which the forces are conservative. 


28. The explicit form of Lagrange’s equations. 


We shall now shew how the second derivates of the coordinates with 
respect to the time can be found explicitly from Lagrange’s equations. 


Let the configuration of the dynamical system considered be specified by 
coordinates 9, gs, --- gn; We shall suppose that the configuration can be 
completely specified in terms of these coordinates alone, without ¢, so that 
the kinetic energy of the system is a homogeneous quadratic function of 
dh, Ga» ++» Qn. AS was seen in § 26, this is always the case when the 
constraints are independent of the time, but not in general when the 
constraints have forced motions (as for instance in the case of a particle 
constrained to move on a wire which is made to rotate in a given way). 


Suppose then that the kinetic energy is 


T= +3 > S aude, 


where ay; = a, and where the coefficients a are known functions of 


n> Qa» sisi In: 
The Lagrangian equations of motion for the system are 
d/foT\ of 
= — | — ——_- = ;. at 9 
di Ga an. QO», (r=1, 2, ... n), 
d [ Le Ody. . 
Sts dt (3 Arde) — SS = aq, se eh = Q,, (r=1, 2, ... n), 


X n nv 


Lm]. 
or > As Js ap Sy ie ; | T4m = Os (r = is 2, tee n), 


s=1 l=1 m=1 
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l ie, | 
where the symbol | i , which is called a Christoffel’s symbol*, denotes the 


' expression 


Ll 0a, OGmay 0A, 
2 (int 0g. ae 


These equations, being linear in the accelerations, can be solved for the 
quantities g,. In fact, let D denote the determinant 


Qi Ay Ay... Ain |, 


and let A,, be the minor of a,, in this determinant. Multiply the n equations 
of the above system by 4,,, Ax, ... An,, respectively, and add them: re- 


. . n . . . 
membering that the quantity + A,, a. is zero when s is different from v, and 
r=1 


has the value D when s is equal to v, we have 


n 


Dq, + > 2 > AG Ea Koes Patel Des 
r=1 


t= m=1 ral 
¥, J Raaks ROG lm ie 
ah at = as i 
= de D ah m=1 Pa Ar | 1 | cL Im 4 D i ae Q. 


This equation is true for all values of v from 1 to inclusive; and these 
nm equations, in which 4%, q, ... Gn are given explicitly as functions of q,, ge, 
wes On» Gis Yar ++» Qn, Can be regarded as replacing Lagrange’s equations of 
motion. 


29. Motion of a system which is constrained to rotate uniformly round an 
ants. 


In many dynamical systems, some part of the system is compelled by an 
external agency to revolve with constant angular velocity » round a given 
fixed axis; the motion of a bead on a wire which is made to rotate in this 
way is a simple example. There is, as we have seen, no objection to the 
direct application of Lagrange’s equations to such cases, provided the system 
is holonomic; but it is often more convenient to use a theorem which we 
shall now obtain, and which reduces the consideration of systems of this kind 
to that of systems in which no forced rotation about the given axis takes 
place. 


* Tt was introduced by Christoffel, Journal fiir Math. uxx. (1869), and is of importance in the 
theory of quadratic differential forms. 
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Suppose that, independently of the prescribed motion round the axis, the . 
system has n degrees of freedom, so that if the given axis is taken as axis of 
z, and any plane through this axis and turning with the prescribed angular 
velocity is taken as the plane from which the azimuth ¢ is measured, the 
cylindrical coordinates of any particle m of the system can be expressed in 
terms of n coordinates q,, qo, ---) Gn, these expressions not involving the time t. 
Then if the kinetic energy of the system in the actual motion be 7, and if the 
work done by the external forces in an arbitrary infinitesimal displacement 
be Q, 89: + QoSqo+ +--+ Qndqn, where Q, Qe, ---» Qn will be supposed to 
depend only on the coordinates q@, qo, ++. Yn and if the kinetic energy of 
the system when the forced angular velocity is replaced by zero be denoted 
by 7, we have 

T =4im{[?+PF47 (64+ o)}, 
T,=42im{[24+P +7 Py. 

Now the quantity } mr? will be a function of q, qs, .--, Gn, Which is 
determined by our knowledge of the constitution of the system: denote it by 
W. The quantity Smr’¢ will also be a known function of q:, qs, ---, Yn 
thy +++) Qn) being linear in q,, go, ---, Yn; it will be zero if, when @ is zero, the 
motion of every particle has no component in the direction of ¢ increasing; 
while if n is equal to unity, so that there is only one coordinate gq, it will be 
the perfect differential with respect to ¢ of a function of g: these are the two 
cases of most frequent occurrence, and we shall include them both by as- 


; Pia. dY : : : 
suming that Xm7r*¢ is of the form dp? where Y is a given function of the 
coordinates g,, qo, +++) Yn: 

We have therefore 


P= T+ 0 40 W, 


and the Lagrangian equations 


ai (aq,) ~ ag, = Or (=i 


can be written in the form 


d eS f (oo )-o d (es ee ’ x 
di Ody di age ag» @ di Boe seal O0r = Q, (7 = if Ss heey n) 
dh fOTN cede Unease é 
or Abad oS Byentege fo W) + Q, (r=1, 2, ..., ). 


These equations shew that, subject to the assumption already mentioned, 
the motion is the same as if the prescribed angular velocity were zero, and 
the potential energy were to contain an additional term —4 mr. In this 
way, by modifying the potential energy, we are enabled to pass from a 
system which is constrained to rotate about the given axis to a system for 
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which this rotation does not take place. The term centrifugal forces is 
sometimes used of the imaginary forces introduced in this way to represent 


the effect of the enforced rotation. 
! 


30. The Lagrangian equations for quasi-coordinates. 


In the form of Lagrange’s equations given in § 26, the variables are n 
coordinates q, go, ..-, Yn, and the time t; the knowledge of these quantities, 
together with a knowledge of the constitution of the system, is sufficient to 
determine the position of any particle in any configuration of the system, 
which may be expressed by saying that 91, qs, ..-, Un, are true coordinates of 
the system. We shall now find the form which is taken by the equations 
when the variables used are no longer restricted to be true coordinates of 
the system *. 


Consider a system defined by » true coordinates q, gz, ---» Yn, the 
‘kinetic energy being 7’ and the work done by the external forces in a 
displacement (89,, dq2, ..., 6¢n) being Q,dg:+ Q28qet --- + Qndqn, 80 that the 
Lagrangian equations of motion of the system are 


OTOL eroL 
Flag) aq Ge LB or) 
Let @;, @,, ..., @,, be n independent linear combinations of the velocities 


Gi, Jo, +++) In, defined by relations 
Wy = By Gy + Moy Gat... + Orr Gn, (ast Doe) ce); 


Where a, Gn, ---, 4m are given functions of 9;, g2, ---; Qn; and let di, di, 
..., Urn, be n linear combinations of the differentials dq, dq, ..., dqn, defined 
by the relations 

Ary, = Oy AG, + AoA da +... + An Un (r=1, 2, ..., n), 


where the coefficients a are the same as in the previous set of equations, 
These last equations would be immediately integrable if the relations 


0a OOmp : ; : 
xr _ —_™" were satisfied for‘all values of «, 7, and m, and in that case variables 


OGm 94x 

a, would exist which would be true coordinates; we shall not however 

suppose the equations to be necessarily integrable, so that. d7r,, dire, ..., Ait, 

will not necessarily be the differentials of coordinates 7,, 7, ..., Tn; We shall 

call the quantities dz, d7,, ..., dwn differentials of quasi-coordinates. 
Suppose that the relations (2), when solved for q, qa, --+» Gn» give the 

equations 


Ge = Bri + Bea@2 + +++ + Ban On (iy ci, 7) 1 (8). 


* Particular cases of the theorem of this article were known to Lagrange and Euler: the 
general form of the equations is due to Boltzmann (Wien. Sitzwngsberichte, 1902) and Hamel 
(Zeitschrift fiir Math. uw. Phys. 1904). 
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Multiplying the Lagrangian equations (1) by By, Bx, .--, Bar, respectively, 
and adding, we obtain the equation 


d (or 
< Ber i G=)-5 Oe =2 Be Q.- 

Now 2 Q,6q, is the work done by the fae forces on the system in an 

arbitrary displacement, so p BerQ,.5m, is the work done in a displacement 


in which all the quantities da are zero except 6é7,. If therefore the work 
done by the external forces on the system in an arbitrary infinitesimal dis- 
placement (677, 572, ..., dan) is Ida, + I, d7. +... + nda, we have 


= Be la Gz) ~ 5a) 


04x]! O"Fe! 
By means of equations (3) we can eliminate gq, qs, ---, Qn, from the 
function 7, so that 7’ becomes a function of @,, @2, ...; On, Gis Yas «++» In (WE 


suppose for simplicity that ¢ is not contained explicitly in 7’); let this form 
of T be denoted by 7. 


oT or 
Then we have sae = Ba, 2? 
and therefore , c 
or Ol dd] @1- 
* Ber 3 as 5 (5a,) +3 Ba, dt ato 


But > Ber %s is zero or unity according as r is different from, or equal to, 
K 


$: so we have 
d da,; OT’ a or 
dt Eis +22 Cay “dt. dw; ven Bera = i . 
We also have b . 
of git os or dw, OL +E or O@ms : 
04 ~ Oe “a GOs | Oe. eee Ode das 


d /aT 5 (Clg Oma) xs ito. 
eed ee) EE Bay, dm (ine git) ~¥ Be by, =H 
oT oq “9 Ait 
% > : Bios BA We 8 Jeg Sa 
Now > 8..° 5 or = cae would ponds if m, were a true 
coordinate; we shall denote it by the symbol be whether 7, is a true’ 


coordinate or not. Also the expression 


00s Ome 
> ~ = Ber San Ge “~< aa 


depends only on the connexion ee the true coordinates and the dif- 
ferentials of the quasi-coordinates, and is independent of the nature or 
motion of the dynamical system considered: we shall denote this expression 
by rx. We have therefore 
d (oT or @r 
Gal Ch Vans en 
- (55,) +22 900 Os ae Me (r= 1,2... 0). 
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These n equations are the equations of motion expressed in terms of the 
quasi-coordinates; when the quasi-coordinates are true coordinates, the 


quantities y,. are all zero, since the conditions os — me are satisfied, and 


OO te OU 

the equations reduce to the ordinary Lagrangian equations 
NS old Ne ano & 
aor) ae Gath; rheeaae n). 


Example. <A rigid body is free to turn about one of its points 0, which is fixed, so 
that the coordinates of the body can be taken to be the three Eulerian angles 6, $, w, 
which (§ 10) specify the position of axes Oxyz, fixed in the body and moving with it, with 
reference to axes OX YZ fixed in space. Let an arbitrary displacement (86, 5, dy) of the 
body be equivalent to the resultant of small rotations 821, Omg, Sz, round Ox, Oy, Oz, 
respectively, so that dm, dm,, dr, can be taken as the differentials of quasi-coordinates : 
let 1, @:, 3 be the components about the axes Oxyz of the angular velocity of the body 
at any instant, so that dz,, dm, ds, are the differentials of quasi-coordinates corre- 
sponding respectively to the velocities ,, 2, @;. Shew that the equations of motion of 
the body are 


ad z prac l ax of 
di aa) Satan daegnon, 

Det eek oP a 

dt \Ouuf'™ "0a, 00, Oey” 

d (2) - or a Cle Or! 

Oo) “20a, 1 Ow, Omg 

where 7’ is the kinetic energy of the body, expressed in terms of @,, @, @3, 4, >, V3 


T,, Mz, I, are the moments about the axes Ox, Oy, Oz, respectively of the external forces 


on 07 06 OT Oh OT Ow 
acting on the body; and Ga stands for — Baar + ap om, ey ae 


=Ii,, 


=II,, 


It will appear later that 7’ depends only on ay, 2, 3, 80 the terms a are zero. 
r 


31. Forces derivable from a Schering’s potential-function. 

In certain cases the conception of a potential-energy function can be 
extended to dynamical systems in which the acting forces depend not only 
on the position but on the velocities and accelerations of the bodies. 


For consider a dynamical system whose configuration is specified by 
coordinates 9g, qe, ---, Qn, and suppose that the work done by the external 


forces in an arbitrary displacement (6q, 54, .-.; 8qn) 18 
Q: bn ar Q. 8qz ctaieletercts Qn Sqn: 


Then if Q, can be expressed in the form 


-5 + a (OV 
=— =< as DS ge 
r= 55 dt a gaan st) 
where V is a given function of q,, G2, --+) Ynys Gs +++) Ins the Lagrangian equa- 


tions of motion are 


Gefalg CALL. oV d a) 
— =— “2 “= 1, 2, weey 1b 
dt aa) 04, 0g ai Ge g D, 
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and if a kinetic potential L be defined by the equation 
_L=T-YV, 
the equations take the customary form 
ie (5) Aen 
dt \0q,/ OY, 

The function V can be regarded as a generalised potential energy 
function. An example of such a system is furnished by the motion of a 
particle subject to Weber’s electrodynamic law of attraction to a fixed point, 
the force per unit mass acting on the particle being 
A (1 -fas"), 


r eG 


(mech 2% 24 2) 


where r is the distance of the particle from the centre of force: in this case 
the function V is defined by the equation 


2 
Vee (1 +7). 
i Cc 


Example. If the forces 1, Q, ..-» Qn) of a dynamical system which is specified by 
coordinates 91, Ya, .--) Yn are derivable from a generalised potential-function V, so that 


OV ad (ov ; 
Q,= ~ ag, t dt ae) (r=1, 2, ..., 2), 
shew that @,, Qo, .... Gn must be linear functions of G, qo, .--) Jn, Satisfying the x (27-1) 
relations 
00; _ 0@e 
Sie Cd’ 
20: 202_d (20s , 201) 
OG, Og; dt \OG, © 0G; /” 
00; 0G _, @ (a hs se) 
Ode 04g; ~e dt Og Ogi i 


On the general conditions for the existence of a kinetic potential of forces, reference 
may be made to 


Helmholtz, Journal fiir Math., Vol. 100 (1886). 
Mayer, Letpzig. Berichte, Vol. 48 (1896). 
Hirsch, Math. Annalen, Vol. 50 (1898). 


32. Initial motions. 


The differential equations of motion of a dynamical system cannot in 
general be solved in a finite form in terms of known functions. It is how- 
ever always possible (except in the vicinity of certain singularities which 
need not be considered here) to solve a set of differential equations by power- 
series, i.e. to obtain for the dependent variables q,, qo, ..., Gn, expressions of 
the type 

h@=h tht+oqf+d, 64+... 
{ do =a +h t+aql+d, 4+... 


In = Unt bat t+ cn + daBb+...; 
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the coefficients a, b, ... can in fact be obtained by substituting these series in 
the differential equations, and equating to zero the coefficients of the various 
powers of ¢; the expansions will converge in general for values of ¢ within 
some definite circle of convergence in the ¢-plane*. 


It is plain that these series will give any information which may be 
required about the initial character of the motion (¢ being measured from the 
commencement of the motion), since a, is the initial value of 9, b, is the 
initial value of g,, and so on. This method of discussing the initial motion 
of a system is illustrated by the following example. 


Example. Consider the motion of a particle of unit mass, which is free to move in a 
plane. and initially at rest, and which is acted on by a field of force whose components 
parallel to fixed rectangular axes at any point (w, y) are (X, Y); and let it be required to 
determine the initial radius of curvature of the path. 


Let (v+& y+n) be the coordinates of any point adjacent to the initial point (x, y), 
so that &, 7, may be regarded as small quantities; then the equations of motion are 


E=X (+8 y+n) 


=X (x, ee (2, SL aes ° cee 
oY RAC 
H=Y (0 9) EY 4 4... 


If therefore we assume for € and 7 the expansions 
E=at?+bB+ct+..., 
n=de+eP+fet..., 


(it is not necessary to include terms of lower order than ¢, since the quantities &, n, E, i, 
are initially zero), and substitute in these differential equations, we find, on comparing 
the coefficients of various powers of ¢, the relations 


agence % 
eer) b=0, cma (45+ Si a)? 


OY .,aP 
Hea Vile en.e tay (XGtlS 


The path of the particle near the point (#, y) is therefore given by the series 


g=Xu+t( soe a = Fe) a 


oY Cr 
n=Yu+t4 ne +V Sy) ete 
where ~ denotes the quantity $27. 


Now if the coordinates £ and y of any curve are expressed in terms of a parameter w, 
the radius of curvature at the point w is known to be 


(Ge) + Ga) 


du2du du* du 


* Whittaker, A Course of Modern Analysis, § 21. 
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so the radius of curvature corresponding to the zero value of u, for the curve given by the 


above expressions, is 
3 (X24 2)! 
Creer Ox Hd ge 
(xg+rs,)x-(2 at? Gy) Y 


and this is the required radius of curvature of the path of the particle at the initial point. 


33. Similarity in dynamical systems. 


If any system of connected particles and rigid bodies is given, it is 
possible to construct another system exactly similar to it, but on a different 
scale. If now the masses and forces in the two systems, which we can call 
the pattern and model respectively, bear certain ratios to each other, the 
workings of the two systems will be similar, though possibly at speeds which 
are not the same but bear a constant ratio to each other. 

To find the relation between the various ratios involved, let the linear 
dimensions of the model and pattern be in the ratio w: 1, let the masses of 
corresponding particles be in the ratio y: 1, let the rates of working be in the 
ratio z: 1, so that the times elapsed between corresponding phases are in the 
ratio 1: z, and let the forces be in the ratio w:1. Then for each particle we 
have an equation of motion of the form 


més =X ; 
so if m is altered in the ratio y:1, & is altered in the ratio rz*:1, and X is 
altered in the ratio w:1, we must have 

w= xyz’, 


and this is the required relation between the numbers 2, y, z, w. 


Example. If the forces acting are those due to gravity, we have w=y, and conse- 
quently vy?=1, so that the rates of working are inversely as the square roots of the linear 
dimensions. 

If the forces acting are the mutual gravitation of the particles, every particle 
attracting every other particle with a force proportional to the product of the masses and 
the inverse square of the distance, we have w=¥?/2x*, so the rates of working are in the 


ratio ye a, 


34. Motion with reversed forces. 
A special case of similarity is that in which the ratio w has the value — 1. 
We have seen that the motion of any dynamical system which is subjected 


to constraints independent of the time, and to forces which depend only on 
the positions of the particles, is expressed by the Lagrangian equations 


d ea i ye ; . 

a G ae 4 (r= 1, 2;-..., #) 
where the kinetic energy 7’ issa homogeneous quadratic function of the 
velocities 4, qa, +++) Qn, involving the coordinates g,, qo} ..., Qn, in any way, 


and @ is a function of q, qo, -..5'Qn only. 
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Tntroduce a new independent variable defined by the equation 


T=, where i=./ —1, 
and let accents denote differentiations with regard to 7. Then since 
a (ap) and are homogeneous of degree —2 in dt, the above equations 
become 

5: Ga") ~ ge =~ 9 (Pate 2s, 1) 
where @ is the same function of q', q’, ..., Gwe Gis tess Ca, theb e-is Of 
LEI SSR PRICE ANG Pec BANG Po 

But if 7 (instead of ¢) be now interpreted as denoting the time, these last 
equations are the equations of motion of the same system when subjected to 
the same forces reversed in direction. Moreover, if @,, a, ...; Gn» Br; Ba 
Bn are the initial values of g,, go, -.-. Ynv Gas Gar +s Yn, respectively in any 
particular case of the motion of the original system, then a, a, ..., dn, —7Pr, 
—1B,, .... —tBn will be the corresponding quantities in the transformed 
problem. We thus have the theorem that in any dynamical system subjected 
to constraints independent of the time and to forces which depend only on the 
position of the particles, the integrals of the equations of motion are still real 
of t be replaced by V—1t and the initial velocities B,, Bo, «+> Bn by — J Sacer. 
SV Ne ees oe respectively ; and the expressions thus obtained repre- 
sent the motion which the same system would have if, with the same initial 
conditions, it were acted on by the same forces reversed in direction. 


ory 


35. Impulsive motion. 

In certain cases (e.g. in the collision of rigid bodies) the velocities of the 
particles in a dynamical system are changed so rapidly that the time occupied 
in the process may, for analytical purposes, be altogether neglected. 

The laws which govern the impulsive motion of a system bear a close 
analogy to those which apply in the case of motion under finite forces: they 
can be formulated in the following way. 

The number which represents the mass of a particle, multiphed by the 
vector which represents its velocity at any instant, is a vector quantity 
(localised in a line through the particle) which is called the momentum of 
the particle at that instant; the three components parallel to rectangular 
axes Owyz of the momentum of a particle of mass m at the point (a, y, z) are 
therefore (ma, mz, mz). If any number of particles form a dynamical system, 
the sum of the components in any given direction of the momenta of the 
particles is called the component in that direction of the momentum of the 
system. The impulsive changes of velocity in the various particles of a 
connected system can be regarded as the result of sudden communications 
of momentum to the particles. 

The effect of an agency which causes impulsive motion in the system 
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will be measured by the momentum which it would communicate to a single 
free particle. If therefore (%, %, Wp) are the components of velocity of a 
particle of mass m, referred to fixed axes in space, before the impulsive 
communication of momentum to the particle, and if (wu, v, w) are the com- 
ponents of velocity of the particle after the impulse, then the vector quantity 
(localised in a line through the particle) whose components are 


m (WU — Up), m (UV — %), m(W—W)), 
represents the impulse acting on the particle. 


For the discussion of the impulsive motion of a connected system of 
particles, it is clearly necessary to have some experimental law analogous to 
the law of Action and Reaction of finite forces; such a law is contained in 
the statement that the total impulse acting on a particle of a connected 
system is equal to the resultant of the external impulse on the particle (i.e. the 
impulse communicated by agencies external to the system, measured by the 
momentum which the particle would acquire if free) together with impulses 
directed along the lines which join this particle to the other particles which 
constrain its motion ; and the mutually induced impulses between two connected 
particles are equal in magnitude and opposite in sign. 

If we regard the components of an impulse as the time-integrals of the 
components of an ordinary finite force which is very large but acts only for 
a very short time, the law just stated agrees with the law of Action and 
Reaction for finite forces. 


Change of kinetic energy due to impulses. 

The change in kinetic energy of a dynamical system whose particles are acted on by a 
given set of impulses may be determined in the following way. 

Let an impulse J, directed along a line whose direction-cosines referred to fixed axes of 
reference are (A, p, v), be communicated to a particle of mass m, changing its velocity 
from vp, in a direction whose direction-cosines are (Z), M,, Vo), to v, in a direction whose 
direction-cosines are (LZ, M/, V). The equations of impulsive motion are 

m (vL —vLy)) =, m (vM — vM,)=Lp, m (vV —vNV)=L. 
Multiplying these equations respectively by 
Z(~L+%Ly), $(vM+ HM), and 4(vV+x%M), 
and adding, we have 
gmv*— move =$Lo (L0A+ Mut Nv) +4 Lv (LorX+ Moun + Nov). 
The change in kinetic energy of the particle is therefore equal to the product of the 


impulse and the mean of the components, before and after the impulse, of the velocity of 
the particle in the direction of the impulse. 


Now consider any dynamical system of connected particles and rigid bodies, to which 
given impulses are communicated ; applying this result to each particle of the system, and 
summing, we see that the change in the kinetic energy of the system is equal to the sum of the 
impulses applred to rt, each multiplied by the mean of the components, before and after the 
communication of the impulse, of the velocity of its point of application in the direction of the 
impulse. In this result we can clearly neglect the impulsive forces between the molecules 
of any rigid body of the system. 


35, 36] The Equations of Motion 49 


36. The Lagrangian equations of impulsive motion. 


The equations of impulsive motion of a dynamical system can be 
expressed in a form* analogous to the Lagrangian equations of motion for 
finite forces, in the following way. . 


Let (X;, Y;, Z;) be the components of the total impulse (external and 
molecular) applied to a particle m; of the system, situated at the point 
(x, Yi, 2). The equations of impulsive motion of the particle are 

M(t; —Lo)=Xi, M(Y—-Yo=Vi, — (4; — Zu) = J, 
where (4%, Yio, Zin) and (#;, J, 2;) denote the components of velocity of the 
particle before and after the application of the impulse. 


If 4, qs; +++» Un denote the n independent coordinates in terms of which 
the configuration of the system can be expressed, we have therefore 


HrcciGaaaey abl. ONG ROT are 

D2 My \(é — £ip) oa y;— Jie) ea, ria iw) 5c 
peels OY: : 02; \ 
=5(Xe5 Or ahaa saat Saale 


where the summation is extended over all the particles of the system. 


Now in forming the summation on the right-hand side of this equation, 
it is seen as in § 26 that the molecular impulses between particles of the 
system can be omitted: the quantity 

0x; On A 02; 
B (Xs + Vine + 4x) 
can therefore readily be found when the external impulses are known: we 
shall denote it by the symbol Q,. We have consequently 


02; 
Sm | (és — dry) 5+ (Hee) gh + (2.4) 5h = 


But as in § 26 we have 


Oar = Obs so oe a3. &;), 
Coe ogen 2 Oa = pet 
and similarly 
Om; 


Lio 5 qr a (4: ip”), 


where g,) and g, denote the velocities of the coordinate q, before and after 
the impulse respectively. Thus if 


Tet> a1 (@7 + U2 + 2?) 


* Due to Lagrange, Méc. Anal. (2 éd.), Vol. 1. p. 183. 
Wa Ds 4 
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denotes the kinetic energy of the system after the impulse, the above 
equation can be written in the form 


oT (=) = 
CRN es 
0 : : or : 
where eo denotes the quantity corresponding at Fs , but relating to the 
rT7 0 r 
instant before the impulse. 


Similar equations can be found for the rest of the coordinates q,, q2,-..Qn3 
and thus we obtain the set of n equations 
CLaUTOL 
— — l(a] = Yr, r=]: teres iS 
0gr Ca) @ ( 


which are known as the Lagrangian equations of impulsive motion. 


These are algebraical equations for the determination of g,, g2,..- Gn in 
terms of G1, Gao, --+ Ino they are not differential equations like the Lagrangian 
equations of motion for finite forces, since the second derivates of the 
coordinates with respect to the time do not enter. 


MISCELLANEOUS EXAMPLES. 


1. Two rigid bodies moving in space are constrained only by a taut inextensible string 
joining a given point of one body to a given point of the other, and one of the bodies is 
constrained to roll without sliding on a given fixed surface. How many degrees of freedom 


has the system, and how many independent coordinates are required to specify its con- 
figuration ? 


2. A point is referred to curvilinear coordinates a, b, c, and the square of its velocity 
is ; 
2T = A+ Bb? +024 2Fb2+ 2Géa+2Hab. 


Shew that p, g, 7, the component accelerations in the directions of the tangents to the 
coordinate lines, are given by three equations of the type 


ad 1 OT Ap+Hq+Gr 
at \0a )~ Ja ar oat (Coll. Exam.) 
3. A particle which is free to move in space is initially at rest at the origin, and is in 
afield of force whose components (X, Y, Z) at any point («, y, 2) are given by the expansions 


X=a+bx +quadratic and higher terms in a, y, z. 


Y= cx +quadratic and higher terms in a, y, z. 
4Z=  da*+cubic and higher terms in «, y, 2. 


' Find the radii of curvature and torsion of the orbit at the origin. 


CHAPTER UT. 
PRINCIPLES AVAILABLE FOR THE INTEGRATION. 


37. Problems which are soluble by quadratures. 


The determination of the motion of a holonomic dynamical system with 
a finite number of degrees of freedom has in the preceding chapter been 
shewn to depend on the solution of a set of ordinary differential equations. 
If n denotes the number of degrees of freedom, and (qj, qs, -.., Qn) are the 
coordinates specifying the configuration of the system at the time ¢, then the 
set of equations consists of n differential equations, each of the second order, 
with q, 4, ---, Yn aS dependent variables and ¢ as independent variable. This 
set of equations is said to be of order 2n, the order being defined to be 
the sum of the orders of the highest derivates of the dependent variables 
occurring in the equations. It is a well-known result of the theory of ordinary 
differential equations that the number of arbitrary constants of integration 
in the solution of a set of differential equations is equal to the order of the 
system; whence it follows that there are 2n constants of integration in the 
general solution of a holonomic dynanucal problem with n degrees of freedom. 


Now any given set of differential equations of order k& can be reduced 
to the form 
dx, 
7 
where X,, X., .... X; are known functions of their arguments, by taking as 
new variables (#,, 2, ..., 2) the original dependent variables together with 
their derivates up to (but not including) the highest derivates occurring in 
the original set of equations. Thus e.g. the set of equations 


a2 ote dq. Bes 
ar a Q: (h> Yo» Qi» Ye), a rz Q> (h) G2, Ny qa), 


DEC Op aa (iieet ede, we) 


(where Q, and Q, are any functions of the arguments indicated) which 1s of 
order 4, can be reduced to the set 
da, dix, du; da. 


dt — V3, ah =, dt cae Q, (2, L, Vs, X4); “Je = Q> (x, Xs, Vs, 4), 
4—32 
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by taking 


y=, Le = Qe; L3=h; Ls = Qo- 
dx, 


ae = X,(@, Ly, .-., ME, t), (r= 1, 2, tay ey 


may therefore be regarded as the typical form for a set of differential 
equations of order k. 
df 


If a function f(a, 2, ..., X, t) is such that di is zero when (2}, £2, ..-, Zz) 


are any functions of ¢ whatever which satisfy these differential equations, the 
equation 


The form 


ST (Bi, La, +++, Lp, t) = Constant 


is called an integral of the system. The condition that a given function / 


may furnish an integral of the system is easily found; for the equation 
df/dt =0 gives 


nO aa alg 

San fy top tat +o fet oe 0, 

rene, of of _ 
or pie grasa ae dys Apt a= 7 


and this relation must be identically satisfied in order that the equation 
F(a, %, ..., , t) = Constant 
may be an integral of the system of differential equations. 


Sometimes the function / itself (as distinct from the equation f=constant) is called an 
integral of the system. 


The complete solution of the set of differential equations of order & is 

furnished by & integrals 

fC RAE (vi lo ek 
where @), de, ..., @, are arbitrary constants, provided these integrals are 
distinct, i.e. no one of them is algebraically deducible from the others. For 
let the values of a, 2, ..., a, obtained from these equations as functions of 
ABM Fresh OR WANES 

Vy = Py (Gy, Ay,..055 Oks ©), (Pe) 2 ere 
then if (a, @,..., #,) are any particular set of functions of ¢ which satisfy the 
differential equations, it follows from what has been said above that by giving 
to the arbitrary constants a, suitable constant values we can make the equations 


Fn ( Gis Gay +005 Ops b) Oe Cae Re Brea) 
true for this particular set of functions (a, @, ..., %;); and therefore this set 
of functions (a, #, ..., @%) will be included among the functions defined by 
the equations #,=¢,. The solution of a dynamical problem with x degrees 
of freedom may therefore be regarded as equivalent to the determination of 
2n integrals of a set of differential equations of order 2n. 
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Thus the differential equation 
Arp 
which is of the second order, possesses the two integrals 
P+Pay 
| tan“! 4 t=, 
where a, and a, are arbitrary constants. On solving these equations for g and g, we have 


Tie sin (¢+ dy) 
g=a,' cos (¢+a,), 


and these equations constitute the solution of the differential equation. > 


The more elementary division of dynamics, with which this and the 
immediately succeeding chapters are concerned, is occupied with the dis- 
cussion of those dynamical problems which can be completely solved in terms 
of the known elementary functions or the indefinite integrals of such functions. 
These are generally referred to as problems soluble by quadratures. The 
problems of dynamics are not in general soluble by quadratures ; and in those 
cases in which a solution by quadratures can be effected, there must always 
be some special reason for it,—in fact the kinetic potential of the problem 
must have some special character. The object of the present chapter is to 
discuss those peculiarities of the kinetic potential which are most frequently 
found in problems soluble by quadratures, and which in fact are the ultimate 
explanation of the solubility. 


38. Systems with ignorable coordinates. 


We have seen (§ 27) that the motion of a conservative holonomic dy- 
namical system with n degrees of freedom, for which the coordinates are 


Gi, Yo) +++» Qn and the kinetic potential is Z, is determined by the differential 
equations 
, d (ob OL 
di (ag,) ~ ago © sige cassie 


The quantity eh is generally called the momentum corresponding to the 


Og, 
coordinate q,. 

It may happen that some of the coordinates, say 4, dz, ++», Qk, are not 
explicitly contained in Z, although the corresponding velocities q, q2, ---, qi 
are so contained. Coordinates of this kind are said to be «gnorable or cyclic ; 
it will appear in the following chapters that the presence of ignorable 
coordinates is the most frequently-occurring reason for the solubility of 
particular problems by quadratures. 

The Lagrangian equations of motion which correspond to the & ignorable 


coordinates are 
d /oL 
een (ee a= Nes Tete ieee“ Ks 
= ee 0, @ ) 
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and on integration, these can be written 


aL 

haat = ek 
Oy jor (r i; a ? » 
where §,, Bo, ..., 8, are constants of integration. These last equations are 
evidently & integrals of the system. 


We shall now shew how these & integrals can be utilised to reduce the 
order of the set of Lagrangian differential equations of motion*. 


k 
Let R denote the function L— > q, a . By means of the & equations 
r=1 r 
oL 
riled, (7=1, Zt mp 


we can express the & quantities q,, qo, ..., G;, which are the velocities cor- 
responding to the ignorable coordinates, in terms of 
PUk+1> Vk+2) oor An» e-+15 Je-+25 eeey Ons B, Bs, eeey Be; 


we shall suppose that in this way the function # is expressed in terms of the 
latter set of quantities. 


Now let 6f denote the increment produced in any function f of the 


quantities gu41, Qetos +++» Uns Gr» Ga» +++ > Qn (or of the quantities quis, Qese, --- 5 Yn 
itis +++» In» Bis Boy --», Bx) by arbitrary infinitesimal changes 89,11, dgzs2, ---, 
Sdn, Oh:; ---», OGn, IN its arguments. Then we have 
Latina 1 ¥ 
sR=8(L- = 4 =) 
r=1 q Og 
by the definition of R. But 
GMb, ME n OL 
oL= S = 00-4+- > == 0g, >) =e Ue 
r=k+1 O q r=1 Or q ee 0 ? q 
and 
Leas! aa k 
3 ( > ns) = = ~— 64+ > i, r> 
a qr r=1 04, : r=1 q 8 
since aa = Bry 
We have therefore 
» OL n OL k 
ok= 2% -69¢,+ > =~ 8¢,— > G,68;, 
x y=k+1 Oy ? r=k+1 OGr q Set i 


. . . . AS . ’ . . - . 
and since the infinitesimal quantities occurring on the right-hand side of this 
equation are arbitrary and independent, the equation is equivalent to the 


* The transformation which follows is really a case of the Hamiltonian transformation, which 
is discussed in Chapter X; it was however first separately given by Routh in 1876, and somewhat 
later by Helmholtz. 
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system of equations 
ant (r=k+1,k4+2, ..., n), 
ae Be (r=kh+1, k+2, .., 0), 
i= - 35 (51,2) cass), 


- Substituting these results in the Lagrangian equations of motion, we 
ave 


d /oR oR 
Pla is 

Now R is a function only of the variables qisi, Guia, +++ > Gns Uetis-+* > Uns 
and the constants 8,, @, ..., By: so this is a new Lagrangian system of 
equations, which we can regard as defining a new dynamical problem with 
only (n — k) degrees of freedom, the new coordinates eI 7zans- Gavan Gas 
and the new kinetic potential being R. When the variables gus1, Gere, +++» Yn» 
have been obtained in terms of ¢ by solving this new dynamical problem, the 


remainder of the original coordinates, namely 91, Yay +++» Gz, Can be obtained 
from the equations 


SOR Gael Eo en), 


oR 


r= — | aa dt oN aa 


Hence a dynamical problem with n degrees of freedom, which has k ignorable 
coordinates, can be reduced to a dynamical problem which has only (n—k) 
degrees of freedom. This process is called the cgnoration of coordinates. 


The essential basis of the ignoration of coordinates is in the theorem that when the 
kinetic potential does not contain one of the coordinates g, explicitly, although it involves 
the corresponding velocity g,, an integral of the motion can be at once written down, 


OL ae : 
namely ie aiaa a This is a particular case of a much more general theorem which 
fF. 


will be given later, to the effect that when a dynamical system admits a known infinitesi- 
mal contact-transformation, an integral of the system can be immediately obtained. 


If the original problem relates to the motion of a conservative dynamical 
system in which the constraints are independent of the time, we have seen 
that its kinetic potential Z consists of a part (the kinetic energy) which is 


a homogeneous quadratic function of , qe, -.+) dns and which involves 
Qu+1, Yk+2) +++» In in any way, together with a part (the potential energy with 
sign reversed) which involves Qy4i, Quito. +++» Yn only. But in the new 


dynamical system which is obtained after the ignoration of coordinates, the 
kinetic potential R cannot be divided into two parts in this way: in fact, R 
will in general contain terms linear in the velocities, And more generally 
when (as happens very frequently in the more advanced parts of Dynamics) 
the solution of one set of Lagrangian differential equations is made to depend 
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on that of another set of Lagrangian differential equations with a smaller 
number of coordinates, the kinetic potential of this new system is not 
necessarily divisible into two groups of terms corresponding to a kinetic and 
a potential energy. We shall sometimes use the word natural to denote those 
systems of Lagrangian equations for which the kinetic potential contains 
only terms of degrees 2 and 0 in the velocities, and non-natural to denote 
those systems for which this condition is not satisfied. 


As an example of the ignoration of coordinates, consider a dynamical system with two 
degrees of freedom, for which the kinetic energy is 


T= gt age", 


a+ L 
and the potential energy is 
V=c+ dg,’, 


where a, 6, c, d, are given constants. 


It is evident that g, is an ignorable coordinate, since it does not appear explicitly in T 
or V. 


The kinetic potential of the system is 


L=3 


aiigat hi? —c—dq? ? 


and the integral corresponding to the ignorable coordinate is 
(eee 
a+bq? B; 
where f is a constant, whose value is determined by the initial circumstances of the motion. 
The kinetic potential of the new dynamical system obtained by ignoring the coordinate 
H is 


R=L—- where 
=$9,? —c—dg,? -$8? (a+bq,"), 


and the problem is now reduced to the solution of the single equation 


elvetae 
dt \0go) 09s 
or Go + (2d + bB?) qo=0. 
As this is a linear differential equation with constant coefficients, its solution can be 
immediately written down: it is 
g=A sin {(2d +06?) t+}, 
where A and ¢ are constants of integration, to be determined by the initial circumstances 


of the motion. This equation gives the required expression of the coordinate g, in terms 
of the time: the value of g, in terms of ¢ can then be deduced from the equation 


n=B | (a-+bq) de, 


which gives 


ba 
iar ens 7 re rN wash rata na 


and so completes the solution of the system. 
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39. Special cases of ignoration; integrals of momentum and angular 
momentum. 


We shall now consider specially the two commonest types of ignorable 
coordinates in dynamical problems. 


(i) Systems possessing an integral of momentum. 


Let the coordinates of a conservative holonomic dynamical system with 
n degrees of freedom be q, qo, .--, @n3 and let 7’ be the kinetic energy of the 
system, and V the potential energy, so that the equations of motion of the 
system are 
eee oe 
dt (aa) Ogr us CLOG, 

Suppose that one of the coordinates, say q,, is ignorable, and moreover is 
such that an alteration of the value of q, by a quantity J, the remaining 
coordinates qs, 93, --», Ym being unaltered, corresponds to a simple translation 
of the whole system through a distance / parallel to a certain fixed direction 
in space; we shall take this to be the direction of the x-axis in a system of 
fixed rectangular axes of coordinates. 


(fae TZ; 5%), 


Since q, is an ignorable coordinate, we have the integral 


oe = Constant, 
. 01 
and we shall now discuss the physical meaning of this equation. 


We have 
Cl a) (m2 2 2 
3a, mia + ¥? + 47), 


where the summation is extended over all the particles of the system, 


oT Om. OY; dy 
ree S 4 =< a =e t ease 
we ios, Son 05, 
* 0x; OY; 02; 
= Im; (ase + ig tae) by § 26 
= Xm;%;, since in this case ae 1, Oyi ; Cet 0. 
0g 0 0 


Now =m,4; represent (§ 35) the component parallel to the a-axis of the 
momentum of the system of particles m;, and consequently this is the 


physical meaning of the quantity 57 in the present case. 
1 


The integral on = Constant 
0, 


can therefore be interpreted thus: When a dynamical system can be 
translated as if rigid in a given direction without violating the constraints, 
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and the potential energy is thereby unaltered (the way in which the kinetic 
energy depends on the velocities is obviously unaltered by this translation, so 
the corresponding coordinate is ignorable), then the component parallel to this 
direction of the momentum of the system is constant. 

This result is called the law of conservation of momentum, and systems to 
which it applies are said to possess an integral of momentum. 

_ (11) Systems possessing an integral of angular momentum. 

Again taking a system with coordinates q, qo, .-., Gn and kinetic and 
potential energies 7 and V respectively, let us now suppose that the 
coordinate g, is ignorable, and moreover is such that an alteration of g, by 
a quantity a, the other coordinates remaining unchanged, corresponds to 
“a simple rotation of the whole system through an angle a round a given fixed 
line in space: we shall take this line as the axis of z in a system of 
fixed rectangular axes of coordinates. 


Since q, is an ignorable coordinate, we have the integral 


57 == Constatit::..4..05arveceyees canine (1), 


and we have to determine the physical interpretation of this equation. 
We have as before 
or On” =. OY; = . Om 
aay Te (aac pitas), 
iain iad Naa a or a 
where the summation is extended over all the particles of the system. But 
if we write 


XL; = 7; COS d;, Yi =7i Sn Gj, 
we have dpi = dq, 
ea ay = nn eae 
0m 0g; 
Oy: OYi _ 5 
30, 36 7; COS dj = &, 
02; 
0g 
and therefore 
oT 
aa, = 3m; (— iyi + OS EReeeree eh: erty er (2). 


Now if 7 denote the distance of any particle of mass m from a given 
straight line at any instant, and if w denote the angular velocity of the 
particle about the line, the product mr*w is called the angular momentum 
of the particle about the line. 


Let O be any point, and let P, P’, be two consecutive positions of the 
moving particle, the interval of time between them being dt. Then the 
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angular momentum about any line OK through O is clearly the limiting 
value of the ratio 
- x Twice the area of the projection of the triangle OPP’ on 
a plane perpendicular to OK, 


so if (1, m,n) are the direction-cosines of OK and if (A, uw, v) are the direction- 
cosines of the normal to the triangle OPP’, we see that the angular 
momentum about OK is equal to the product of (IN+mp+nv) into the 
angular momentum about the normal to the plane OPP’. It is evident from 
this that if the angular momenta of a particle about any three rectangular 
axes Oxyz at any time are /, hy, hs respectively, then the angular momentum 
about any line through O whose direction-cosines referred to these axes are 
(J, m, n) is lh +mh,+nhs3; we may express this by saying that angular 
momenta about axes through a point are compounded according to the vectorial 
law. 

The angular momentum of a dynamical system about a given axis is 
defined to be the sum of the angular momenta of the separate particles of 
the system about the given axis; in particular, the angular momentum of 
a system of particles typified by a particle of mass m, whose coordinates are 
(;, Yi, 2%), about the axis of z is mir? d, where 

i) 


2, = 7; COS $j, Ys = 7; 81D di, 
and the summation is extended over all the particles of the system; this 
expression for the angular momentum of a system can be written in the form 
LMj (YX — LY), 
4 
and on comparing this with equation (2) we have the result that the angular 
L 
ai 
The equation (1) implies therefore that the angular momentum of the 
system about the axis of z is constant: and we have the following result : 
When a dynamical system can be rotated as if rigid round w given axis without 


violating the constraints, and the potential energy 1s thereby wnaltered, the 
angular momentum of the system about this axis vs constant. 


momentum of the system considered, about the axis of z, is 


This result is known as the theorem of conservation of angular 
momentum. 


Example. A system of n free particles is in motion under the influence of their 
mutual forces of attraction, these forces being derived from a kinetic potential V, which 
contains the coordinates and components of velocity of the particles, so that the equations 


of motion of the particles are 
A? _? Pi d OV etc. ; 
Mrdin= Son, — at \Be,) 5 
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shew that these equations possess the integrals 
4 (mi + sr) = Constant, 
: = (md — =.) = Constante 
= (1m, in + ae) = Constant, 
2 {i (Yer — Zr Yr) + Yr i. Lp ant = Constant, 
= {in, (Zp By — Ly bp), + Zp ee — Ly oat = Constant, 


: OV a) 
x, {i (Lp Yr — Yr Ly) + Ly ay, —Yr sat =Constant, 


which may be regarded as generalisations of the integrals of momentum and angular 
momentum. (Lévy.) 


40. The general theorem of angular momentum. 


The integral of angular momentum is a special case of a more general 
result, which may be obtained in the following way. 


Consider a dynamical system formed of any number of free or connected 
and interacting particles: if they are subjected to any constraints other than 
the mutual reactions of the particles, we shall suppose the forces due to these 
constraints to be counted among the external forces. 


Take any line fixed in space, and choose one of the coordinates which 
specify the configuration of the system (say q,) to be such that a change in 
q;, unaccompanied by any change in the other coordinates, implies a simple 
rotation of the system as if rigid round the given line, through an angle 
equal to the change in g,. We suppose the constraints to be such that this 
is a possible displacement of the system. 


The Lagrangian equation for the coordinate q, is 


d (ty a0 
Lb Cae ery en 
and this reduces to 
d | deg 
dt & a 
since the value of q (as distinguished from g,) cannot have any effect on the 
kinetic energy, and therefore 29 must be zero. Now 5 is the angular 
1 dr jl 


momentum of the system about the given line; and Q,6q, is the work done 
on the system by the external forces in a small displacement 6q,, i.e. a small 
rotation of the system about the given line through an angle 69,, from which 
it is easily seen that @, is the moment of the external forces about the given 
line. We have therefore the result that the rate of change of the angular 
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momentum of a dynamical system about any fixed line is equal to the moment 
of the external forces about this line. The law of conservation of angular 
momentum obviously follows from this when the moment of the external 
forces is zero. 


Similarly we can shew that the rate of change of the momentum of a 
dynamical system parallel to any fixed direction is equal to the component, 
parallel to this line, of the total external forces acting on the system. 


For impulsive motion it is easy to establish the following analogous 
results : 


The impulsive increment of the component of momentum of a system in any 
fixed direction is equal to the component in this direction of the total external 
impulses applied to the system. 


The impulsive increment of the angular momentum of a system round any 
axis is equal to the moment round that aais of the external impulses applied 
to the system. 


41. The Energy equation. 


We shall now introduce an integral which plays a great part in dynamical 
investigations, and indeed in all physical questions. 


In a conservative dynamical system let q, qs, -.., Yn be the coordinates 
and let Z be the kinetic potential: we shall suppose that the constraints are 
independent of the time, so that LZ is a given function of the variables 
Gi» Yoo +++ Inv Gy Yor «++> In Only, not involving ¢ explicitly. We shall not, at 
first, restrict ZL by any further conditions, so that the discussion will apply to 
the non-natural systems obtained after ignoration of coordinates, as well as 
to natural systems. 


We have 
Tie OL he. Ol 
-—f= > G,a- +> G, 
t r=1 Z 0g eae oq. 
= 2 dy ae = ;, f Ge) , by the Lagrangian equations 
vd ( seul a) 
di \ <1 Y aq 
Integrating, we have 
g § eT 
hn! Yr ce. vs Ib, => h, 
p=1 Og, 


where h is a constant. 
This equation is an integral of the system, and is called the integral of 
energy or law of conservation of energy. 


We have seen that in natural systems, in which the constraints do not 
involve the time, the kinetic potential Z can be written in the form 7’— V, 
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where 7’ (the kinetic energy of the system) is homogeneous and of degree 2 
in the velocities, while V is a function of the coordinates only. In this case, 
therefore, the integral of energy becomes 


aL 


Tees epee]; 
1 a4, 


ee Mey 
= as if ae T+ vi 
ae 0q,. ; 


=2T—T+YV, since 7’ is homogeneous of degree 2 in q;, qo, --» 5 ny 


=T7T+ VY. 


It follows that in conservative natural systems, the sum of the kinetic and 
potential energies is constant. This constant value h is called the total energy 
of the system. 


This latter result can also be obtained directly from the elementary 
equations of motion. For from the equations of motion of a single particle, 


namely 

me;=X;, mii= Vi, mz=Z; 
we have 
LM; (kb; + Yi + 4:2;) = =X (Aidit Yiyi + Z2:), 


where the summation is extended over all the particles of the system, or 


d.. S4m; (a? + ye + 22) == (Xda + Vdy + Zdz), 


so that the increment of the kinetic energy of the system, in any infinitesimal 
part of its path, is equal to the work done by the forces acting on the system 
in this part of the path, and therefore is equal to the decrease in the potential 
energy of the system. The sum of the kinetic and potential energies of the 
system is therefore constant. 


The equation of energy 
ad. $m (a? +9? +2") = Xdu+ Ydy + Zdz, 


(where for simplicity we suppose the system to consist of a single particle) is true not 
only when (#, y, 2) denote coordinates referred to any fixed axes, but also when they 
denote coordinates referred to axes which are moving with any motion of translation 
in a fixed direction with constant velocity. 


For let (&, 7, ¢) denote the coordinates of the particle referred to axes fixed in space 
and parallel to the moving axes Owyz, so that 


w=&-at, y=n-bt, z=(—-¢t, 


where a, b, c are the constant components of velocity of the origin 0 of the moving axes. 
Then the result already proved is that 


d. 4m (€2+7?+ @)=NXdé+ Ydn+ Ze, 
or d. ym (+a)? +(y+b)?+(z+c)}=2X (dx+adt) + Y (dy+bdt) + Z(dz+cdt), 
or a. $m (+9? +2) +d. m (aa + by +c2)= Xda+ Ydy+Zdz+(aX+bY+ecZ) dt. 


ee 
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Now we have 
d .m (ae + by + c2) =m (at + bi + cz) dt 
=m (a&+by +c) dt 


=(aX+b¥+cZ) dt, 
and therefore 


d.4m (#?+7+2) = Xdx+ Vdy+Zdz, 
which establishes the theorem. 


It may be noted that from this result the three equations of motion of the particle 
can be derived, by taking =£-—at etc., and subtracting the equation of energy in the 
coordinates (#, y, z) from the equation of energy in the coordinates (& n, 0). 


42. Reduction of a dynamical problem to a problem with fewer degrees of 
Freedom, by means of the energy-equation. 

When a conservative dynamical system has only one degree of freedom, 
the integral of energy is alone sufficient to give the solution by quadratures. 
For if q be the coordinate, the integral of energy 


is a relation between g and q; if therefore ¢ be found explicitly in terms of g 
from this equation, so that it takes the form 


q=f(Q), 


we can integrate again and obtain the equation 


+ constant, 


[5 


which constitutes the solution of the problem. 


When the system has more than one degree of freedom, the integral of 
energy is not in itself sufficient for the solution; but we shall now shew that 
it can be used for the same purpose as the integrals corresponding to ignor- 
able coordinates were used, namely to reduce the system to another dynamical 
system with a smaller number of degrees of freedom *. 


In the function Z, replace the quantities q, qs, ---, In. by HG, Hs; 


eee 


G:gn, respectively, where qg, denotes a : and denote the resulting function 
by 2(q,, @, Gs) +669 Ins Go Uo +++» Qn). +Then differentiating the equation 
L (hi; qr, OC O6 | Qn» Ny» qa i849 qn) = O(G, qo. On; OT) Ge Ny Ya) LCE) Yn) 
OL 0Q | $ Gr 0O 
-s : Ne ier debeti eet pet hiee 1), 
we have Le EO! Soa (1) 
ob 100 
= a BO ete anes wane nt 2), 
Ai EN aI ( n) (2) 
in Be (Gd i Brag) ea Ee (3). 


* Whittaker, Mess. of Math. xxx. (1900). 
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Equations (1) and (2) give 
00 _al , 8 Gab 
0h oq r=2 nh 04, 
Now in the integral of energy 
Le NY, 
> i own L = h, 
r=1 q 04 
replace q, by q.q, for all values of r from 2 to n inclusive, and then from this 
equation obtain g as a function of the quantities (q.’, qs’, «++, Yn) Gas Yas «++» Yn) 3 
and by using this expression for ¢,, express the function 
g os, 
r=1 0G, qh 
in terms of (2, sy +++ Qn> Gis Yo «++» In)» Let the function thus obtained 


be denoted by LZ’; then from (4) we see that L’ is the same as ae but 
differently expressed. 
Differentiating the equation of energy, which by (4) can be written in 


the form 


and regarding it as a relation which implicitly determines g, as a function of 
the variables (q2, 933 +++, Yn» Qs Yo» +++» Yn), We have 
80a, 22 . BO 


Nn an? aq, — aq,’ == Gs aqdq,’ oS dis Sele bv wreieelaeeeeeetes ie (5), 
> Oeh dgy  OMn ae 
4 Aah See — “Oy Bo Al Cet sed tices eeeseusuene em 6 . 
q 0g, 0g, 04, q 04109, (6) 
But differentiating the equation 
; l= 00, 
= 35’ 


regarded as an identity in the variables (q', gs’, -.., Yn's Gis Ya» +++» Yn), We have 
ol’ FO , Loy 


bqr = agudg,’ + Og: ag,’ Tree ee ee ( ( js 
ol’ FO | ef aq a 
04). ind 09109, + Og: 0dr Peer eeevesecereeseseceseres (8). 
Comparing equations (5) and (7), we have 
Cie Lean 
qr’ Gu 0qy"” OSA eee 
and comparing equations (6) and (8), we have 
Ob. 16) 
— == (Sal 2 a, 


04 qh Or’ 


> a 
ad 
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Combining these with equations (2) and (3), we have 
ol’ ob Wa a Saray b 


aay hel Ties an eer eee 
Ogr Or Og, Gh OG, 
Substituting from these equations in the Lagrangian equations of motion, 
we obtain the system 


Oh nuh) . OL’ 
or hna y 
a 70l. OL’ 
7|— = 0, = 2, yp eeey . 
dq, tse ) 0g, (" : 


Now these may be regarded as the equations of motion of a new dynamical 
system in which L’ is the kinetic potential, (q., Js, «++ Yn) are the coordinates, 
and q, plays the part of the time as the independent variable. The new system 
will, like the systems obtained by ignoration of coordinates, be in general 
non-natural, i.e. LZ’ will not consist solely of terms of degrees 2 and 0 in the 
velocities (q’, gs, --., dn’); but on account of its possession of the Lagrangian 
form, most of the theorems relating to dynamical systems will be applicable 
to it. The integral of energy thus enables us to reduce a given dynamical 
system with n degrees of freedom to another dynamical system with only (n — 1) 
degrees of freedom. 


The new dynamical system will not in general possess an integral of 
energy, since the independent variable q, occurs explicitly in the new kinetic 
potential LZ’, But if q is an ignorable coordinate in the original system, 
then q will not occur explicitly in any stage of the above process, and there- 
fore will not occur explicitly in Z’. From this it follows that the new system 
will also possess an integral of energy, namely 

< ie tee 

r=2 aq, 
and this can in its turn be used to reduce further the number of degrees of 
freedom of the system. 


— [’ = constant, 


The preceding theorems shew that any conservative dynamical system with 
n degrees of freedom and (n—1) ignorable coordinates can be completely 
integrated by quadratures; we can proceed either (a) by first performing the 
process of ignoration of the coordinates, so arriving at a system with only one 
degree of freedom, which possesses an integral of energy and can therefore be 
solved in the manner indicated at the beginning of the present article; or 
(8) we can first use the integral of energy to lower the number of degrees of 
freedom by unity, then use the integral of energy of the new system to lower 
the number of degrees of freedom again by unity, and so on, obtaining finally 
a system with one degree of freedom which again can be solved in the manner 


indicated. 


fo 
Ww. D. ” 
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Example. The kinetic potential of a dynamical system is 


L=$f (9) 91° +392" — W (%2)- 

Shew that the relation between the variables g, and q,. is given by the differential 
equation 

ae CE eee, 
dq, \0g2'/ Og,” 
where 4.’ =, and where Z’ is defined by the equation 

1 
Li ={2h— 2p (qo) {Ff (2) +90. 

Shew that the non-natural dynamical system represented by the last differential 
equation possesses an integral of energy, and hence solve the system by quadratures. 

43. Separation of the variables ; dynamical systems of Liouville’s type. 

A class of dynamical equations which are obviously soluble by quadratures 
is constituted by the equations of those systems for which the kinetic energy 
is of the form 

T=}, (h) qi’? + 30, (42) PB ca £Un (Gn) Qn’, 
and the potential energy is of the form 
Vi= Ww, (Gi) + We (Go) + +» + Wn (Qn); 
where v,, U2, ..., Un, Wiy We, +++, Wn are arbitrary functions of their respective 
arguments; so that the kinetic potential breaks up into a sum of parts, each 
of which involves only one of the variables. 


For in this case the Lagrangian equations of motion are 


d ; j nie 1 
dt (Yr (9) . q,} a $0, (4,) qr =— U, (4); (r od Bp aees n), 


or Up (Yr) Gr at: $v, (Gr) qr ee Ww, (Gr), (r = if 2, ae) 2). 
These equations can be immediately integrated, and give 

40, (Gy) + Gr? + Wr (Gr) = Crs (r=1, 2, ..., 2), 
where ¢, C:,..., Cn are constants of integration; these equations can be 


further integrated, since the variables q, and ¢ are separable, and we thus 
obtain 


U,» (Gr) t 
= i ~= 1, 2, ass 
d fie 2w,. aot Para f Alene), 
where ¥;, yo, -.-, Yn are new constants of integration. These last equations 


constitute the solution of the problem. 
An important extension of this class of dynamical systems was made by 
Liouville, who shewed that all dynamical problems for which the kinetic and 


potential energies can respectively be put in the forms 
T= [ty (i) + Ue (Ga) +2 + Un (Gn)} (U1 (Qa) Gr? + V2 (Ge) Ga? + «+» + Un (Gn) Gn} 
ya (1) + We (qa) + ++. + Wn (Gn) 
Uy (Gr) + Us (qa) +... + Un (Qn) : 
can be solved by quadratures. 
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For by taking 
[ve (qr) dq, = oF (=e Ue 255 ); 


where qj, q2',-.», Qn are new variables, we can replace all the functions 
U; (qi); Ya (Go), +++; Un (Yn) by unity; we shall suppose this done, so that the 
kinetic and pokntal energies take the form 


T = fu (GQ? + Get... + Gn’), 
1 
V= * {1 (qr) + We (G2) + +» + Wn (Gn)}, 


where uw stands for the expression 


Uy (Gr) + Us (G2) +--+ Un (Yn). 
The Lagrangian equation for the coordinate q, is 
d (=) CLaaruv: 


GEOG) tn0G aa OF 


d Ou oV 
ae TH) pwet Uecascese7 gC 5 ; Sy ee 
or i (ug,)—4 OG: (Q2+qG2 +... +Gr° ae 


Multiplying this equation throughout by 2uq,, we have 
ke ass CU es a SOME 
Teg) — Mh 5 GE GE + oo + Gut) = — Dug 5 
But from the integral of energy of the system, we have 
gu (Ge + q2? + ee + Gr?) =h— V, 


where A is a constant. The equation for the coordinate g, can therefore be 
written in the form 


d , ue OU, ; 
Es Uae Gre uh a 


= 2; Be {(h— a 


0 
= 2, — {hin (Gm) — 1 (G 
dh 5g, Hea (a) — 1s (nh 


ope fi! } 
=2 di {hity (qr) — W (Gi) }- 


Integrating, we have 
4G? = hu, (qm) — Uy, (h) + is 


where yy; is a constant of integration. We obtain similar equations for each 
of the coordinates ((%, gz, --», Gn); the corresponding constants (71, ‘Yo, ---» Yn) 


must satisfy the relation 
Yy + Ye «es Yn — 0, 


in virtue of the integral of energy of the system. 


5—2 
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These equations give 


{hats (qi) — Wi (Ga) + Mr} tq = {hte (qo) — W2 (Go) + ya}? digs = 
= {hutn (Qn) — Wn (Gn) + it dqn, 


and this set of equations, which can be immediately integrated since the 
variables are separated, furnishes the solution of the system. 


MISCELLANEOUS EXAMPLES. 


1. If the components (X, Y) of the force acting on a particle of unit mass at the 
point (x, y) in a plane do not involve the time ¢, shew that by elimination of ¢ from the 
differential equations the solution of the problem is made to depend on the differential 
equation of the third order 


y-x¥ 
eg) See es 
dz d*y ‘ae 
da? 


2. A system of free particles is in motion, and their potential energy, which depends 
only on their coordinates, is unaltered when the system in any configuration is translated 
as if rigid through any distance in any direction. What integrals of the motion can 
at once be written down ? 


3. Ina dynamical system with two degrees of freedom the kinetic energy is 


= wo alt +4 24,2 
2 (a+ bq) q2°2"5 
and the potential energy is 
Veet age, 


where a, 6, ¢, d, are constants. Shew that the value of g, in terms of the time is given by 
an equation of the form 


(G2—&) (Qo+2k)P=h (t— ty), 


where h, &, and ¢) are constants. 


4, The kinetic potential of a dynamical system is 
ian fe mes Voss +298 +cqo, 


where a, b, c, are given constants: shew that g, is given in terms of ¢ by the equation 
qa= (t+); 
where e is an arbitrary constant and @ denotes a Weierstrassian elliptic function. 


5. Prove that in a system with ignorable coordinates the kinetic energy is the sum of 
a quadratic function 7” of the velocities of the non-ignored coordinates and a quadratic 
function A of the cyclic momenta. 


In the case where there are three coordinates x, y, @ and one coordinate ¢ is ignored 
investigate the equations of motion of the type 


d@ (oT'\ 07’ 0K eV ,. (8 /0d\ 8 (ad 
di (os ) oa ty ot oe (S) ay (= )}=0, 
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where V is the potential energy, / is the cyclic momentum, and the differential coefficients 
of @ with respect to # and y are calculated from the linear equation by which & is 
expressed in terms of #, 7, ¢. (Camb. Math. Tripos, 1904.) 


6. The kinetic potential of a dynamical system with two degrees of freedom is 
i= fe +9297 +0 G,. 


By using the integral of energy, shew that the solution depends on the solution of the 
problem for which the kinetic aed is 


4qs 
and by using the integral of energy of this latter system, shew that the relation between 
g, and g, is of the form 


CQ.= (1 t+¢) —F (2cl?—-1), 


where ¢ and e are constants of integration, and @ denotes the Weierstrassian elliptic 
function. 


7. The kinetic energy of a dynamical system is 


T= (GQ +99") (GP? +92"), 
and the potential energy is 
il 
gt qe 
Shew (by use of Liouville’s theorem, or otherwise) that the relation between 
and gq, is 
aq,’ + bq. + 2abq, J, cos y=sin* y, 


where a, 0, y are constants of integration. 


8. The kinetic energy of a particle whose rectangular coordinates are (#, y) is 

4(a?+9"), and its potential energy is 

AeA oe peo. 

Brats tpt OTe 
where (A, A’, B, B’, C) are constants and where (7, 7’) are the distances of the particle 
from the points whose coordinates are (c, 0) and (—c, 0), where ¢ is a constant. Shew that 
when the quantities $(r+7’) and 4(r—7’) are taken as new variables, the system is 
of Liouville’s type, and hence obtain its solution. 


CHAPTER IV. 


THE SOLUBLE PROBLEMS OF PARTICLE DYNAMICS. 


44. The particle with one degree of freedom: the pendulum. 


As examples of the methods described in the foregoing chapters, we shall 
now discuss those cases of the motion of a single particle which can be solved 
by quadratures. 


We shall consider first the motion of a particle of mass m, which is free to 
move in the interior of a given fixed smooth tube of small bore, under the 
action of forces which depend only on the position of the particle in the tube. 
The tube can in the most general case be supposed to have the form of a 
twisted curve in space. 


Let s be the distance of the particle at time ¢ from some fixed point of the 
tube, measured along the arc of the curve formed by the tube: and let f(s) 
be the component of the external forces acting on the particle, in the direc- 
tion of the tangent to the tube. 


The kinetic energy of the particle is 
4ms?, 


and its potential energy is evidently 
—{ fas 
where s, is a constant. The equation of energy is therefore 
$m? = [re ds + ¢, 
So 


where c is a constant. 


Integrating this equation, we have 


t= (3) [1s ds + ef as +1, 


where / is another constant of integration. This equation represents the 
solution of the problem, since it is an integral relation between s and {, 
involving two constants of integration. 
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The two constants ¢ and J can be physically interpreted in terms of the 
initial circumstances of the particle’s motion; thus if the particle starts at 
time ¢=%, from the point s=s,, with velocity u, then on substituting these 
values in the equation of energy, we have 

c=4 mu, 
and on substituting the same values in the final equation connecting s and t, 
we have J = t. 

The most famous problem of this type is that of the simple pendulum; in 
this case the tube is supposed to be in the form of a circle of radius a whose 
plane is vertical, and the only external force acting on the particle is gravity *. 
Using’ 6 to denote the angle made with the downward vertical by the radius 
vector from the centre of the circle to the particle, we have 

s=aé and f(s)=—mgsin 0; 
so the equation of energy is 


a6? = 2g cos 6 + constant 


=—4g sine § + constant. 


Suppose that when the particle is at the lowest point of the circle, the 


282 
quantity oo has the value h, Then this last equation can be written 
a6? = 2gh — 4ga sin? : : 
Taking sin : =y, this becomes 


ee, ey 
r-ta-n(6-v) 

Now in the pendulum-problem there are two distinct types of motion, 
namely the “ oscillatory,” in which the particle swings to and fro about the 
lowest point of the circle, and the “circulating,” in which the velocity of the 
particle is large enough to carry it over the highest point of the circle, so 
that it moves round and round the circle, always in the same sense. We 
shall consider these cases separately. 

(i) In the oscillatory type of motion, since the particle comes to rest 
before attaining the highest point of the circle, y must be zero for some value 
of y less than unity, and therefore h/2a must be less than unity. Writing 

h=2ak?, 
where k is a new positive constant less than unity, the equation becomes 
2 2 Aye 
po (1-m.£) (1-4); 


* In actual pendulums, the tube is replaced by a rigid bar connecting the particle to the 
centre of the circle, which serves the same purpose of constraining the particle to describe 
the circle. 
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y=ksn {(2) (t — t,), t : 


where ¢, is an arbitrary constant. 


This equation represents the solution of the pendulum-problem in the 
oscillatory case: the two arbitrary constants of the solution are ¢, and k, and 
these must be determined from the initial conditions. From the known 
properties of the elliptic function sn, we see that the motion is periodic, its 
period (i.e. the interval of time between two consecutive occasions on which 
the pendulum is in the same configuration with the same velocity) being 


z 
4 (“\ K, where 
g 


the solution of this is* 


ie ie (1—#)-2(1 kee) de. 
0 


(ii) Next, suppose that the motion is of the circulating type; in this 
case h is greater than 2a, so if we write 2a= hk’, the quantity & will be less 
than unity. 


The differentia] equation now becomes 


p= 720 -y)a-ky), 


bs gt-b k 
y =sn{ a k > > 
and in this ¢ and & are the two constants which must be determined in 
accordance with the initial conditions. 


the solution of which is 


(i) Lastly, let h be equal to 2a, so that the particle just reaches the 
vertex of the circle. The equation now becomes 


g=2— yy, 
any (Rae 
or j=/2a y), 


the solution of which is > 
y = tanh {,/2 (t— t)| : 


It was remarked by Appell+ that an insight into the meaning of the imaginary period 
of the elliptic functions which occur in the solution of the pendulum-problem is afforded 
by the theorem of § 34. For we have seen that if the particle is set free with no initial 
velocity at a point of the circle which is at a vertical height A above the lowest point, 
the motion is given by 

y=ksn {,/ (t—%), il ; where bad, 
* Cf. the author’s Course of Modern Analysis, § 189. 
t+ Comptes Rendus, Vol. 87 (1878). 
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and therefore by § 34, if, with the same initial conditions, gravity were supposed to act 
upwards, the motion would be given by 


y=ksn {i Jf (t—T), i. 


But the period of this motion is the same as if the initial position were at a height 
(2a—h), gravity acting downwards: and the solution of this is 


y=k' sn ie (rT — 7), ut ; where 4/2=1 — k?, 


The latter motion has a real period 4 (Vix ; and therefore the function 


sn fe She —T)> a ; 


: : 
must have a period 4 Gy XK’, so the function sn (uv, /) must have a period 47K’. The 
double periodicity of the elliptic function sn is thus inferred from dynamical considerations. 


Example. A particle of unit mass moves on an epicycloid, traced by a point on the 
circumference of a circle of radius 6 which rolls on a fixed circle of radius a. The particle 
is acted on by a repulsive force pr directed from the centre of the fixed circle, where 7 is 
the distance from this centre. Shew that the motion is periodic, its period being 


Qn (ee —a?)t 
pa? : 


[This result is most easily obtained when the equation of the epicycloid is taken in the 


form 
202 
2h)\2__ pl goa ID nS 
(a@+2b)?—7 (a+ 26)? a2? 


s being the arc measured from the vertex of the epicycloid.] 


45. Motion in a moving tube. 


We shall now discuss some cases of the motion of a particle which is free 
to move in a given smooth tube, when the tube is itself constrained to move 
in a given manner. 


(i) Tube rotating uniformly. 


Suppose first that the tube is constrained to rotate with uniform velocity 
@ about a fixed axis in space. We shall suppose that the particle is of unit 
mass, as this involves no real loss of generality. 


We shall moreover suppose that the field of external force acting on the 
particle is derivable from a potential-energy function which is symmetrical 
with respect to the fixed axis, and so can be expressed in terms of the 
cylindrical coordinates z and r, where z is measured parallel to the fixed 
axis and r is the perpendicular distance from the fixed axis; for a particle 
in the tube, this potential energy.can therefore be expressed in terms of 
the are s: we shall denote it by V(s), and the equation of the tube will be 
written in the form 


r= 9 (8). 
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By § 29, the motion of the particle is the same as if the prescribed angular 
velocity w were zero, and the potential energy were to contain an additional 
term —47r°w?. Hence we can at once write down the equation of energy in the 


form 
$8?— 407 {9(s)}?+V (8) =¢, 
where ¢ is a constant. 


Integrating again, we have 
i= ( [2c + w? {g (s)}? — 2V (s)]-? ds + constant, 
and this relation between ¢ and s represents the solution of the problem. 


, Example 1. If the rotating tube is plane, and the particle can describe it with 

constant velocity when the fixed axis is vertical and in the plane of the tube, and the field 
of force is that due to gravity, shew that the tube must be in the form of a parabola with 
its axis vertical and vertex downwards. 


Example 2. A particle moves under gravity in a circular tube of radius a which 
rotates uniformly about a fixed vertical axis inclined at an angle a to its plane; if @ be 
the angular distance of the particle from the lowest point of the circle, shew that 


_ ad" cosa /g cosa 
seo =P Qa ‘e-w}, 
where the function @ is formed with the roots 


de” cosa 
6g 


Aw? cos a ao” cosa 


: 6g 5? 3g 


ya 


> 


and ¢) is a constant. 


(ii) Tube moving with constant acceleration parallel to a fixed direction. 


Consider now the motion of a particle in a straight tube, inclined at an 
angle a to the horizontal, which is constrained to move in its own vertical 
plane with constant horizontal acceleration f. 


Taking the axis of # horizontal and that of y vertically upwards, with the 
origin at the initial position of the particle, we have for the kinetic energy 
T=} +H), 
where “x=ycotat 4 fe, 
so T= (ycota+ftr+4y 
= t/cosePatycota,ft+ $d fre, 
and the potential energy is 


Vegu 
The equation of motion 
d (= ) ay Ad 
dt \ oy oy’ 


7 as 


“ 
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gives therefore 
ad... 
di (y cosec? a + ft cot a) = — g, 
or ¥ =(—g —f cot a) sin? a, 
Tntegrating, we have, supposing the particle to be initially at rest, 
y=3Fl (—gsina—/cosa)sina, 
and therefore 
“x=4t(—gcosa+fsin a) sina. 


These equations constitute the solution of the problem: it will be observed 
that in this system the kinetic energy involves the time explicitly, so no 
integral of energy exists. 


46. Motion of two interacting free particles. 


We shall next consider the motion of two particles, of masses m, and me 
respectively, which are free to move in space under the influence of mutual 
forces of attraction or repulsion, acting in the line joining the particles and 
dependent on their distance from each other. 


The system has six degrees of freedom, since the three rectangular coordi- 
nates of either particle can have any values whatever. We shall take, as the 
six coordiriates defining the position of the system, the coordinates (X, Y, Z) 
of the centre of gravity of the particles, referred to any fixed axes, and the 
coordinates (x, y, z) of the particle m, referred to moving axes whose origin is 
at the particle m, and which are parallel to the fixed axes. 


The coordinates of m,, referred to the fixed axes, are 


Mg Mg My Z 
(x i = > Y ae J > Z os 5) 
M, + Ms, M, + Mz M, + M, 
and those of m,, referred to the fixed axes, are 
M2 MY M,Z 
(X + a ee ee 
Mm, + Mz, M, + Mg M+ Mz 


The kinetic energy of the system is therefore 


/ ct \? . my \? 5 ms \* 
T=1m, (x sap alia es +4, ( - ae +4m, (4 - : ) 


M, + Mz Mm, + Mz MM, + My 


tm (Ys i (PY tm (4 


Mm + Me M, + Mz, Mm + Mz 


or T=4(m,+m,) OCS Grey ee se (?+y +2). 


M, + Me 


The potential energy of the system depends only on the position of the 
particles relative to each other, so can be expressed in terms of (a, y, 2); let 


it be V (a, y, 2). 
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The Lagrangian equations of motion of the system are 


cn ao 

The first three of these equations shew that the centre of gravity moves in 
a straight line with uniform velocity, and the other three equations shew that 
the motion of m, relative to m, is the same as if m, were fixed and m, were 
attracted to m, with the force derived from the potential energy eee ie 


Example. If two free particles move in space under any law of mutual attraction, 
shew that the tangents to their paths meet an arbitrary fixed plane in two points, the 
line joining which passes through a fixed point. (Mehmke.) 


47. Central forces in general: Hamilton’s theorem. 


The last article shews that the problem of two interacting free particles 
is reducible to the problem of the motion of a single free particle acted on by 
a force directed towards or from a fixed centre. This is known as the problem 
of central forces. There is clearly no loss of generality if we suppose the 
mass of the particle to be unity. 


If the particle be projected in any way, it will always remain in the plane 
which passes through the centre of force and the initial direction of projec- 
tion: for at no time does any force act to remove it from this plane. We can 
therefore define the position of the particle by polar coordinates (r, @) in this 
plane, the centre of force being the origin. Let P denote the acceleration 
directed to the centre of force. We shall for the present not suppose that P 
is necessarily a function of 7 alone. 

The kinetic energy of the particle is 

T =4 (7? + 136%), 
and the work done by the force in an arbitrary infinitesimal displacement 
(dr, 50) is 
— Por. 


The Lagrangian equations of motion of the particle are therefore 


(F#—r@=— P, 


The latter equation gives on integration 


6 =h, where h is a constant ; 


this is the integral corresponding to the ignorable coordinate @, and can be 


physically interpreted as the integral of angular momentum of the particle 
about the centre of force. 
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To find the differential equation of the path described (which is generally 


called the orbit or trajectory), we eliminate dt from the first equation by using 
the relation 


CTS 
dt ride’ 
we thus obtain the equation . 
to ( y=? 
TOON) ae 
or, writing wu for 1/r, 
du 
a oT 


This is the differential equation of the orbit, in polar coordinates; its 
integration will introduce two new arbitrary constants in addition to the 
constant h, and a fourth arbitrary constant will occur in the determination of 
t by the equation 


t= ; i r?d@ + constant. 


The differential equation of the orbit in (7, p) coordinates, (where p 
denotes the perpendicular from the centre of force on the tangent to the 
orbit), is often of use: it may be obtained directly from Siacci’s theorem 
(§ 18), which (since h is now constant) gives at once 

ant 
pip’ 
h? dp 
or  p dr 2 


which is the differential equation of the orbit. 
Since h=vp, where »v is the velocity in the orbit, we have from this equation 
y= P de : 
Tr 


which may be written in the form 
P=sP q 


where g is the chord of curvature of the orbit through the centre of force. 


We frequently require to know the law of force which must act towards a 
given point in order that a given curve may be described ; this is given at once 


by the equation 
P=hw (u a oR) 
ae de}? 


if the equation of the curve is given in polar coordinates; while if the equa- 
tion is given in (7, p) coordinates, the force is given by the equation 
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If the equation of the curve is given in rectangular coordinates, we pro- 
ceed as follows: 


Take the centre of force as origin, and let f(z, y)=0 be the equation of 
the given curve. The equation of angular momentum is 


: Ly — ya =h. 
Differentiating the equation of the curve, we have 


ta t+f,.4=0, where f, stands for - 


From these two equations we obtain 
Saskia ye BRT 
“fet ity aft ufy 
Differentiating again, we have 
ip Ot o¢  ihfy S| hf, ies hf z 2 ( hfy ). 
"Oa by” fet Ufy Oa \xf,+ Wy! Ufa Yfy Oy \afa+ Uy 
Performing the differentiations, this gives — 


hea (—fy fee + 2a fy Sey —Ie Ty) 
(xfx + Yfy) 


But the required force is P, where # = — Pe = and therefore we have 
_h'r (fy Sex — 2fafy fay + he tw). 
(fn + fy) 


this equation gives the required central force. 


= + Y= 


ee 


The most important case of this result is that in which the curve 
f(a, y)=0 is a conic, 


2 (a, y) = aa? + 2hay + by? + 29a + 2fy+e=0. 
In this case we find at once that the expression 


SeaSy — tay taf y +S uut iE 


has, for points on the conic, the constant value 


— (abe + 2fgh — af? — bg? — ch’), 


oe 
” Oa ye 


while the quantity 


has the value 

—(ga+ fy +e), 
and so is a constant multiple of the perpendicular from the point (#, y) on the 
polar of the origin with respect to the conic. We thus obtain, for the force 
under which a given conic can be described, an elegant expression due to 
Hamilton *, namely that the force acting on the particle in the position (a, y) 


* Proc. Roy. Irish Acad. 1846. 
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varies directly as the radius from the centre of force to the point (a, y), and 
inversely as the cube of the perpendicular from (#, y) on the polar of the centre 


of force. 


The two following theorems, the proof of which is left to the student, may together be 
regarded as the converse of Hamilton’s theorem. 


(i) Ifa particle moves under the action of a force directed to a fixed point, varying 
directly as the distance from the fixed point and inversely as the cube of the distance 
from a given straight line, the orbit is always a conic. 


_(ii) If a particle moves under the action of a force directed to the origin, of 
magnitude 


2 (22+ 9°) (a? + 2B0ry + yy?) 3, 


where te, y) are rectangular coordinates and yp, a, 8, y are constants, the orbits are conics 
which touch the lines 


ax? + 2B.xy + yy?=0. 
Darboux (Comptes Rendus, Vol. 84, p. 936) has shewn that these two laws of force are 
the only laws for which the orbits are always conics. 


Example 1. If a conic be described under the force © 3 given by Hamilton’s theorem, 


shew that the periodic time is Pu where is the perpendicular from the centre of 
[fs P 
the conic on the polar of the centre of force. (Glaisher.) 


Example 2. Shew that if the force be 
ur 
(Av? +2Hay + By? +1)?’ 
a particle will describe a conic having its asymptotes parallel to the lines 
Ax’ +2Hxy+ By?=0, 
if properly projected. (Glaisher.) 


48. The integrable cases of central forces; problems soluble in terms of 
circular and elliptic functions. 


The most important case of motion under central forces is that in which 
the magnitude of the force depends only on the distance r. Denoting the 
force by f(r), the differential equation of the orbit is 


du fe) 
de? Et hu? ~ 


Integrating, we have 
(a) ae af Sar —w, 


where ¢ is a constant: integrating this equation again, we have 


iz [Ye ail firydr— 2S, 
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and this is the equation of the orbit in polar coordinates. When r has been 
found from this equation in terms of 6, the time is given by the integral 


6 
t= : i 72d + constant. 


The problem of motion under central forces is therefore always soluble by 
quadratures when the force is a function only of the distance. We shall now 
discuss the cases in which the quadrature can be effected in terms of known 
functions, the central force being supposed to vary as some positive or 
negative integral power,—say the nth,—of the distance. 


Let us first find those problems for which the integration can be effected 
in terms of circular functions. The above integral for the determination of 0 
can be written in the form 


P= | (a + bw? + cu-")3 du, 


where a, b, c, are constants; except when n = —1, when a logarithm replaces 
the term in uw”. If the problem is to be soluble in terms of circular func- 
tions, the polynomial under the radical in the integrand must be at most of the 
second degree; this gives 

—n—1=0,1, or 2, 
and consequently 

n=—1, —2, or —3. 

The case n=— 1 is however excluded by what has already been said, and 

the case n= 1 has to be added, since in this case the irrationality becomes 
quadratic when wu? is taken as a new variable. 


Next, let us find the cases in which the integration can be effected by the 
aid of elliptic functions. For this it is necessary that the irrationality to be 
integrated should be of the third or fourth degree* in the variable with 
respect to which the integration is taken. But this condition is fulfilled if 


n=0,—4, or —5, when w is taken as the independent variable ; 
n=3, 5, or —7, when wu? is taken as the independent variable. 


It follows that the problem of motion under a central force which varies as 
the nth power of the distance vs soluble by circular or elliptic functions in the 
cases 

n= 5, 3, 1, 0, —2, —3, —4, —5, —7. 

Example. Shew that the problem is soluble by elliptic functions when 2 has the 

following fractional values : 


n=—3 


ey =e) =f 


3) 3) aS 
The cases in which motion under a central force varying as a power of 
the distance is soluble by means of circular functions are of special interest. 
They correspond, as shewn above, to the values 1, —2, —3, of n; the case 
* Whittaker, Modern Analysis, §§ 184—186. 


sr 
- 
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nm =—2 will be considered in the next article: the cases n=1 and n=—3 
can be treated in the following way. 
GQ) n= 1: 
In this case the attractive force is 
¥ (r)= pr, 


so the equation of the orbit becomes 


Bails (pte Haccog VF 
0 | (c ja w) du, 


v =a 
=-4 (co se - v) dv, where w? = v, 

oN. ape On fie 

so =— a et =e 
= [G-B)-(-5)} 
c 

= 

or 2 (8 — y) =cos where y is a constant of integration, 


ae TEND 
Gf) 


or x 
: 2 


This is the equation of an ellipse (when 4 >0) or hyperbola (when yw < 0) 
referred to its centre. The orbits are therefore concs whose centre ts at 
the centre of force. 


Gi) n=—3. 
In this case the attractive force is 
pe 
At) ZF rs > 


so the equation of the orbit becomes 


7 


9 =|" f if (f ~ 1) i} du 


Integrating, we have 


u=A cos (kO+e), where #=1 ae when p< h?, 
ie Acosh(k@ +), where k? = = —1, when p>h?, 
u=AO+e, when p = h?, 


where in each case A and ¢ are constants of integration. 
These curves are sometimes known as Cotes’ spirals; the last is the 
reciprocal spiral. 


WwW. Dz. 
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Tn connexion with forces varying as the inverse cube of the distance, it may be observed 


that if 
r=f(8) 
be an orbit described under a central force P (7) to the origin, then the orbit 
r=f (k6), 


c 
3 
a constant: the intervals of time between corresponding points, i.e. points for which the 
radius vector has the same value, in the two orbits being the same. 


where & is any constant, can be described under a central force P(r)+—4, where ¢ is 


For, if accented letters refer to the second orbit, we have 
i ; du 
P=h?y?2 (u+ 5p) 
he a 
Say Ee. 
io pe ae 


=hu8 + ae (P— hu’). 
If therefore we choose the new constant of momentum %’ so that 
h' =hk, 
(this equation implies that the intervals of time between corresponding points in the two 
orbits are the same, since it can be written = = 2)» we have 
; ieee Bs k2) 


which establishes the result. This is sometimes known as Vewton’s theorem of revolving 
orbits. 


The types of central motion corresponding to 
n=5, 3, 0, —4, —5, -—7 
lead, as has been shewn, to elliptic integrals: on inverting the integrals, we 


obtain the solution in terms of elliptic functions. As an example we shall 
take the case of n=— 5. 


Let pu* be the force towards the centre of attraction ; we shall suppose 
the particle initially projected witha velocity less than that which would be 
acquired by a fall from rest at an infinite distance to the point of projection, 
so that the total energy 


Lye ap ie 
sri+drd dei 
is negative: call this quantity —}y. Then the equation of energy 


K 


2 2p2 
r+ 76 ord 


+y=0 
together with the equation 


rPb=h 


gives (3) = ene 
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Introducing in place of r a new variable p defined by the equation 


pt 1 
r=(—| ———_{ 
(5) h(p+4)’ 


the difterential equation becomes 


dp\? Sit abies 
(a5) = 40 +9 (6 -§-5- gh): 


The roots of the quadratic 


are real when ¥ is positive ; their sum is 1, and the smaller of them is less 
than —}3. Hence if the greater and less of the roots be denoted by e, and e; 
respectively, and if e, denotes — 4, we have the relations 


@+ea+¢6=0, 


€, > € > es, 


d, 2 
a =4(p — &)(p — @) (p — 4), 
so p= (0-6), 


where e¢ is a constant of integration, and the function g is formed with the 
roots €, @, @. Thus we have 


ay i. 
(pee | es Se 
c h{o (6 —«) + 4}3 
Now r is real and positive, and, as we see from the equation of energy, 
4 
cannot be greater than ne oe So @(@—e)+4 is real and positive and 


has a finite lower limit; but when e,>¢,>¢;, the function @(@—) is real 
and has a finite lower limit for all real values of @ only when eé is real ; 
so ¢ is purely real, and by measuring @ from a suitable initial line we can take 
e to be zero. We have therefore 


pt 1 
Y he — 
(5) hig (A) +3}? 
and this is the equation of the orbit in polar coordinates. 


The time can now be determined from the equation 


1 br 
(= at dé, 
Ue? ea 
By oder 


6—2 
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Performing the integration, we have 
ih soe a Fs we Ad 6 
t 2 (€, — €) (€2 — és) o( +35 ()—e, fa 
where £(@) is the Weierstrassian zeta-function*. This equation determines t. 


Example 1. Shew that the equation of the orbit of a particle which moves under the 
influence of a central attractive force p/r? can be written in the form 


6 
r=asn = ‘), 


a 6 
pa esn (K-s t) : 


provided ht > 44. > 0, where f is the angular momentum round the origin and Z# is the 
excess of the total energy over the potential energy at infinity. 
(Cambridge Math. Tripos, Part I, 1894.) 


Example 2. A particle is attracted to the origin with constant acceleration »; shew 
that the radius vector, vectorial angle, and time, are given in terms of a real auxiliary 
angle u by equations of the type 


r= (tut+eo,)— Q (w+), 
(5) t=2¢ (@ +7u)+u@ (w+) —2¢(@)), 


10 _ .—tiug (wpa) 7 (@; Ub + @ to) o (@— @2— @) ; (Schoute.) 
o (@, +2 — wy — 4) o (@; +@2+4) 


or else in the form 


é 


Among the points of special interest on an orbit are the points at which 
the radius vector, after having increased for some time, begins to decrease: 
or after having decreased for some time, begins to increase. A point 
belonging to the former of these classes is called an apocentre, while points 
of the latter class are called pericentres ; both classes are included under the 
general term apse. At an apse, if the apse is not a singularity of the orbit 
(e.g. a cusp), we have 


and therefore the tangent to the orbit is perpendicular to the radius vector. 
The words aphelion and perihelion are generally used instead of apocentre 
and pericentre when the centre of force is supposed to be the Sun. 
Example. A particle moves under an attraction 
v 


m 
Sra 
eae 


to a fixed centre ; shew that the angle subtended at the centre of force by two consecutive 
apses 1s 
Tv 


v 
NE iae 


where / is the constant of angular momentum. 


* Cf. Whittaker, Modern Analysis, S$ 209, 214. 
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49. Motion under the Newtonian law. 


The remaining case in which motion under a central force varying as an 
integral power of the distance can be solved in terms of circular functions is 
that in which the force varies as the inverse square of the distance. This 
case is of great importance in Celestial Mechanics, since the mutual attractions 
of the heavenly bodies vary as the inverse squares of their distances apart, in 
accordance with the Newtonian law of universal gravitation. 


(3) The orbits. 


Consider then the motion of a particle which is acted on by a force 
directed to a fixed point (which we can take as the origin of coordinates), of 
magnitude ju, where w is the reciprocal of the distance from the fixed point. 
Let the particle be projected from the point whose polar coordinates are 
({c, a) with velocity v) in a direction making an angle y with c; so that the 
angular momentum is 

h =cu, sin ¥. 

The differential equation of the orbit is 


du iP be 


de hu V,2C? sin? ry 
this is a linear differential equation with constant coefficients, and its 
integral is 
eae a +ecos (9—a)}, 
where e and a@ are constants of integration. This is the equation, in polar 
coordinates, of a conic whose focus is at the origin, whose eccentricity is e, 


and whose semi-latus rectum / is given by the equation 


hes vec? sin? y | 
Saag 


the constant a determines the position of the apse-line, and is called the 
perthelion-constant. 

The circumstance that the focus of the conic is at the centre of force is in accord with 
Hamilton’s theorem ; for if the centre of force is at the focus of the conic the perpen- 


dicular on the polar of the centre of force is the perpendicular on the directrix, which is 
proportional to 7, as by Hamilton’s theorem the force must be proportional to 1/r°, 


To determine the constants e and aw in terms of the initial data c, a, y, %, 


we observe that initially 
Ih ah 1 : 
6 =a, Ya Ape Ue 
substituting these values in the equation of the orbit and the equation 
obtained by differentiating it with respect to 0, we have 
if vec sin? y = w+ pe cos(a— aw), 


laze sin y cos y = we sin (4 — @). 
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Solving these equations for ¢ and a, we obtain 

vic? sin?ry  2v,2¢ sin? y 
we & 

Vet adie 

CU," Sin y COS 


e=1+ 


? 


cot (a— a) = + tan ¥. 


The semi-major axis, when the conic is an ellipse, is generally called the 
mean distance of the particle ; denoting it by a, we have 


l 


1—e’ 


a= 


and substituting the values of / and ¢é* already found, we have 


nt=n(=-2); 
CE ae 


this equation determines a in terms of the initial data. 


The time occupied in describing the whole circumference of the ellipse, 
which is generally called the periodic time, is 


: x area of ellipse, 


since h represents twice the rate at which the area is swept out by the radius 
: 2Q7rab é io, % ‘ 
vector; the periodic time is therefore — , Where 0 is the semi-minor axis. 


But we have 


h=nesiny=Val=d/4, 


a 
so the periodic time is Qa Ny, “. It is usual to denote the quantity nia? 
be 


by n; the periodic time can then be written 
207 
ee 
n is called the mean motion, being the mean value of 6 for a complete period. 
It has been shewn by Bertrand and Koenigs that of all laws of force which give a zero 
force at an infinite distance, the Newtonian law is the only one for which all the orbits are 
algebraic curves, and also the only one for which all the orbits are closed curves, 


Example. Shew that if a centre of force repels a particle with a force varying as the 
inverse square of the distance, the orbit is a branch of a hyperbola, described about 
its outer focus. 


(uu) The velocity. 


Consider now the case in which the orbit is an ellipse; the equation 
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establishes a connexion between the mean distance a and the velocity » and 
radius vector ¢ at the initial point of the path. Since any point of the orbit 
can be taken as initial point, we can write this equation 


pe = —-) 
=u (= a ? 


where v is the velocity of the particle at the point whose radius vector is r. 
Similarly if the orbit is a hyperbola, whose semi-major axis is a, we find 


. Wend 
au (Z+3), 


and if the orbit is a parabola, the relation becomes 

Qu 

ae 

It is clear from this that the orbit ts an ellipse, parabola, or hyperbola, 


U7 =x 


according as v2 = oe 1.e. according as the initial velocity of the particle is 
less than, equal to, or greater than, the velocity which the particle would 
acquire in falling from a position of rest at an infinite distance from the 
centre of force to the initial position. 


It can further be shewn that the velocity at any point can be resolved into 


a component = perpendicular to the radius vector and a component - perpen- 


dicular to the axis of the conic ; each of these components being constant. 


For if S be the centre of force, P the position of the moving particle, 
G the intersection of the normal at P to the conic with the major axis, GL 
the perpendicular on SP from G,and SY the perpendicular on the tangent at 
P from S, it is known that the sides of the triangle SPG are respectively 
perpendicular to the velocity and to the components of the velocity in the 
two specified directions ; and therefore we have 


; {teed h 
Component perpendicular to the radius vector = = 37 PG= Br 


ee 
Mere Are 
: ao 
and Component perpendicular to the axis = gp * Component perpendicular 


to the radius vector 


which establishes the result stated. 


Example 1. Shew that in elliptic motion under Newton’s law, the projections, on the 
external bisector of two radii, of the velocities corresponding to these radii, are equal. 
Shew also that the sum of the projections on the inner bisector is equal to the projection 
of a line constant in magnitude and direction. (Cailler.) 
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Example 2. Shew that in elliptic motion under Newton’s law, the quantity | T dt, 
where 7’ denotes the kinetic energy, integrated over a complete period, depends only on 
the mean distance and not on the eccentricity. (Grinwis.) 


Example 3. At a certain point in an elliptic orbit described under a force p/r*, the 
constant pz is suddenly changed by a small amount. If the eccentricities of the former and 
new orbits are equal, shew that the point is an extremity of the minor axis. 


(111) The anomalies in elliptic motion. 

If a particle is describing an ellipse under a centre of force in the focus S, 
the vectorial angle ASP of the point P at which the particle is situated on 
the ellipse, measured from the apse A which is nearer to the focus, is called 
the true anomaly of the particle and will be denoted by @; the eccentric 
angle corresponding to the point P is called the eccentric anomaly of the 
particle, and will be denoted by w: and the quantity nt, where n is the mean 
motion and ¢ is the time of describing the are AP, is called the mean 
anomaly of the particle. We shall now find the connexion between the 
three anomalies. 


The relation between @ and wu is found thus: 


We have 
l 
—-=1+¢ecos8, 
r 
and r =a — ex, where « is the rectangular coordinate of P referred 
to the centre of the ellipse as origin, 
or r=a(l —ecosu). 
Hence (1 —ecos uw) (1+ ecos #—)=1—-e’, 


an equation which can also be written in the forms 


SNe: 
tan s= (7 | wee 


2 l+e ya 
and sin u = (1— ¢*)* sin 0 : 
1+ecos@ 


The relation between wu and nt can be obtained in the following way: 


We have 
2 z Daw My / + 
ba ie Area ASP = ES as Area ASQ, where @ is the point on the auxiliary 
circle corresponding to the point P on the ellipse 
2 . 
=— {Area ACQ — Area SCQ}, where C is the centre of 
na? 


the ellipse 


Late ae. | 
~ na? {2 Todas) 0 1" uy é 


10) né=u—esin u. 
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Lastly, the relation between 0 and nt can be found as follows: 
We have 
nt=u—esinu. 


Replacing wu by its value in terms of 6, this becomes 
— e?)t sit — ey si 
eae (1—e)tsin 0) e(1—e*)tsin 0 
1+ecosé 1l+ecos@ ’ 
which is the required relation; this equation gives the time in terms of the 
vectorial angle of the moving particle. 
Example 1. Shew that 
: w=nt+23 J, (re) sin rnt, 
r=1! 


where the symbols J denote Bessel coefficients. 


For we have 


ldu_ 1 
ndt l—ecosu 


1 ips d (nt) as $ cos mnt ie cos rnt . ad (nt) 


, by Fourier’s theorem* 


=e 0 l—ecosu y= T o l—ecosu 
1 (27 2 (60) t (27 ‘ 
= — du+ > coer f cos {7 (u—esin u)} du 
2m Jo ral Oo 0 
=1+2 = J, (re) cosrnt t. 
r=1 


Integrating, we have the required result. 


Example 2. Shew that 


2 
6=nt+2e sin nt sin 2nt+.... 
Example 3. In hyperbolic motion under the Newtonian law, shew that 


Dee eae 
een cos 5—(e— 1) sin “inte 


I+ecos 6’ 


p ta*t=log +e(e2-1) 


[ern COs La ee 1)? sin 2 
2 2 
‘and in parabolic motion, shew that 


4 
eo pei ei tanh 
0 VA Ms 2 


where p is the distance from the focus to the vertex. 


Example 4, In elliptic motion under Newton’s law, shew that the sum of the four 
times (counted from perihelion) to the intersections of a circle with the ellipse is the same 
for all concentric circles, and remains constant when the centre of the circle moves 
parallel to the major axis. (Oekinghaus. ) 


* Whittaker, Modern Analysis, § 82. 
+ Ibid., § 153. 
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(iv) Lambert's theorem. 


Suppose now that it is required to express the time of describing any are 
of an ellipse under the Newtonian law, in terms of the focal distances of the 
initial and final points, and the length of the chord joining them. 


Let wu and w’ be the eccentric anomalies of the points; then we have 
n x the required time = w’ — e sinw’ — (u—esin u) 


w-u wtu 
cos 
2 2 


Now if c be the length of the chord, and r and 7’ be the radii vectores, we 
have 


=(w’ — uw) — 2esin 


, a / 
r+r utu u’—u 
=1—ecosu+1—ecosw =2—2ecos rs aes 
a 


and ce? =a? (cos uw’ — cos u)? + b? (sin w’ — sin wu)? 


zi tsint “S"(1-e ate) 
4a? sin 9 a CO a); 


/ / 
Cc . U—U utw\? 
so a 2 sin (1 — e’? cos? Foe ) : 


De 
Hence we have 


ag [one 4 
gee Ie ° =2—2cos Ms == Goa (coos S")I, 
a 2 ae 


=2~2e08|-" 5 + cos (coos "5", 


U 
r+r-—e 
and ——————— 


and therefore * 


rere | ‘Let w= ut 
2 sin“ ee aa ) eo “+ cos7 (e cos = ts 
2 a 2 2 
vane L r’ —c\? u —u Uw : 
and De ihay he (“2 =) ae +cost (e cos - 7) é 
y; a 2 2 


Thus if quantities a and 8 are defined by the equations 


get 4h (“#2 ars nf 1 chee 
eg oe) Ss Ee eg) (oe 
Ze 2, a oa SHAD \ a ; 
the last equations give 
/ 
a U+U 
a—B=w' —u, and cos bale Bh - : —, 


“ = 


Thus finally we have 


DD) > 


= 


: ; Ws ne 
n x the required time = a — 8B — 2 cos — = B sin steel 5 


= (a —sin a)—(8 —sin B). 
This result is known as Lambert’s theorem. 


* Tt will be noticed that owing to the presence of the radicals, Lambert’s theorem is not free 
from ambiguity of sign. The reader will be able to determine without difficulty the interpretation 
of sign corresponding to any given position of the initial and final points. 
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Example, To obtain the form of Lambert's theorem applicable to parabolic motion. 


If we suppose the mean distance a to become large, the angles a and 8 become very 
small, so Lambert’s theorem can be written in the approximate form 


ae 


Required time—°-_” ‘ 


Se oneen 


= a {rr +e)—( +r ofl, 


and this is the required form. 


Example 2. Establish Lambert’s theorem for parabolic motion directly from the 
formulae of parabolic motion. 


Example 3. Apply Lambert’s theorem to prove that the time of falling srertically 
under gravity through a distance ¢ is 


1 /a\t : c \t Qac— ct 
exo) ait 1 OS 
3 (5) sin (g5) + Ha) } 


where a is the distance from the centre of the earth of the starting-point and g the value 
of gravity at this point. (Coll. Exam.) 


50. The mutual transformation of fields of central force and fields of 
parallel force. 


If in the general problem of central forces we suppose the centre of force 
to be at a very great distance from the part of the field considered, the lines 
of action of the force in different positions of the particle will be almost 
parallel to each other; and on passing to the limiting case in which the 
centre of force is regarded as being at an infinite distance, we arrive at the 
problem of the motion of a particle under the influence of a force which is 
always parallel to a given fixed direction, 

For the discussion of this problem, take rectangular axes Ow, Oy in the 
plane of the motion, Ox being parallel to the direction of the force; and let 
X (z) be the magnitude of the force, which will be supposed to be independent 
of the coordinate y. The equations of motion are 

i =A (%), 4j =), 


and the motion is therefore expressed by the equations 
t= ay + b= | (2jX (w) de + o}-tde +l, 


where a, b, c, | are the constants of integration; the values of these are 
determined by the circumstances of projection, ie. by the initial values of 
H, Y, &, Y. 

While the problem of motion in a parallel field of force is a limiting case 
of the problem of motion under central forces, it is not difficult to reduce the 
latter more general problem to the former more special one, 
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For if a particle is in motion under a force of magnitude P directed to a 
fixed centre (which we can take as origin of coordinates), the equations of 
motion are 


t= beet y sas 


The angular momentum of the particle round the origin (which is constant) 
is ay — yé#: let this be denoted by h. Introduce new coordinates X, Y, defined 
by the homographic transformation 


Xoo ee ra 
' uy | 
and let 7’ be a new variable defined by the eyuation 
r={5. 
Z 
Then we have 
ee ee 
C1 dt Ny) cdl NG ae 
ee) Ad ere Pe 
at ~di\y) at ys ——% 
PX ay pa y 
SO qpP7” ire ie 


These equations shew that a particle whose coordinates are (X, Y) would, 
if 7 were interpreted as the time, move as if acted on by a force parallel to 
3 
the axis of Y and of magnitude — = . As the solution of this transformed 
problem will yield ‘the solution of the original problem, it follows that the 
general problem of motion under central furces is reducible to the problem of 
motion in a parallel field of force. 


Example 1. Shew that the path of a free particle moving under the influence of 
gravity alone is a parabola with its axis vertical and vertex upwards. 


Example 2. Shew that the magnitude of the force parallel to the axis of 2 under 
which the curve f(z, ¥)=0 can be described is a constant multiple of 


Da Bed parla eC 
ov 0a” \dy Oa Oy Ox dy dy” x) ie 
Example 3. If a parallel field of force is such that the path described by a free 


particle is a conic whatever be the initial conditions, shew that the force varies as the 
inverse cube of the distance from some line perpendicular to the direction of the force. 


51. Bonnets theorem. 


We now proceed to discuss the motion of a particle which is simultaneously 
attracted by more than one centre of force. An indefinite number of parti- 
cular cases of motion of this kind can be obtained by means of a theorem due 
to Bonnet, which may be stated thus : 
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If a given orbit can be described in each of n given fields of force, taken 
separately, the velocities at any point P of the orbit being v4, vs, ..+ Un, 
respectively, then the same orbit can be described in the field of force which 
is obtained by superposing all these fields, the velocity at the point P being 
(,? + 0.7 + 20. + Un?)?. 


For suppose that in the field of force which is obtained by superposing 
the original fields, an additional normal force R is required in order to make 
the particle move on the curve in question; and let it be projected from 
a point A so that the square of its velocity at A is equal to the sum of the 
squares of its velocities at A in the original fields of force. Then on adding 
the equations of energy corresponding to the original motions, and comparing 
with the equation of energy for the motion in question, we see that the 
kinetic energy of the motion in question is the sum of the kinetic energies 
of the original motions, Le. that the velocity at any point P is 


(02 + U2? +... + Un?)h. 
Hence, resolving along the normal to the orbit, we have 
Jonas ay see Une 
P 


where m is the mass of the particle, p the radius of curvature of the orbit, 
and F,, F,, ... F, are the normal components of the original fields of force 


abe 
But =F, 
p 
and therefore R is zero; the given orbit is therefore a free path in the field 
of force which is obtained by superposing the original fields. 


n 


=F,+F,+...4+F,¢+ BR, 


Mn? 


2 
—=fF,,..., = F,, 
p 


Example. Shew that an ellipse can be described tf forces 
r+ 8a3 73+ 8a3 
respectively act in the directions of the foct. 
This result follows at once from Bonnet’s theorem when it is observed that the given 
F and & 


forces are equivalent to forces a and 75 acting in the directions of the foci, together with 


a force ae x distance, acting in the direction of the centre of the ellipse. 
a 


52. Determination of the most general field of force under which a given 
curve or family of curves can be described. 

Let p(x, y)=e 
be the equation of a curve; on varying the constant ¢, this equation will 
represent a family of curves. We shall now find an expression for the 
most general field of force (the force being supposed to depend only on the 


94 The Soluble Problems of Particle Dynamics [OH. IV 


position of the particle on which it acts) for which this family of curves 
is a family of orbits of a particle. 


Let v denote the velocity of the particle, and (X, Y) the components of 


force per unit mass parallel to the coordinate axes. The tangential and 
: ee aie : ; 
normal components of acceleration being 3 - and . respectively, we have 


x=-5 da (x? bts dy (ha? + by*) 3, 


Y= = by (belt iY A +S Tbe (be + $y) 


Substituting for ; its value, namely 


py? Pax oF 2brbyhay + pa Puy 


($2? + py) 
we have é 
Tay ea es a bet om 
Writing vw=—yYy ($27 28 $y), 


and replacing zp by ($2 + $,7)? ($e s — dy <) , this equation becomes 


X =u (Geb — dvbm) +4 by He ($e + $y) 


Now w is arbitrary, since it depends on the velocity with which the given 
orbits are described ; and as X and Y are to be functions of the position 
of the particle, we can take u to be an arbitrary function of # and y; 
we have therefore 


X= U (hebyy — pyhay) +4 hy (fry — Pytz), 
Y =u (dybex — b2bay) +4 bx (Pytlz — Patty), 


where w is an arbitrary function of # and y. These expressions for the field 
of force under which the curves of the given family are orbits were first given 
by Dainelli. 


and similarly 


Example 1. Shew that a particle can describe a given curve under any arbitrary forces 
P,, Po, ... directed to given fined points, provided these forces satisfy the relations 


oe 1 d@ (Prpisp 
k Pie 2 ds lk 
where r,s the radius and p, the perpendicular on the tangent, from the k* of the given fixed 


points, and where p is the radius of curvature of the given curve. 


For the tangential and normal components of force on the particle are 


T=—2P, af and v=3P, 7, 
ds k Mp 
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so from the equation 


_ dv’) ad 
27 = as = 7, (PN), 
we have 
dr, . a PPk 
BieTeieant Pea) tr 
or > a Q (Fite) -0, 
bP ds Tk 


Example 2. A particle can describe a given curve under the single action of any one 
of the forces #,, ¢2, ..., acting in given (variable) directions. Shew that the condition to 
be satisfied in order that the same curve may be described under the joint action of forces 
F,, Fy, ..., acting in the directions of $,, dg, ..., respectively, is 


F, 
De, “) =0 
pated (51)=0 
where ¢; is the chord of curvature of the curve in the direction of ¢y. (Curtis.) 


Example 3. A point moves in a field of force in two dimensions of which the work 


function is V; shew that an equipotential curve is a possible path, provided V satisfy the 
equation 


eV /aV\? . BV aVEV. BV av) (/aV\?_ /OV\2)2 
wou (ea (a) ~ andy ba ty * HA (er) } e (=) + (ay) } cnt marr 


53. The problem of two centres of gravitation. 


The equations of motion of a particle moving in a plane under arbitrary 
forces cannot be integrated by quadratures in the general case. The most 
famous of the known soluble problems of this class, other than problems of 
central motion, is the problem of two centres of gravitation, i.e. the problem of 
determining the motion of a free particle in a plane, attracted by two fixed 


Newtonian centres of force in the plane; its integrability was discovered by 
Euler *. 


Let 2c denote the distance between the two centres of force; and take 
the point midway between them as origin, and the line joining them as axis 
of z,so that their coordinates can be taken to be (¢, 0) and (—c, 0). The 
potential energy of the particle (whose mass is taken to be unity) is therefore 


Va—p(e-ep ty}4—w (etop ty}, 


where w and yp’ are constants depending on the strength of the centres of 
attraction. 


Now any ellipse or hyperbola with the two centres of force as foci is a 
possible orbit when either centre of force acts alone, and therefore by Bonnet’s 
theorem it is a possible orbit when both centres of force are acting. It 
is therefore natural, in defining the position of the particle, to replace the 
rectangular coordinates (#, y) by elliptic coordinates (E, »), defined by the 
equations 

x=ccosh&cosn, y=csinh & sin». 


* Mémoires de Berlin, 1760. 


96 The Soluble Problems of Particle Dynamics (cH. IV 


The equations £ = Constant and 7 = Constant then represent respectively 
ellipses and hyperbolas whose foci are at the centres of force; and these are 
a particular family of orbits. 


The potential energy, when expressed in terms of & and 7, becomes 


= RS! et ee 
c(cosh €—cosn) c(cosh&+ cos n)’ 
and the kinetic energy 7 is given by the equations 
T= hi+ay 
2 
= 5 (cosh? & — cos? n) (E? + 7). 


This problem is evidently of Liouville’s type (§ 43), and can therefore 
be integrated by the method applicable to this class of questions. The 
Lagrangean equation for the coordinate & is 


G e {(cosh? & — cos? n) £} — c? cosh £ sinh € (£2 + 7) =— ae 
or 
é S {(cosh? & — cos? n)? E*} — 2c? cosh & sinh & (cosh? £ — cos? m) £ (E? + 7?) 
= — 2 (cosh? € — cos’ n) £ a } 
or, using the equation of energy 7'+ V =h, 


C2 5 ; {(cosh? £ — cos?) E} 


=—2 ae & — cos? nee 3E vas 2(hA-V)E = Ves E — cos® n) 


0& 
=F = Zt iis V) (cosh? & — cos? 7)} 


= QE i {h (cosh? & — cos? ») + In 5 (cosh E+ cos n)+ . (cosh & — cos n)} 


mye (7 cosh? pene 


di E éoah f). 


Integrating, we have 


5 (cosh? £ — cos’ n)? £2 =h cosh? € + ea cosh E—y, 


where y is a constant of integration. 


Subtracting this from the equation of energy, which can be written 
5 (cosh? E — cos’)? (E?+ 7°) 


= h (cosh? € — cos? n) + = (cosh & + cos n) + S (cosh & — cos »), 
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we have 


os ‘— 
3 (cosh? & — cos? n)? 7? = — h cos? n — a ; ad cos n + ¥. 


Eliminating dt between these equations, we have 


(dé)! z (dny 
heosh? E+ #* cosh £ —y — heos'n —-—* cos n +4 


Introducing an auxiliary variable uw, we have therefore 


, = 
ux | hcoshe gh =H cosh £7} dé, 


i -4 
u= [=n eos MM cos +7} dn. 


ra 


These are elliptic integrals, and we can therefore express & and 7 as 
elliptic functions of the parameter wu, say 


E=x(u), 1=$(u). 
These equations determine the orbit of the particle, the elliptic coordinates 
(&, 7) being expressed in terms of the parameter u. 


54. Motion on a surface. 


We shall next proceed to consider the motion of a particle which is free 
to move on a smooth surface, and is acted on by any forces. 


Let (X, Y, Z) be the components, parallel to fixed rectangular axes, 
of the external force on the particle, not including the pressure of the surface : 
let (x, y, Z) be the coordinates and v the velocity of the particle, s the arc and 
p the radius of curvature of its path, y the angle between the principal 
normal to the path and the normal to the surface, and (A, yw, v) the direction- 
cosines of the line which lies in the tangent-plane to the surface and is 
perpendicular to the path at time ¢; the mass of the particle is taken as 
unity. 

dv 


ds 


tangent to the path and a along the principal normal ; the latter component 
P 


The acceleration of the particle consists of components v along the 


: ae ; : : : 
can be resolved into — sin y along the line whose direction-cosines are (A, #, v) 
P 


2 


and va cos x along the normal to the surface. We have therefore the equations 


of motion 
ds ~ ds ds ds 


5 sin = KA+ Vaso Pe face eaccnens. (B), 
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and these, together with the equation of the surface, are sufficient to determine 
the motion; for the equation of the surface may be regarded as giving z in 
terms of # and y, and by using this value for z we can express all the 
quantities occurring in equations (A) and (B) in terms of a, y, #, y, #, ¥: 
equations (A) and (B) thus become a system of differential equations of the 
fourth order for the determination of # and y in terms of t. 


If the forces are conservative, the expression 
— Xdx — Ydy— Zdz 


will be the differential of a potential-energy function V (a, y, z) ; equation (A) 
can therefore be integrated, and gives on integration the equation of energy 


4u°+ Via, y, z)=¢, 


where c isa constant. Substituting the value of v? given by this equation in 
(B), we have : 


2(c—V) = Ent Yu+ 2. 


This is (on eliminating z by means of the equation to the surface) a 
differential equation of the second order between 2 and y, and is in fact the 
differential equation of the orbits on the surface. 


The differential equations of motion on a surface are not integrable by 
quadratures in the general case : there are however two cases in which the 
problem can be formulated in such a way as to utilise results obtained 
in other connexions. 


(i) Motion under no forces. 


When no external forces act on the particle, equation (B) gives y = 0, so 
the orbit is a geodesic on the surface; the integral of energy shews that this 
geodesic is described with constant velocity. 


Example. A particle moves under no forces on the fixed smooth ruled surface whose line 
of striction is the axis of 2, the direction-cosines of the generator at the point z being 


. 4 ° : z 
Sinacos —, slbasin —, coSa, 
m m 


respectively. To determine the motion. 


Let v denote the distance of the point on the surface whose coordinates are (a, y, 2) 
from the line of striction, measured along the generator, and let (0, 0, ¢) be the coordinates 
of the point in which this generator meets the line of striction. Then we have 


=v SIN a cos Ls y=vsin asin ¢ , #=€+v cosa. 
m m 
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The kinetic energy of the particle is 
P=3(P+P+2) 
=} (4G Ssintat 4 2¢% cos a). 


We can take v and ¢ as the two coordinates which define the position of the particle; 
it is evident that the coordinate ¢ is ignorable, and the corresponding integral is 


a k, where & is a constant, 
abc une Boy 
or (Sain a+1) ¢+¢cosa=k. 
The integral of energy is 
whe where / is a constant. 


Eliminating ¢ between these two integrals, we have 
b (v2 +m?) = 2hv? + (2h — k?) m? cosec? a. 


If ¢ is initially sufficiently large compared with ¢, the quantity (24-4?) is positive; we 
shall suppose this to be the case, and shall write 


(2h — kh?) m* cosec? a =2Ad2, where X is a new constant ; 


the equation thus becomes 
0? (v?+ m?) =2h (v? +)?), 


The integration of this equation can be effected by introducing a real auxiliary 
variable u, defined by the equation 


u =|" {(m2 +0?) (A2+02)}~# dv. 
Writing v=dma“}, this becomes 
um | tae (w+?) (v+m?*)} da, 
and this is equivalent to the equation 
B=P (u)- 4, 
where the roots ¢,, ¢:, é3, of the function @ (wu) are real and are defined by the equations 
€;—@,=A*2, €,-eg=m?*, 6, +€,+6e3=0. 
The connexion between the variables v and w is therefore expressed by the equation 
v=)m {@ (u) —e,}— x 


Substituting this value of v in the equation which connects v and ¢, we have 


' (61 = 3) 1M (@) — ea} . 
Ca 1 @ (u) APs —» dy + Constant 


= | {-e,+@ (u+,)} du +Constant* 


= —e,u—¢ (u+e,)+Constant. 


* Of. Whittaker, Modern Analysis, § 183. 


~J 
bo 


- 
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This equation expresses the time ¢ in terms of the auxiliary variable uw, and thus in 
conjunction with the equation 


v=dm {@ (u)-e}-4, 
gives the connexion between v and ¢. 
(ii) Motion on a developable surface. 


If the surface on which the particle moves is developable, we can utilise 
sin y 


the known theorems that the are s and the quantity are unaltered by 


developing the surface on a plane: these results, applied to the equations of 
motion given above, shew that if in the motion of a particle on a developable 
surface under any forces the surface 1s developed on a plane, the particle will 
describe the plane curve thus derived from its orbit with the same velocity as 
before, provided the force acting in the plane motion is the same in amount 
and direction relative to the curve as the component of force in the tangent- 
plane to the surface in the surface-motion. 


Example 1. A smooth particle is projected along the surface of a right circular cone, 
whose axis vs vertical and vertex upwards, with the velocity due to the depth below the vertex. 
Prove that the path traced out on the cone, when developed into a plane, will be of the form 

r? sin 20= a’. ; (Coll. Exam.) 

For on developing the cone, the problem becomes the same as that of motion in a plane 
under a constant repulsive force from the origin, and with the velocity compatible with 
rest at the origin. We therefore have the integrals 


724 262 = Or, where C is a constant, 
r6=h, where # is a constant. 
These equations give 
1 adr\? 1 
r ae kh 
rs : 
=-, say, where @ is a new constant, 
a 


: 1 
so if Wax Swe have 


du 2 1-au 

db) — aus” 
a= [ alut du 
(1—a%u3)t 


i dv 7 
ae is — yt? where v=w?a*, 


and therefore 


=#sin7! », 
which is equivalent to the equation 
r sin g b=a'. 
Example 2. If in the motion of a point P on a developable surface the tangent JP to 
the edge of regression describes areas proportional to the times, shew that the component 
p 
Relies 
IPs 
the radius of curvature of the edge of regression. (Hazzidakis. ) 


of force perpendicular to 7P and in the tangent-plane is proportional t , where p is 
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55. Motion on a surface of revolution ; cases soluble in terms of circular 
and elliptic functions. 


The most important case of surface-motion which is soluble by quadra- 
tures is the motion of a particle on a smooth surface of revolution, under 
forces derivable from a potential-energy function which is symmetrical with 
respect to the axis of revolution of the surface. 


' Let the position of a point in space be defined by cylindrical coordinates 
(z, r, ), where z is a coordinate measured parallel to the axis of the surface, 
r is the perpendicular distance of the point from this axis, and ¢ is the 
azimuthal angle made by r with a fixed plane through the axis. The 
equation of the surface will be a relation between z and r, say 


r= f (2), 
and the potential energy will be a function of z and r (it cannot involve ¢, 
since it is symmetrical with respect to the axis), which for points on the 
surface can, on replacing r by its value f(z), be expressed as a function of z 
only, say V (z); the mass of the particle can be taken as unity. 

The kinetic energy is, by § 18, 

T=4(24+7r+7r¢") 
=F P+ 2 +{ fo}? ¢}. 

The coordinate ¢ is evidently ignorable; the corresponding integral is 
an _ 
op 

or [Fa b=k; 
this equation can be interpreted as the integral of angular momentum about 
the axis of the surface. 


k, where k is a constant, 


The equation of energy is 
T+V=h, where h is a constant, 


and substituting for ¢ in this equation from the preceding, we have 
[Lf (ye + U2 + ke [f(@)} + BV (2) = 2h; 


integrating this equation, we have 


t= | [{7’ (2) + 1} [2h — 20 (2) —h {f (2) 7}? dz + Constant. 


The relation between ¢ and z is thus given by a quadrature; the values 
of r and ¢ are then obtained from the equation of the surface and the 


ti 
equation f(a} é yy 


respectively. 
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We shall now discuss the motion on those surfaces for which this quad- 
rature can be effected by means of known functions, when the axis of the 
surface is vertical\(z being measured positively upwards) and gravity is the 
only external force, so that 

V (2) = gz. 

(i) The circular cylinder. 


When the surface is the circular cylinder r =a, the above integral 
becomes 


t= (24 - 2gz—- 2) ae, 


and if the origin of coordinates is so chosen that 2ha* =k’, we have 


t =|(- 2qz)-* dz, 


or z=—4 9 (t-t,), where ¢, is a constant. 
The equation 
a’d = k, 
then gives 
b— d= ae — t), where @, is a constant. 


(ii) The sphere. 
The case in which the surface is the sphere 
r=(P— 2) 


is called the problem of the spherical pendulum, and can be realised by 
supposing a heavy particle attached to a fixed point by a light rigid wire 
capable of moving freely about the point. 


In this case the quadrature for ¢ becomes 


2 3 ke )-3 
= | 4 -_—___ OF a Og 
t Ne — 22 ae i} {2h “92 ete al dz, 


or ry | {(2h — 2gz) (2 — 28) — ke}-# de. 


The integral on the right-hand side of this equation is an elliptic 
integral, which we shall now reduce to Weierstrass’ canonical form. Denote 
by 2, 2, 2, the roots of the cubic 


2(h— gz) (PF —2)—-k=0; 
since the expression 


2(h—gz)(P-—2)-—F 


is negative for the values 1 and —1 of z, and positive for very large positive 
values of z and also for the values of z which occur in the problem considered 
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(which must necessarily lie between —/ and +1, since the particle is on the 
sphere) we see that one of the roots (say z,) is greater than / and the other 
two (say z, and z, where z,>z,) are between J and —l. The values of z in 
the actual motion will lie between z, and z3, since for them the cubic must be 
positive. 


: he 2h : 
Write = 3 as a €, where ¢ is a new variable, 
ie ah: 
d Scoala - 
an Be 39 + 5 er, CeO) 


so that @, é, é;, are new constants, which satisfy the relation 


h 
Qj + +e = (atata-)=0, 


ls 
2]? 
and also satisfy the inequalities e, > e, > és. 


The relation between ¢ and z now becomes 
t= [14 C-4) 6-6) Ee) hab, 


or t= (tte), 


where ¢ is a constant of integration and the function g@ is formed with the 
roots €, @2, es. 


Now when @, @, €;, are real and in descending order of magnitude, 
g(u) and g’ (w) are both real when w is real, in which case @(w) is greater 
than e,, and also when w is of the form ;+a real quantity, where a, is 
the half-period corresponding to the root e,; in this latter case, @(w) lies 
between e, and e;. Since in the actual motion z lies between z, and 2, it 
follows that ¢ lies between e, and e,, and therefore the constant ¢ must con- 
sist of an imaginary part w,; and a real part depending on the instant from 
which time is measured: by a suitable choice of the origin of time, we can 
take this real part of € to be zero, and we then have 

c= 4 otto) 
g g 

This equation gives the connexion between z and t. We have now to 
determine the azimuth ¢. For this we have the equation 

dp= "dt = ee 


eae, 
dt 
so a a | mene en, 
frm 20 | 
g ) 


where ¢, is a constant of integration. 
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To effect the integration, we take \ and y to be the (imaginary) values of 
t + w, corresponding to the values / and —/ of z respectively; so that A and p 
are new constants defined by the equations 


h  2P h 2? 


these equations give 
/ eel: ve Ucg 
g(r) = (w= SE. 
The integral now becomes 
_hy at 
AI) 19 (t+ 5) — 9 (A)} [9 E+ @s) — 9 (H); 
__ kg | dt eo dt ; 
APS (@(E+03)-E(A) E(t +os)—— (u) 
A AO seed 20 
2) (@(t+a)—O(A) E(t+o:)——(H)) 


d— dy = 


But* we have 


PO) ep, ay Pe 
ple) 7 FEE +N) +20) 
@’ (nr) at _ 1.7 (t+a,—A) 
= (Sa BO 


and therefore 


gi b-d) = geteu)- got (E+ Os — M) a (t+ Os +), 
o(t+as+p) a(t +@s—2)’ 


this equation expresses the angle ¢ as a function of ¢, and so completes the 
solution of the problem. 


Example. When the bob of the spherical pendulum is executing periodic oscillations 
between two parallels on the sphere, shew that one of the points reached on the higher 
parallel, and the point on the lower parallel at which the bob arrives after a half-period 
have a difference of azimuth which always lies between one and two right angles. 

(Puiseux and Halphen.) 


(iii) The paraboloid. 
Consider next the problem of motion on the paraboloid, whose equation is 


r = 2a zt. 


In this case the quadrature for t becomes 


, 22\ —$ 
t= |@ +z)! (2he — 2g2" — = dz. 


* Cf. Whittaker, Modern Analysis, § 215, Ex. 1. 
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To obtain the solution of the problem in terms of elliptic functions, we 
introduce an auxiliary quantity v, defined by the equation 


v =|" (a+z)73 (2he — 292 — = Bae 


If a and 8 (where a > 8) denote the roots of the quadratic 


2 


2hz — 292 — i = 0, 


we can write this integral in the form 


-k pz 
= (-$) | [4 (e +a) (2-8) (2—a)}-t de. 
Define a new variable € by the equation 


—at+a+B 

3 im 
and let e, @, €, be the values of £ corresponding to the values —a, B, 2, 
respectively of z; then the integral becomes 


g=—(ata)o+ 


eee 2 =|. {4 (SS 2) (f- €2) ( @3)} ~# dt, 


and it is easily proved that the quantities ¢,, ¢, ¢,, satisfy the relations 
@& +e.+ e, = 0, €, > Cp > 63. 


The auxiliary quantity v can now be replaced by an auxiliary quantity w, 
defined by the equation 


2 , 
5 cea e 
and then the inversion of the integral gives 
S=p(ute), 
where ¢ is a constant of integration and the function @ is formed with the 
roots €, @, és, Which are given by the equations 


_2a+a+B8 et O28 Poe a a” saad 
as 3(a+a) ’ DICE : 3(a+a) 


As in the actual motion z evidently lies between a and £, it follows that 
g(u+e) lies between e, and e,, and therefore (as we wish w to be real) the 
imaginary part of the constant « must be the half-period w;; the real part can 
be taken to be zero, since it depends merely on the lower limit of the integral 
for w. 


We have therefore 


h-a : h 
z=—(atae(uta)t+ a, since a+8=—. 
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The equation to determine ¢ is 


t= {(a+2) dv 
2 } 
— Pero i {@ (w + ws) — &} du 
om 2(a+a))*, | aay ae 
so t= —— {— €(u +@,) — eu}, 


and this equation gives t in terms of the auxiliary variable u. 


Lastly, we have to determine the azimuth @: for this we have 


kdt _kdt 
es r 4az 
as so 9 (W+os) — & du 
“OGD ; -atat+p 
Amen ee Say ors 


and therefore 


4a (g (a+ @) | a+a+ BP du 
mae Pos pau | 3 (a +4) ol praveReExcy. 
3 (a+ a) 


_ a(at+a)t (— 29) [ @’ (1) du 
k Q (u+as;)— g(l)’ 
where ¢, is a constant of integration, and / is an auxiliary constant defined 
by the equation 
_—a+a+B8 yO k 
9O= Saray 7 ° © O- Coatal 


The equation can now be written 


ku tf eg Odu 
a{8g(a+a)}t 2) O(wts)—e(l)’ 


’ — do= 


the integral of which is found (as in the problem of the spherical pendulum) 
to be 
Qik 


—*__+2¢(4 ae 
e2t(b-b0) = @ tose s( | e. (w + @s l). 


a(u+a@,+l)’ 


this equation expresses ¢ in terms of the auxiliary variable u, and so com- 
pletes the solution. 


(iv) The cone. 
Consider next the cone, whose equation is 
r= 2 van a, 


where a is the semi-vertical angle. 
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Since this is a developable surface, we can apply the theorem of § 54, and 
we see that the orbit’ of a particle on the cone under gravity becomes, when 
the cone is developed on a plane, the same as the orbit of a particle 
of unit mass in the plane under a force of constant magnitude g cos a acting 
towards a fixed centre of force (namely the point on the plane which corre- 
sponds to the vertex of the cone). This (§ 48) is one of the known cases 
in which the problem of central motion can be solved in terms of elliptic 


functions, and this solution furnishes at once the solution of the problem of 
motion on the cone. 


Example 1. Shew that the motion of a particle under gravity on a surface of revolution 
whose axis is vertical can also be solved in terms of elliptic functions when the surface is 
given by any one of the following equations 

9ar? =z (z- 3a)’, 
2r4 + 3a2r? — 2za3 =0, 
(7? — az—4a?)?=a3z, (Kobb and Stickel.) 

Example 2. Shew that if an algebraic surface of revolution is such that the equations 
of its geodesics can be expressed in terms of elliptic functions of a parameter, the surface 
must be such that r? and z can be expressed as rational functions of a parameter, i.e. the 
equation of the surface regarded as an equation between 7? and z is the equation of 


a unicursal curve; where z, 7, @ are the cylindrical coordinates of a point on the 
surface. (Kobb.) 


Example 3. Shew that in the following cases of the motion of a particle on a surface 
of revolution, the trajectories are all closed curves : 


1°. When the surface is a sphere, and the force,is directed along the tangent to the 
meridian and proportional to cosec? 6, where 6 is the angular distance from the particle to 
the pole. (The trajectories are in this case sphero-conics having one focus in the pole.) 


2°. When the surface is a sphere, and the force is directed along the tangent to the 
meridian and proportional to tan @ sec? 6. (The trajectories in this case are sphero-conics 
having the pole as centre*.) 


56. Joukousky’s theorem. | 


We shall now shew how to determine the potential-energy function under 
which a given family of curves on a surface can be described as the orbits of 
a particle constrained to move on the surface. 


The three rectangular coordinates of a point on the surface can be 
expressed in terms of two parameters, say u and v, so that an element of arc 
ds on the surface is given in terms of the increments of w and v to which it 
corresponds by an equation of the form 


dst = Edu? +2F du dv + G dv’, 


where E, F, G are known functions of u and v. 


* Darboux has examined the possibility of other cases, in Bull. de la Soc. Math, de France, v. 
(1877). 
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Let the family of curves which are-to be the orbits under the required 
system of forces be defined by an equation 
q(u, v) = Constant, 


and let 
p(u, v) = Constant 


denote the family of curves which is orthogonal to these. 


_ Then instead of w and vy we can take p and q as the two parameters 
which define the position of a point on the surface; let the line-element 
in this system of parameters be expressed by the equation 


ds? = E'dq + G’dp’, 
the term in dqdp being absent, because the curves p=Constant and 


q = Constant cut at right angles: H’ and G’ being known functions of 
p and q. 


The kinetic energy of a particle which moves on the surface is 
P=3(EG+ Op); 
the Lagrangian equations of motion are therefore 


d OE’. 0G’. OV 
= Uy ate 1 Oy (ees So A ek fe cate 
ae @ ee q+ i) 


oF uP 
d aR’. a’ av 
ce oN a Sil hosel ac S rbd gel ALE 
ate) ‘eer ipa 


where V denotes the unknown potential-energy function, which it is required 
to determine. 


These equations are to be satisfied by the value ¢ =0; they then become 


( 106" av 
| 2 0g Pee 0q ’ 
Pear ree 
(2 ap (OP) op’ 
Eliminating *, we have 
eu 
a( aq \ ar_ 
op\ oa’ Op 
og 


Integrating this equation, we have 


ov 


Go 
= +V=f/(q), where fis an arbitrary function, 
Og 
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0 ie i 
or TE ae AC 
and therefore 
vat), a] FO 


where g esis an arbitrary function. 


Now = is A,(p), the differential parameter * of the first order of the 


function p; and thus we have a theorem enunciated by Joukovsky in 1890, 
that af q= Constant is the equation of a family of curves on a surface, and 
p = Constant denotes the family of curves orthogonal to these, then the curves 
q = Constant can be freely described by a particle under the influence of forces 
derived from the potential-energy function 


=A. (P) +40) [Fox Leet da 


where f and g are arbitrary functions, and A, denotes the first differential 
parameter. 


The above equations jib 


pale eoG han 1 t(Q) 
4p og T6v V+ G’ > 


and hence the equation of energy in the motion is 


$G’p?+ V=f(q). 


MISCELLANEOUS EXAMPLES. 


1. <A particle moves under gravity on the smooth cycloid whose equation is 
s=4asin d, 
where s denotes the arc and ¢ the angle made by the tangent to the curve with the 


horizontal; shew that the motion is periodic, the period being 47 wa - 


2. A particle moves in a smooth circular tube under the influence of a force directed 
to a fixed point and proportional to the distance from the point. Shew that the motion is 
of the same character as in the pendulum-problem. 


* Tf the line-element on a surface is given by the equation 
ds?= FE du? +2F du dv+G dv?, 


the first differential parameter of a function ¢ (u, v) is given by the formula 


aed do Op Op Op ‘ 
A (= aa me 1B(3) - -on cb 24.4 (2) 


The differential parameter is a deformation-covariant of the surface, i.e. when a change of 
variables is made from (u, v) to (u’, v’), the differential parameter transforms into the expression 
formed in the same way with the new variables (u’, v’) and the corresponding new coefficients 
CEs ye Gils 
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3. A particle moves in a straight line under the action of two centres of repulsive 
force of equal strength p, each varying as the inverse square of the distance. Shew that, 
if the centres of force are at a distance 2c apart and the particle starts from rest at 
a distance ke, where & < 1, from the middle point of the line joining them, it will perform 
oscillations of period 


2/1 Flu [2 1 —Hsint 6) dé. 
(Camb. Math. Tripos, Part I, 1899.) 


4, <A particle under the action of gravity travels in a smooth curved tube, starting 
from rest at a given point O of the tube. If the particle describes every are OP in 
the same time that would be taken to slide down the corresponding chord OP, shew that 
the tube has the form of a lemniscate. 


5. A particle is projected downwards along the concave side of the curve 7?+az7=0 


with a velocity 3(2ag)? from the origin, the axis of x being horizontal; shew that the 
vertical component of the velocity is constant. (Nicomedi.) 


6. <A particle moves in a smooth tube in the form of the curve r?=2a? cos 26, under 
the action of two attractive forces, varying inversely as the cube of the distance, towards 
the two points on the initial line which are at a distance a from the pole. Prove that if the 


absolute force is p, and the velocity at the node 2u?/a, the time of describing one loop of 
the curve is ra? /2y>, (Camb. Math. Tripos, Part I, 1898.) 


7. <A particle describes a space-curve under the influence of a force whose direction 
always intersects a given straight line. Shew that its velocity is inversely proportional to 
the distance of the particle from the line and to the cosine of the angle which the 
plane through the particle and the line makes with the normal plane to the orbit. 

(Dainelli.) 

8. <A heavy particle is constrained to move on a straight line, which is made to 
rotate with constant angular velocity » round a fixed vertical axis at given distance from 
it. Shew that the motion is given by the equation 


r= Ae” cosa+ Be cosa, 


where r is the distance of the particle from a fixed point on the line, a is the angle made 
by the line with the horizontal, and A, B are constants. (H. am Ende.) 


9. A heavy particle is constrained to move on a straight line, which is made to 
rotate with given variable angular velocity round a fixed horizontal axis. Shew that the 
equation of motion is 

f= Fg sinasiné- ré? sin? a F aé sin a, 
where a is the angle between the line and the axis of rotation, @ the angle made with 
the vertical by the shortest distance a between the lines, and 7 the distance of the 
particle from the intersection of this shortest distance with the moving line. 
: (Vollhering. ) 

10. <A particle slides in a smooth straight tube which is made to rotate with uniform 
angular velocity » about a vertical axis: shew that, if the particle starts from relative 
rest from the point where the shortest distance between the axis and the tube meets the 
tube, the distance through which the particle moves along the tube in time ¢ is 


29 


3 cot a cosec a sinh? ($ wf sin a), 
@ 


where a is the inclination of the tube to the vertical. 
(Camb, Math. Tripos, Part I, 1899.) 


# 
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11. A particle is constrained to move under no external forces in a plane circular tube 
which is constrained to rotate uniformly about any point in its plane. Shew that the 
motion of the particle in the tube is similar to that in the pendulum-problem. 


12. A small bead is strung upon a smooth circular wire of radius a, which is con- 
strained to rotate with uniform angular velocity » about a point on itself. The bead is 
initially at the extremity of the diameter through the centre of rotation, and is projected 
with velocity 2wb relative to the wire: shew that the position of the bead at time ¢ 
is given by the equation 


sing@=snbet/a | (modulus a/b) 
or 
sin @=(b/a) sn wt, (modulus b/a) 


according as a< or >b, ¢@ being the angle which the radius vector to the bead makes 
with the diameter of the circle through the centre of rotation. 
(Camb. Math. Tripos, Part I, 1900.) 


13. Shew that the force perpendicular to the asymptote under which the curve 
red ails (P= ae 


can be described is proportional to 
ry (a? +y?)~8. 


14. A particle is acted on by a force whose components (X, Y) parallel to fixed axes 
are conjugate functions of the coordinates (x, y). Shew that the problem of its motion is 
always soluble by quadratures. 


15. If (C) be a closed orbit described by a particle under the action of a central force, 
S the centre of force, 0 the centre of gravity of the curve (C), G the centre of gravity of 
the curve (C) on the supposition that the density at each point varies inversely as 
the velocity, shew that the points S, O, G, are collinear and that 2SG=3,S0. 
(Laisant.) 


16. Shew that the motion of a particle which is constrained to move in a plane, 
under a constant force directed to a point out of the plane, can be expressed by means of 
elliptic functions. 


17. Shew that the curves 
ae +by to=af (4), 


where a, b, c are arbitrary constants and f is a given function, can be described under the 
same law of central force to the origin. 


18. Shew that when a circle is described under a central attraction directed to 
a point in its circumference, the law of force is the inverse fifth power of the distance. 


19. A particle describes the pedal of a circle, taken with respect to any point in 
its plane, under the influence of a centre of force at this point. Shew that the law 
of force is of the form 

Aes 
na TB? 
ge y 


where A and # are constants. 


Shew that the law of force is also of this form when the inverse of an ellipse with 
respect to a focus is described under a centre of force in the focus. (Curtis. ) 
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20. Prove that, if when projected from r=, 8=0 with a velocity V in a direction 
making an angle a with the radius vector the path of a particle be f(r, 6, R, V, sin a)=0, 
the path with the same initial conditions but under the action of an additional central 


pb 


force 3 is 
T(r, 26, R, V (n? sin? a+cos? a)}, n Sin a(n? sin? a+cos? a)~*) =0, 
where 
Ip 
1? =f — V2 sinta . (Coll. Exam.) 


21. <A particle of unit mass describes an orbit under an attractive force P to the 
origin and a transverse force 7’ perpendicular to the radius vector. Prove that the 
differential equation of the orbit is given by 


du iP T du dh? 
ae ity ye Bs = -3 
igo a dae dee 

If the attractive force is always zero, and the particle moves in an equiangular spiral 
of angle a, prove that 

T= pr? ?*-8 and h=(psin a cos a)? r°*, 
(Camb. Math. Tripos, Part I, 1901.) 

22. <A particle, acted on by a central force towards a point O varying as the distance, 

is projected from a point P so as to pass through a point Q such that OP is equal to 0Q; 


shew that the least possible velocity of projection is OP (usin POQ)*, where p. OP is the 
force per unit mass at P. (Camb. Math. Tripos, Part I, 1901.) 


23. Find a plane curve such that the curve and its pedal, with regard to some point 
in the plane, can be simultaneously described by particles under central forces to that 
point, in such a manner that the moving particles are always at corresponding points 
of the curve and the pedal; and find the law of force for the pedal curve. 

(Camb. Math. Tripos, Part I, 1897.) 

24. If f(«#, y) be a homogeneous function of one dimension, then the necessary 
and sufficient condition that the curve f(x, y)=1 be capable of description under accele- 
ration tending to the origin and varying with the distance alone, is that f be subject 
to a condition of the form ae, 
au ate eRe (r)=0. 

Hence shew that the only curves of this class are necessarily included in the equation 

r(A+Bsin 6+C cos 6)=1. 

Proceed to the discussion of the case wherein f(x, y) is homogeneous and of » 
dimensions. (Coll. Exam.) 


25. An ellipse of centre C is described under the influence of a centre of force 
at a point O on the major axis of the ellipse ; shew that 
nt=uw—e sin u, 
where 27/n is the periodic time, ¢ is the ratio of CO to the semi-major axis, and w is the 
eccentric angle of the point reached by the particle in time ¢ from the vertex. 


26. Two free particles » and M move in a plane under the influence of a central force 
to a fixed point O. Shew that the ratio of the velocity of the particle » at an arbitrary 
point m of its path, to the velocity which is possessed at m by the central projection of Af 
on the orbit of p, is equal to the constant ratio of the areas described in unit time by the 
radii Ou, OM, multiplied by the square of a certain function f of the coordinates of m, 
which expresses the ratio of OM, Om. (Dainelli.) 
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27. A particle is moving freely in a parabola under an attraction to the focus. Shew 
that, if at every instant a point be taken on the tangent through the particle, at distance 
4a .cos$6/(9+sin 6) from the particle, this point will describe a central orbit about 
the focus, and the rate of description of areas will be the same as in the parabola ; where 
4a is the latus rectum, and 6 the vectorial angle of the particle measured from the apse 
line. (Camb. Math. Tripos, Part I, 1896.) 

28. When a periodic comet is at its greatest distance from the sun, its velocity 


receives a small increment 6v. Shew that the comet’s least distance from the sun 
will be increased by the quantity 


48v . {a3(1—e)/u(1+e)}3. (Goll. Exam.) 
29. If POP’ is a focal chord of an elliptic path described round the sun, shew that 
the time from P’ to P through perihelion is equal to the time of falling towards the 
sun from a distance 2a to a distance a(1+cos a), where a=2n —(u'—u), and u/— wu is the 
difference of the eccentric anomalies of the points P, P’. (Cayley. ) 


30. A particle moves in a plane under attractive forces p/r*r2, y/rs’8, along the 
radii 7, 7” drawn to two fixed points at distance 2d apart. Shew that, if it is projected 
with the velocity from infinity, a possible path is a circle with regard to which the 
two fixed centres are inverse points, and that, if the radius of this circle is a, the periodic 
time is 

4a? * (a2 +d2)h, (Coll. Exam.) 

31. A heayy particle is projected horizontally with a velocity v inside a smooth 
sphere at an angular distance a from the vertical diameter drawn downwards: shew that 
it will never fall below or never rise above its initial level according as 


v> or <agsinatana. (Coll. Exam.) 


32. A particle is projected horizontally with velocity V along the interior of a smooth 
sphere of radius a from a point whose angular distance from the lowest point is a. Shew 
that the highest point of the spherical surface attained is at an angular distance 8 from 
the lowest point, where f is the smaller of the values of , x given respectively by 
the equations : 

Soh hs iciald late Sie (Coll. Exam.) 
(cos y+cos a) V*—2ag sin? y=0 

33. If the motion of a spherical pendulum of length a be wholly between the levels 
3a, 4a below the point of support, shew that at a time ¢ after passing a point of greatest 
depth, the depth of the bob is 

La {4—sn*t/(139/14a)} (mod. ./(7/65).) 
and that a horizontal coordinate referred to the point of support as origin is determined 
by the equation ' 

H= (gala) {—IP +3 sn /(139/14a)}, 
which is a case of Lamé’s equation. (Coll. Exam.) 

34. A particle is constrained to move on the surface of a sphere, and is attracted to a 
fixed point M on the surface of the sphere with a force that varies as r~? (d? — r2)~4, where 
d is the diameter of the sphere and 7 is the rectilinear distance from the particle to M. 
If the position of the particle on the sphere be defined by its colatitude @ and longitude ¢, 
with I as pole, shew that the equations of motion furnish the differential equation 

1 do\? 1 . 
sin? 6 (z) a sin? Souder 
where a and 6 are constants; and integrate this equation, shewing that the orbit is 
a sphero-conic. 


w. Dz. 8 
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35. A particle of mass m moves on the inner surface of a cone of revolution whose 
semi-vertical angle is a, under the action of a repulsive force mp/r* from the axis; the 
angular momentum of the particle about the axis being m ./p tan a, shew that the path is 
an arc of a hyperbola whose eccentricity is seca. (Camb. Math. Tripos, Part I, 1897.) 


36. Shew that the necessary central force to the vertex of a circular cone in order 
that the path on the cone may be a plane section is 


Ane: 
re Ss aa . ; (Coll. Exam.) 
37. <A particle of unit mass moves on the inner surface of a paraboloid of revolution, 
latus rectum 4a, under the action of a repulsive force yr from the axis, where r is the 
distance from the axis; shew that, if the particle is projected along the surface in a 


direction perpendicular to the axis with velocity 2ap}, it will describe a parabola. 
(Coll. Exam.) 


/ 


38. A smooth surface of revolution is formed by rotating the catenary s=c tang 
about its axis of symmetry, and a particle is projected along its surface from a point 
distant } from that axis with velocity A (a2+b2)*/b2. The direction of projection is such 
that the component velocity perpendicular to the axis is 4/b and the particle moves in 
contact with the surface, under the influence of a force of attraction h?(r?+2a?)/r> in the 
direction of the perpendicular r to the axis. Shew that, if gravity be neglected, the 
projection of the path on a plane at right angles to the axis will have a polar equation 


esinh = =a. (Coll. Exam.) 


39. A particle moves on a smooth helicoid, z=ad, under the action of a force ur 
per unit mass directed at each point along the generator inwards, r being the distance 
from the axis of z The particle is projected along the surface perpendicularly to the 
generator at a point where the tangent plane makes an angle a with the plane of -ry, its 
velocity of projection being pia. Shew that the equation of the projection of its path on 


the plane of zy is 
a?/7? = sec? a cosh? (f cos a)— 1. 


(Camb. Math. Tripos, Part I, 1896.) 


40. Shew that the problem of the motion of a particle under no forces on a ruled 
surface, whose generators cut the line of striction at a constant angle, and for which the 
ratio of the length of the common perpendicular to two adjacent generators to the angle 
between these generators is constant, can be solved by quadratures. (Astor. ) 


CHAPTER V. 
THE DYNAMICAL SPECIFICATION OF BODIES. 


57. Definitions. 


Before proceeding to discuss those problems in the dynamics of rigid 
bodies which can be solved by quadratures, it is convenient to introduce and 
calculate a number of constants which can be assigned to a rigid body, and 
which depend on its constitution; it will be found that these constants 
determine the dynamical behaviour of the body. 

Let any rigid body be considered; and let the particles of which (from 
the dynamical point of view) it is constituted be typified by a particle of 
mass m situated at a point whose coordinates referred to fixed rectangular 
axes are (2, y, Z). 

The quantity =m (y? + 2°), 
where the symbol = denotes a summation extended over all the particles of 
the system, is called the moment of inertia of the body about the axis Oz. 
Similarly the moment of inertia about any other line is defined to be the sum 
of the masses of the particles of the body, each multiplied by the square of 
its perpendicular distance from the line. These summations are evidently in 
the case of ordinary rigid bodies equivalent to integrations; thus Xm (y? + 2?) 


is equivalent to | i | (y?+2*) pdadydz, where p is the density, or mass per 


unit volume, of the body at the point (a, y, 2). 
The quantity Smay 
is called the product of inertia of the body about the axes Ox, Oy; and 
similarly the quantities 2myz and Xmzw« are the products of inertia about 
the other pairs of axes. 
For the moments and products of inertia with reference to the coordinate 
axes, the notation 
A= In(y?+2*), B= im(?+2), C= im(e+y), 
F = Xmyz, G = >mza, H=Xmay 
will be generally used. 
Two bodies whose moments of inertia about every line in space are equal 
to each other are said to be equimomental. It will be seen later that this 
involves also the equality of the products of inertia of the bodies with respect 


to any pair of orthogonal lines. 
ae 
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If M denotes the mass of a body and if & is a quantity such that Mk? is 
equal to the moment of inertia of the body about a given line, the quantity 
k is called the radius of gyration of the body about the line. 


‘In the case of a plane body, the moment of inertia about a line perpen- 
dicular to its plane is often spoken of as the moment of inertia about the 
potnt in which this line meets the plane. 


58. The moments of inertia of some simple bodies*. 


(i) The rectangle. 


Let it be required to find the moment of inertia of a uniform rectangular 
plate, whose sides are of lengths 2a and 20 respectively, about a line through 
its centre O parallel to the sides of length 2a. Taking this line as axis Oz, 
and a line through O parallel to the other sides as axis Oy, the required 
moment of inertia is 


b a 
my, or i % | : oydxdy, 


where o is the mass per unit area of the plate, or the surface-density as it is 
frequently called; evaluating the integral, we have for the required moment 


of inertia 
4Acab® 


3 
The moment of inertia of a uniform rod, about a line through its middle 
point perpendicular to the rod, can be deduced from this result by regarding 
the rod as the limiting form of a rectangle in which the length of one pair 
of sides is indefinitely small. It follows that the moment of inertia in 
question is 


, or Mass of rectangle x 46%. 


Mass of rod x 40?, 


where 20 is the length of the rod. 


(ii) The rectangular block. 


Consider next a uniform rectangular block whose edges are of lengths 2a, 
2b, 2c; let it be required to find the moment of inertia about an axis Ow 
passing through the centre O and parallel to the edges of length 2a. This 
moment of inertia is 


@ b fe 
=m (y?+ 2), or aie FP (y°+ 2) dzdydz, 


where p is the density. Evaluating the integral, we have for the moment of 
inertia 


8pa 
eee (2 +0"), or Mass of block x 4 (82+). 


* For practical purposes the moments of inertia of a body are determined experimentally; a 
convenient apparatus is described by W. H. Derriman, Phil. Mag. y. (1903), p. 648. 
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(i) The ellipse and the circle. 


Let it now be required to find the moment of inertia of a uniform elliptic 
plate whose equation is 


wv y? 
oan 
about the axis of 2. It is 
2 @—aah 
ip the cy*dydx, where o is the surface-density. 
— (a x2) 


Evaluating the integral, we have for the required moment of inertia 
drab'c, or Mass of ellipse x 4b? 
The moment of inertia of a circle of radius b about a diameter is therefore 
Mass of circle x 4%. 
(iv) The ellipsoid and the sphere. 


The moment of inertia of a uniform solid ellipsoid of density p, whose 


equation is 
Ce, ae 


pe 


about the axis of z is saalerly? 


i i p(y? + 2”) dadydz, integrated throughout the ellipsoid. 


To evaluate this integral, write 
e=ak, y=by, 2=c6, 
where &, 7, €, are new variables: the integral becomes 


panic | i | ni dédndt + pabe! | i eedédn dt, 


where the integration is now taken throughout a sphere whose equation is 


+a? + C=. 
Since the integrals 


[[[paganas, |[frraganag, and [f{fedednas 


are evidently equal, the required moment of inertia can be written in the 


form 
oabe (B+ c*) i i | edédndt, 
rl 
or mpabe (bi +e')|  &(1— Bde, 
or ifs mpabe (b? + c*), 


or Mass of ellipsoid x 4(b’ +c’). 
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The moment of inertia of a uniform sphere of radius a about a diameter 
is therefore 


Mass of sphere x 2a’, 
(v) The triangle. 


Let it now be required to find the moment of inertia of a uniform - 
triangular plate of surface-density o, with respect to any line in its plane; 
the position of the line can be specified by the lengths a, 8, y, of the per- 
pendiculars drawn to it from the vertices of the triangle. 


Taking (a, y, z) to be the areal coordinates of a point of the plate; the 
perpendicular distance from this point to the given line is (az + By+ +z), and 
the required moment of inertia is therefore 


o |[(ax+ By +128, 
where dS denotes an element of area of the plate. 


Now if Y denotes the length of the perpendicular from the point (2, y, 2) 
on the side c of the triangle, and if X denotes the length intercepted on the 
side c between the vertex A and the foot of this perpendicular, we have 


Y=zbsin A 
and X sin A — Ycos A = perpendicular from (#, y, z) on the side 6 
=ycsin A. 
We have therefore 
OG en ee oe oe! 
Tyas Pye seen aXdY= 5a oS; 


where A denotes the area of the triangle. Hence the integral | | y°dS, where 
the integration is extended over the area of the triangle, can be written in 
the form 2A | [ydyde, where the integration is extended over all positive 


values of y and z whose sum is less than unity: this is equal to 
1 
24 | y(—y)ay, 
0 


or $A. By symmetry, the integrals [feas and [[zas have the same value, 


and a similar calculation shews that the integrals 


[[y-as, [e<as, [[eyas, 


each have the value 7A. 
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Substituting these values in the integral o i | (aa + By + yz)dS, the 
moment of inertia of the triangle about the given line becomes 
$A (2 + B+ y+ By + yx + af), 
or 3 xX Mass of triangle x (5) ay @ = =) ae ea) : 


2 2 2 


But this expression evidently represents the moment of inertia about the 
given line of three particles situated respectively at the middle points of the 
sides of the triangle, the mass of each particle being one-third the mass of 
the triangle; the triangle is therefore equimomental to this set of three 
particles. 

Example. Shew that a uniform solid tetrahedron of mass Mis equimomental to a set 
of five particles, four of which are each of mass 3,¥ and are situated at the vertices 
of the tetrahedron, while the fifth particle is at the centre of gravity of the tetrahedron, 
and is of mass 41/. 


59. Derivation of the moment of inertia about any axis when the moment 
of inertia about a parallel axis through the centre of gravity is known. 

The moments of inertia found in the preceding article were for the most 
part taken with respect to lines specially related to the bodies concerned : 
these results can however be applied to determine the moments of inertia of 
the same bodies with respect to other lines, by means of a theorem which will 
now be given. > 

Let f (2, y, 4, &, Y, 2, &, ¥j, Z) be any polynomial (not necessarily homogene- 
ous) of the second degree in the coordinates and the components of velocity 
and acceleration of a particle of mass m. Let (#, ¥, Z) denote the coordinates 
of the centre of gravity of a body which is formed of such particles, and write 


C=; Y=Y+%N, Z2=Z2+ 2. 


If now we substitute these values for a, y, z, respectively in the function f 
we obtain the following classes of terms: 


(1) Terms which do not involve 2, y,,2,: these terms together evidently 


give 


Ged ee Ca es Ey Uy 2) 
(2) Terms which do not involve 4, 7, 2: these terms give 
ST (tr Yi, A> Dy, YN; £,, £1, N> zy). 
(3) Terms which are linear in %, %1, 4%, di, Wy 41, Hh, Hh, A; when the 
expression Lmf (a, y, 2, £, Y, 4, #, yj, 2) is formed, the summation being taken 
over all the particles of the body, these terms will vanish in consequence of 


the relations 
=max,=0, my, = 0, mz, = 0. 
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We have therefore the equation 
Lf (a, y, 2, &, Y 4, BY, 2) = mf (41, Ih, A, By iy Ay Hr, Hi, 4) 
+f (&, Y, Z, &, Y, 2, £, Y, Z). Xm, 

and consequently the value of the expression m/f, taken with respect to 
any system of coordinate axes, is equal to its value taken with respect to a 
parallel set of axes through the centre of gravity of the body, together with 
the mass of the body multiplied by the value of the function f at the centre 
of gravity, taken with respect to the original system of axes. _ 


From this it immediately follows that the moments and products of inertia 
of a body with respect to any axes are equal to the corresponding moments and 
products of inertia with respect to a set of parallel axes through the centre of 
gravity of the body, together with the corresponding moments and products of 
inertia, with respect to the original axes, of a particle of mass equal to that of 
the body and placed at the centre of gravity. 

As an example of this result, let it be required to determine the moment of inertia 


of a straight uniform rod of mass M and length 7 about a line through one extremity 
perpendicular to the rod. It follows from the last article that the moment of inertia 


2 
about a parallel line through the centre of the rod is +} (5) ; and hence, applying the 


above result, we see that the required moment of inertia is 


1\2 1\2 
a (G) +34"(5) 
or 4 MP. 

60. Connexion between moments of inertia with respect to different sets of 
axes through the same origin. 

The result of the last article enables us to find the moments of inertia of 
a given body with respect to any set of axes, when the moments of inertia are 
already known with respect to a set of axes parallel to these. We shall now 
shew how the moments of inertia of a body with respect to any set of 
rectangular axes can be found when the moments of inertia are known with 
respect to another set of rectangular axes having the same origin. 

Let A, B, C, F, G, H be the moments and products of inertia with respect 
to a set of axes Oxyz, and let Ox'y'z’ be another set of rectangular axes having 
the same origin 0; the direction-cosines of either set of axes with respect to 
the other will be supposed to be given by the scheme 
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If the moments and products of inertia with respect to the axes Ox'y'2' 
are denoted by A’, B’, C’, F’, G’, H’, we have 


A’ = =m(y? +2), where the summation is extended over all the particles of 
the body, 
= 2m {(1,0 + may + nz) + (Le + my + n52)7} 
= 2m {a? (1? + 1,2) + 9? (ms + mz") + 22 (n+ nz) + 2yz (MegNy + MsNs) 

+ 22% (Maly + Ngly) + 2xy (1m. + lyms)} 
= Xm {x? (m2 +2) +? (my? + 12) + 2? (12+ m2) —2mynyz — Wnyl,2e — 2lym,ay} 
= dm {2 (y? + 2) + m2 (27+ x) + ny (a? + y*) — 2mynyyze — An,lza — WZymyxy} 

‘= Al? + Bm? + Cn? - 2Fmn, —2G4n,l, —-2Hlm,, 
and similarly 
B= Al? + Bm? + Cn?2—2F'm.n, — 2Gn,J,— 2H1,m,, 
C’ = Al, + Bm? + Cn; —2F'msn; — 2Gngl,s — 2H lyms. 
We have also 
FE" = Smy'Z 
= Xm (lox + may + N92) (Lye + my + N32) 
=1,1,. 2ma? + mym;. Smy? + ng. Vz? + (mans + MyNy). VMYZ 
+ (Nols + Ngly). Seu + (Lym; + lym,). Samay 
= $1,1,(B+C-—A)+4mm,(C+ A — B)+4nn,(A+B-C) 
+ (Mgns + MmgNg) F + (Nels + glo) G + (Lem; + lym.) H, 
or 
— F’= Al,|, + Baym; + Cnn; — F (mans + mgnz) — & (Lyng + Langs) — H (Lys + Lym), 
and similarly 
— @ = Alsl, + Bmym, + Cran, — F (myn, + Ns) — G (Lins + lyn.) — H (lym, + Lyms), 
—H’= All, + Brym, + Cnn, — F (myn, + myn) — G (lan, + yn.) — H (Lym, + 1m). 
The quantities A’, B’, CO’, F’, G’, H’, are thus determined; these results, 
combined with those of the last article, are sufficient to determine the 
moments and products of inertia of a given body with respect to any set of 
rectangular axes when the moments and products of inertia with respect to 
any other set of rectangular axes are known. 
Example. If the origin of coordinates is at the centre of gravity of the body, prove 


that the moments and products of inertia with respect to three mutually orthogonal 
and intersecting lines whose coordinates are 


(C15 My M15 Aty Pry M1)> (0g, Mg) Mg, Agy a> Y2)s (05, dg, gy Agy fg, V3)> 
are A’ +H (dy? +p,2+y,2) etc. and #”—M (Agh3+ pops +23) ete., 


where 4’, B’, OC’, F’, G’, H’, have the same values as above and J is the mass of the 
body. (Coll. Exam.) 
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61. The principal axes of inertia; Cauchy's momental ellipsoid. 
If now we consider the quadric surface whose equation is 
Ag? + By? + C2 —2Fyz — 2G2zr — 2Hay =1, 


where A, B, C, F, G, H, are the moments and products of inertia of a given 
body with respect to the axes of reference Oxyz, it follows from the equation 


A’'= Al? + Bm? + Cn? — 2Fmn, — 2Gn1, —2H1m, 


that the reciprocal of the square of any radius vector of the quadric is equal 
to the moment of inertia of the body about this radius. The quadric is 
therefore the same whatever be the axes of reference provided the origin is 
unchanged, and consequently its equation referred to any other rectangular 
axes Oa'y'z’ having the same origin is 


A’? + By + C'2 —2F'y'd — 2G’ Za! — 2H’a'y =1; 


where A’, B’, C’, F’, G’, H’ are the moments and products of inertia with 
respect to these axes. ‘ 


This quadric is called the momental ellipsoid of the body at the point 0; 
its principal axes are called the principal axes of inertia of the body at O; the 
equation of the quadric referred to these axes contains no product-terms, and 
therefore the products of inertia with respect to them are zero: and the 
moments of inertia with respect to these axes are called the principal 
moments of inertia of the body at the point O. 


The momental ellipsoid is also called the ellipsoid of inertia; its polar reciprocal with 
regard to its centre is another ellipsoid, which is sometimes called the ellipsoid of gyration. 


Example. The height of a solid homogeneous right circular cone is half the radius 
of its base. Shew that its momental ellipsoid at the vertex is a sphere. 


62. Calculation of the angular momentum of a moving rigid body. 


We shall now shew how the angular momentum of a moving rigid body 
about any line, at any instant of its motion, can be determined. 


Let M be the mass of the body, (#, ¥, Z) the coordinates of its centre of 
gravity G, and (u, v, w) the components of velocity of the point G, at the 
instant ¢, resolved along any (fixed or moving) rectangular axes Oxyz whose 
origin O is fixed; and let (@,, @,, ws) be the components of the angular 
velocity of the body about G, resolved along axes Ga,y,2,, parallel to the axes 
Oxyz and passing through G. Let m denote a typical particle of the body, 
and let (a, y, 2) be its coordinates and (wu, v, w) its components of velocity at 
the instant ¢; and write 


L=L+H,, Y=YtN; Z=Z 


fe 
U=U+ UW, v=v0+, W=W+ Wy, 
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so in virtue of the properties of the centre of gravity we have 
ymax, =0, x<my, = 0, mz, = 0; 
moreover since (§ 17) we have 


Uy = 21M. — Yi@s, VU) = ®%W3— 210}, Wi = Yi@, — Xo, 
it follows that 
=mu, = 0, Xm, = 0, =mw, = 0. 
If h, denotes the angular momentum of the body about the axis Oz, we 
have therefore 
h, = =m (av — yu) 

= 2m {E+a)O+u)— (Yt yi) U+ru)} 

= Lin (KV — Yu) + Ym (av, — Yh) 

= M (0 — Gu) + Xin (aPos — £,2,0, — 12,02 + 9,203) 

= M (@ — yu) — Go, — Fo, + Cos, 
where A, B, C, F, G, H are the moments and products of inertia of the body 
with respect to the axes Ga,y,2,. 


Similarly the angular momenta about the axes Ox and Oy respectively 


are 
h,=M (yw — Z)+ Ao, — Ho, — Gas, 


h, = M (zu — zw) — Hw, + Bo, — Fas. 
The angular momentum about any other line through the origin can be 
found (§ 39) by resolving these angular momenta along the line in question. 


Corollary. If the body is constrained to turn round one of its points, which 
is fixed in space, it is unnecessary to introduce the centre of gravity. For let 
(@,, 2, @;) be the components of the angular velocity of the body about the 
fixed point with respect to any rectangular axes (fixed or moving) which have 
the fixed point as origin, and let A, B, C, F, G, H, denote the moments and 
products of inertia with respect to these axes. The components of velocity 
(u, v, w) with respect to these axes of a particle m whose coordinates are 
(a, y, 2) are (§ 17) 

U = ZW. — Ys, Vv = LW; — 20, W = Yo, — Ls, 
and the angular momentum about the axis of z, which is 2m (xv — yw), can 
therefore be written in the form 
=m (xa; — £20, — y2o, + Yas) 
or ee Co, ae Fo, + Cas. 


Similarly the angular momenta of the body about the axes of # and y 


respectively are 
Ao, ee Ho, ae Cows 


and — Hw, + Bo,— Fo;. 


124 The dynamical specification of bodies [cH. V 


63. Calculation of the kinetic energy of a moving rigid body. 


The kinetic energy of a rigid body which is in motion can be calculated 
in the same way as the angular momenta. If the general theorem obtained 
in § 59 is applied to the case in which the polynomial f (a, y, z, 4, y, 2, #, ¥, 2) 
has the form (4+ 7? + 2%), we immediately.obtain the result that the kinetic 
energy of a moving rigid body of mass M is equal to the kinetic energy of a 
particle of mass M which moves with the centre of gravity of the body, together 
with the kinetic energy of the motion of the body relative to its centre of 
gravity. 

To determine the kinetic energy of the motion of the body relative to its 
centre of gravity G, take any rectangular axes (whose directions may be fixed 
or moving) having their origin at G; let (@:, @:, @;) be the components of 
the angular velocity of the body about G, relative to these axes, and let 
(w, y, Z) denote the coordinates of a typical particle m of the body referred to 
these axes. The components of velocity of the particle parallel to these axes, 
in the motion relative to G, are (§ 17) 


ZW. as Y@3, LW; = 2}, YO, ae LW, 


and therefore the kinetic energy of the motion relative to the centre of 
gravity is 

£m {(Z@, — yas)? + ("ws — 2@,)? + (ya; — Loo)’, 
or 4 (Ao? + Bo,? + Co, — 2Fo,0; — 2Go;0, —2He,0,), 


where A, B, C, F, G, H, are the moments and products of inertia relative to 
the axes. 


This expression may (by use of § 60) be interpreted as half the square of 
the resultant angular velocity of the body in the motion relative to the centre 
of gravity, multiplied by the moment of inertia of the body about the in- 
stantaneous axis of rotation in this motion. 


Corollary. If one of the points of the body is fixed in space, it is not 
necessary to introduce the centre of gravity. For let (@,, @,, @;) denote the 
components of angular velocity of the body about the fixed point O resolved 
along any rectangular axes (fixed or moving) Oxyz which have the point O 
as origin, and let (a, y, z) be the coordinates of a typical particle m of the 
body referred to these axes. The components of velocity of the particle 


are (§ 17) 


ZW. ae Y@3, LO ; <r: 2@), Y@, eam 2Ws, 
and so as before we see that the kinetic energy of the motion is 
4 (Ao? + Bo? + Cos — 2Fa,w; — 2Ga,0, — 2H@,@,.), 


where A, b, C, F, G, H, denote the moments and products of inertia of the 
body with respect to the axes Owyz, 
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From this it follows that if one of the coordinate axes—say the axis of x 
—is the instantaneous axis of rotation of the body, the kinetic energy is 
4Aw,’; and hence, since the directions of the axes can be arbitrarily chosen, 
the kinetic energy of any body moving about one of its points, which is fixed, 
is $J@*, where I is the moment of inertia of the body about the instantaneous 
axis of rotation, and is the angular velocity of the body about this axis. 

_ Example. A lamina can turn freely about a horizontal axis in its own plane, and the 
axis turns about a fixed vertical line, which it intersects. If @ be the azimuth of the 


horizontal axis, and y the inclination of the plane of the lamina to the vertical, shew that 
the kinetic energy is . 2 : sd 

2A (Wy? +h? cos’ 1) +3 Bh? + Anpd cos p, 
where A, B, H are the moments and product of inertia of the lamina about the horizontal 
axis and a perpendicular to it at the point of intersection with the vertical. (Coll. Exam.) 


64. Independence of the motion of the centre of gravity and the motion 
relative to tt. 

The result of the last article shews that the kinetic energy of a moving 
body can be regarded as consisting of two parts, of which one depends on the 
motion of the centre of gravity and the other is the kinetic energy of the 
motion relative to the centre of gravity. We shall now shew that these two 
parts of the motion of the body can be treated quite independently of each 
other. 

Let a rigid body of mass M be in motion under the influence of any 
forces. As coordinates defining its position we can take the three rectangular 
coordinates (a, y, 2) of its centre of gravity G, relative to axes fixed in space, 
and the three Eulerian angles (6, ¢, \) which specify the position, relative 
to axes fixed in direction, of any three orthogonal lines, intersecting in G, 
which are fixed in the body and move with it. The kinetic energy is therefore 


T=3M(#+P+2)4+f(4, 6, ¥; 8, oH), 
where f (6, ¢, , 6, 6, +) denotes the kinetic energy of the motion relative 
to G. 
Let Xba + Voy + Zbz + O60 + OSh + VS 
denote the work done on the body by the external forces in an arbitrary dis- 
placement (82, dy, 5z, 60, 6, dy) of the body. The Lagrangian equations of 


motion are 


i (Q)-B-e 
oie |e =o, 
dt \o¢ Op 

£ (4)-2 = 
dt \ayp) a 
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The first three of these equations shew that the motion of the centre of 
gravity of the body is the same as that of a particle of mass equal to the whole 
mass of the body, under the influence of forces equivalent to the total external 
forces acting on the body, applied to the particle parallel to their actual 
directions ; since the work done on such a particle in an arbitrary displace- 
ment would evidently be Xda + Yoy + Zéz. 


The second three equations shew that the motion of the body about its 
centre of gravity is the same as if the centre of gravity were fixed and the body 
subjected to the action of the same forces; for in the motion relative to the 
centre of gravity, the kinetic energy of the body is f(0, 4, v, 6, d, w), and 
the work done by the forces in an arbitrary displacement is 


O50 + DSh + VS. 
These results are evidently true also for impulsive motion. 


Corollary. Ifa plane rigid body (e.g. a dise of any shape) is in motion in 
its plane, and if (a, y) are the coordinates of its centre of gravity, J/ its mass, 
@ the angle made by a line fixed in the body with a line fixed in the plane, 
Mk? the moment of inertia of the body about its centre of gravity, and if 
(X, Y) are the total components parallel to the axes of the external forces 
acting on the body, and L the moment of the external forces about the centre 
of gravity, then the kinetic energy is 


$M (4? +? + k6*), 
and the work done by the external forces in a displacement (dx, dy, 50) is 
Xba + Vdy + L686, 
and therefore the equations of motion of the body are 
Mi=X, My=Y, MR6=L. 


Example. Obtain one of the equations of motion of a rigid body in two dimensions in 


the form > 
M (pf+h%)=L, 


where M is the mass of the body, f is the acceleration of its centre of gravity, p is the 
perpendicular from the origin upon this vector, J/k? is the moment of inertia about the 


origin, 6 is the angle made by a line fixed in the body with a line fixed in its plane, and Z 
is the moment about the origin of the external forces. (Coll. Exam.) 
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MiscELLANEOUS EXAMPLES, 


1. A homogeneous right circular cone is of mass V; its semi-vertical angle is 8, and 
the length of a slant side is 7. Shew that its moment of inertia about its axis is 


= UM? sin? p, 
and that its moment of inertia about a line through its vertex perpendicular to its axis is 
3M? (1-3 sin? 8), 
and its moment of inertia about a generator is 
2? MP sin? B (cos? B +4). 


2. Shew that the moment of inertia of the area enclosed by the two loops of the 

lemniscate 
72= a? cos 26, 
about the axis of the curve is 
CLEaIEY x mass of area. 
48 

3. Any number of particles are in one plane, if the masses are m,, mp», ..., their 
distances apart d,,, ..., the relative descriptions of area Ayo, ..., and the relative velocities 
Vg, ---3 prove that 


(ZmyMyyq")/Zm, (Im, Myhyo)/Bm, (Em, My0,")/2Bm, 
are respectively the moment of inertia about the centre of inertia, the angular momentum 


about the centre of inertia, and the kinetic energy relative to the centre of inertia. 
(Coll. Exam.) 


4. Prove that the moment of inertia of a hollow cubical box about an axis through 
the centre of gravity of the box and perpendicular to one of the faces is 


2p.a, 
where J/ is the mass of the box and 2a the length of an edge. The sides of the box are 
supposed to be thin. (Coll. Exam.) 


5. Shew that the moment of inertia of an anchor-ring about its axis is 
Qa p?a*e (c? + 3a"), 


where a is the radius of the generating circle, c is the distance of its centre from the axis 
of the anchor-ring, and p is the density. 


6. Shew how to find at what point, if any, a given straight line is a principal axis of a 
body, and if there is such a point find the other two principal axes through it. 


A uniform square lamina is bounded by the axes of # and y and the lines v= 2c, y=2c, 
and a corner is cut off it by the line v/a+y/b=2. Shew that the two principal axes at 
the centre of the square which are in its own plane are inclined to the axis of «# at angles 
given by t 

ab — 2c (a+b) +3c? : 
é =—— ~—__+__—. , Coll. Exam. 
tan 26 (a=B) (a-b — 20) ( ) 

7. Shew that the envelope of lines in the plane of an area about which that area has a 
constant moment of inertia is a set of confocal ellipses and hyperbolas. Hence find the 
direction of the principal axes at any point. (Coll, Exam.) 
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8, Find the principal moments of inertia at the vertex of a parabolic lamina, latus 
rectum 4a, bounded by a line perpendicular to the axis at a distance / from the vertex. 


Prove that, if 154>28a, two principal axes at the point on the parabola whose abscissa 
is -a+(a?- 4ah/5 +3/2/7)2 are the tangent and normal. (Coll. Exam.) 


9. Find how the principal axes of inertia are arranged in a plane body. Write down 
the conditions that particles m; at (2;, y;), Where 7=1, 2, ..., may be equimomental to a 
given plate. Shew that the six quantities m,, mz , %,, 2, Y¥,, Y2 can be eliminated from 
these conditions. 


If three equal particles are equimomental to a given plate, the area of the triangle 


formed by them is 3 /3/2 times the product of the principal radii of gyration at the 
centre of gravity. (Coll. Exam.) 


10. A uniform lamina bounded by the ellipse 6%x?+ay?=a*b? has an elliptic hole 
(semi-axes c, d) in it whose major axis lies in the line z=y, the centre being at a 
distance r from the origin; prove that if one of the principal axes at the point (x, y) 
makes an angle 6 with the axis of wv, then 


Sabay — ed [4 (# /2—r) (y /2—r) —(2—d?)] 
ab [4 (a — y®) +a? — B®] —cd [2 (x /2 —r)?—-2 (y V2—r)?] 
(Coll. Exam.) 


11. Ifa system of bodies or particles is moved or deformed in any way, shew that 
the sum of the products of the mass of each particle into the square of its displacement 
is equal to the product of the mass of the system into the square of the projection in any 
given direction of the displacement of the centre of gravity, together with the sum of the 
products of the masses of the particles into the squares of the distances through which 
they must be moved in order to bring them to their final positions after communicating 
to them a displacement equal to the projection in the given direction of the displacement 
of the centre of gravity. (Fouret.) 


tan 26= 


12. The principal moments of inertia of a body at its centre of gravity are (4, B, C); 
if a small mass, whose moments of inertia referred to these axes are (A’, B’, 0’), be added 
to the body, shew that the moments of inertia of the compound body about its new 
principal axes at its new centre of gravity are 


A+A’, B+B’, C+’, 
accurately to the first order of small quantities. (Hoppe. ) 


13. Shew that the principal axes of a given material system at any point are the 
normals to the three quadrics which pass through the point and belong to a certain 
confocal system. 


If (2, m, n, X, p, v) be the six coordinates of a principal axis and the associated 
Cartesian system be the principal axes at the centre of gravity, then shew that 


AlX\ + Bmp + Cry =0, 


and therefore all principal axes of a given system belong to a quadratic complex. 
(Coll. Exam.) 

14. A smoothly jointed framework is in the form of a parallelogram formed by 
attaching the ends of a pair of rods of mass m and length 2a to those of a pair of rods of 
mass m’ and length 26, Masses M are attached to each of the four corners. Express the 
angular momentum of the system about the origin of coordinates, in terms of the 


coordinates (x, y) of the centre of gravity and the angles 6 and ¢ between the two pairs of 
sides and the axis of w, (Coll. Exam.) 


CHAPTER VI. 
THE SOLUBLE PROBLEMS OF RIGID DYNAMICS. 


65. The motion of systems with one degree of freedom: motion round 
a fixed axis, ete. 


We now proceed to apply the principles which have been developed in 
the foregoing chapters in order to determine the motion of holonomic systems 
of rigid bodies in those cases which admit of solution by quadratures. 


It is natural to consider first those systems which have only one degree of 
freedom. We have seen (§ 42) that such a system is immediately soluble by 
quadratures when it possesses an integral of energy: and this principle is 
sufficient for the integration in most cases, Sometimes, however (e.g. when 
we are dealing with systems in which one of the surfaces or curves of con- 
straint is forced to move in a given manner), the problem as originally formu- 
lated does not possess an integral of energy, but can be reduced (e.g. by the 
theorem of § 29) to another problem for which the integral of energy holds ; 
when this reduction has been performed, the problem can be integrated as 
before. 


The following examples will illustrate the application of these principles. 


(i) Motion of a rigid body round a fixed axis. 

Consider the motion of a single rigid body which is free to turn about an axis, fixed in 
the body and in space. Let Z be the moment of inertia of the body about the axis, so 
that its kinetic energy is 4/62, where @ is the angle made by a moveable plane, passing 
through the axis and fixed in the body, with a plane passing through the axis and 
fixed in space. Let © be the moment round the axis of all the external forces acting on 
the body, so that 686 is the work done by these forces in the infinitesimal displacement 
which changes 6 to 6+66. The Lagrangian equation of motion 


d (: *) oT 
= O, 
dt \0@ 06 

then gives I6=0, 

which is a differential equation of the second order for the determination of 6. 


Wes 
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If the forces are conservative, and V(6) denotes the potential energy, this equation 


becomes 
OV 


as 


which on integration gives the equation of energy 


lé= 


4162+ V (6)=<, where ¢ is a constant. 
Integrating again, we have 


=D fe (e- vVy-# dé +constant, 


and this relation between 6 and ¢ determines the motion, the two constants of integration 
being determined by the initial conditions. 

The most important case is that in which gravity is the only external force, and the 
axis is horizontal. In this case let G be the centre of gravity of the body, C the foot of 
the perpendicular drawn from G to the axis, and let C@=/. The potential energy is 
— Mgh cos 6, where M is the mass of the body and @ is the angle made by C@ with the 
- downward vertical: and the equation of motion is 


6 Lf: sin é=0. 


I 


This is the same as the equation of motion of a simple pendulum of length J/Mh, and 
the motion can therefore be expressed in terms of elliptic functions as in § 44, the solution 


being of the form 
mad) Mgh\+ 
sin 5 =hksn {ep} (t — t), i 


in the oscillatory case, and of the form 


PREG, 1 (Mgh\+ 
sing =sn tk Ga (t—t), i 


in the circulating case. The quantity J/Mh is called the length of the equivalent simple 
pendulum. 


If O be a point on the line CG such that OC=J/Mh, the points O and @ are called 
respectively the centre of oscillation and the centre of suspension. A curious result in this 
connexion is that the centre of oscillation and the centre of suspension are convertible, 
ie. if O is the centre of oscillation when C' is the centre of suspension, then C will be the 
centre of oscillation when O is the centre of suspension. To prove this result, we 
have by § 59 


Moment of inertia of the body about O= Moment of inertia about G+. G02 


=I-M.CG?+M: G02, 
and therefore we have 


Moment of inertia of body about O | [— Mh? + M (1/Mh—-h? 

Distance of centre of gravity from O I/Mh—h 
=Mh+M (L/Mh—h) 
=Jihs 


If therefore the body were suspended from QO, the equation of motion would still be 


Mgh 
I 


which establishes the result. It is evident that the period of an oscillation would be the 
same about either of the points C and 0. 


6+ 


sin 6=0, 
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(ii) Motion of a rod on which an insect is crawling. 


We shall next study the motion of a straight uniform rod, of mass m and length 2a, 
whose extremities can slide on the circumference of a smooth fixed horizontal circle of 
radius ¢; an insect of mass equal to that of the rod is supposed to crawl along the rod 
' at a constant rate v relative to the rod. 


Let 6 be the angle made by the rod at time ¢ with some fixed direction, and let x be 

the distance traversed by the insect from the middle point of the rod. The kinetic 
2). 

energy of the rod is 4m (@ -5) 6?, and the kinetic energy of the insect is due to a 


component of velocity {#—- (2— a2) 6} along the rod and a component of velocity «6 
perpendicular to the rod, so the total kinetic energy of the system is 


T=hm (e- 5) 62 + 4m {a — (2 —a?)86}2 + bmx? ; 
there is no potential energy. 
Since z=vt, (¢ being measured from the epoch when w is zero), we have 
T=4m (c2 — 20/3) 6? +4m {v— (2 — a?)6}2 + dnv?t?S2. 
The coordinate 6, which is now the only coordinate, is ignorable, and we have therefore 


eee constant, 
06 


2a*\ . 7 aI5p : 
or m {ce cae 6—m (c?— a’)? {fv — (ce? — a)? 6} + mvt? = constant, 


or 6 (2c? — $a? + vt?) = constant. 


Integrating this equation, we have 
6-—6,=k tan—! {vt (2c?— 5a), 


where 6, and & are constants. This formula determines the position of the rod at any time. 


(iii) Motion of a cone on a perfectly rough inclined plane. 


Consider now the motion of a homogeneous solid right circular cone, of mass Jf and 
semi-vertical angle 8, which moves on a perfectly rough plane (i.e. a plane on which only 
rolling without sliding can take place) inclined at an angle a to the horizon. Let / be the 
length of a slant side of the cone, and let 6 be the angle between the generator which is in 
contact with the plane at time ¢ and the line of greatest slope downwards in the plane. 
Then if y be the angle made by the axis of the cone with the upward vertical, y is one 
side of a spherical triangle whose vertices represent respectively the normal to the plane, 
the upward vertical, and the axis of the cone; the other two sides are a and ($m —8), the 
angle included by these sides being (r—6). We have therefore 


cos y=Cos asin 8 — sin a cos B cos 6; 
but the vertical height of the centre of gravity of the cone above its vertex is #/ cos 8 cos x, 


and the potential energy of the cone is Mg x this height; if therefore we denote by V the 
potential energy of the cone, we have (disregarding a constant term) 


V= —3Mg/ sin a cos? B cos 8. 
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We have next to calculate the kinetic energy of the cone; for this the moments of 
inertia of the cone about its axis and about a line through the vertex perpendicular to the 
axis are required: these are easily found (by direct integration, regarding the cone as 
composed of discs perpendicular to its axis) to be 74, W/sin?8 and 2M/? (cos? 8+7sin* 8) 
respectively, and so the moment of inertia about a generator is, by the theorem of § 60 
(since the direction-cosines of the generator can be taken to be sin 8, 0, cos 8, with respect 
to rectangular axes at the vertex, of which the axis of z is the axis of the cone), 


2 M1? (cos? B+} sin? 8) sin? 8 + 33, M7? sin? B cos? B, 
or ¢ M1? sin? B (cos? B+4). 
Now all points of that generator which is in contact with the plane are instantaneously 
at rest, since the motion is one of pure rolling, and therefore this generator is the 


instantaneous axis of rotation of the cone. If w denotes the angular velocity of the cone 
about this generator, the kinetic energy of the cone is therefore (§ 63, Corollary) 


3 M/? sin? B (cos? B+ 3) w. 
But ($ 15) we have . 
o=86 cot B, 
and substituting this value for o, we have finally for the kinetic energy 7 of the cone 
the value 
T= M1? cos? B (cos? B +4) 62. 

The Lagrangian equation of motion 

d (=) eh 


dt “06/66 tes 


becomes therefore in this case 
3 M1? cos? B (cos? 8 +4) 6+3 Mg/ sin acos? 8 sin 6=0, 

gsina 
l (cos? B+4) 


This is the same as the equation of motion of a simple pendulum of length 


or 6+ sin 6=0. 


l cosec a (cos? 8 +4); 
the integration can therefore be effected in terms of elliptic functions, as in § 44. 


(iv) Motion of a rod on a rotating frame. 


Consider next the motion of a heavy uniform rod, whose ends are constrained to move 
in horizontal and vertical grooves respectively, when the framework containing the grooves 
is made to rotate with constant angular velocity » about the line of the vertical groove. 


Let 2a be the length of the rod, / its mass, and @ its inclination to the vertical. 
By § 29, the effect of the rotation may be allowed for by adding to the potential energy 
a term 


— Jotp |? sin? 6 dz, 
where p is the density of the rod and x denotes distance measured from the end of the 
rod which is in the vertical groove; integrating, this term can be written 
— 4 Mo*a? sin? 6. 
The term in the potential energy due to gravity is 
— Mga cos 8, 
and the total potential energy V is therefore given by the equation 


V= — Mga cos 0—3Mw*a? sin? 6. 
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The horizontal and vertical components of velocity of the centre of gravity of the rod 
are asin @.6 and acos 6.6, so the part of the kinetic energy due to the motion of the 
centre of gravity is $Ma%6?; and since the moment of inertia of the rod about its centre 
is $a’, the part of the kinetic energy due to the rotation of the rod about its centre 
is }Ma?6?; we have therefore for the total kinetic energy 7’ the equation 


T= 2Mar62. 
The integral of energy is therefore 
3 Ma?62 — Mga cos 6— pMota? sin? 6=constant, 


na-aife-(o- 2) 


where e denotes a constant; this constant must evidently be positive, since 2? and (1—.?) 
are positive. We shall suppose for definiteness that ¢ is not very large and that 3g/4aw? 
is less than unity, so that x oscillates between the values 3g/4aw?+ e/a. 


or, writing cos 6=2, 


To integrate this equation, we write* : 
3g 39 € 
Lisa es uw € pS aS 
auig Es (1 4aw* <) (1 peas) 
ui fe Snes mete. 4 
12° ~ 64a?a? * 12 


where & is a new dependent variable. Substituting this value for x in the differential 
equation, we have 


£2=4 (£-e,) (€ —e) (£ —@s), 
=e, E=¢,, E=6, 


correspond respectively to the values 


where the values 


3g _ie UI ye 
To ew GIL a Nall LE PE Biller 


it is easily seen that e,+e¢,+e, is zero and that e, >¢, > és. 


We have therefore £=(@ (¢+y), where the function @ is formed with the roots ¢,, é, és, 
and where y denotes a constant. Since e,>¢,>e,, and @ (t+y) lies between e, and e, for 
real values of ¢ (since w lies between 3g/4aw?—e/@ and 3g/4aw?+«/o), the imaginary part of 
the constant y must be the half-period ,; the real part of y can then be taken as zero, 
since it depends only on the choice of the origin of time. We have therefore 


f= (t+), 


and hence 


39 So _ the Ci 
this equation determines 6 in terms of ¢. 


(v) Motion of a disc, one of whose points is forced to move in a given manner. 


Consider next the motion of a disc of mass M, resting on a perfectly smooth horizontal 
plane, when one of the points A of the disc is constrained to describe a circle of radius ¢ 
in the horizontal plane, with uniform angular velocity o. 


* Cf. Whittaker, 4 Course of Modern Analysis, § 185. 
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Let G be the centre of gravity of the disc, and let A@ be of length a. The acceleration 
of the point A is of magnitude cw, and is directed along the inward normal to the circle: 
if therefore we impress an acceleration cw?, directed along the outward normal to the 
circle, on all the particles of the body and suppose that A is at rest, we shall obtain the 
motion relative to A. The resultant force acting on the body in this motion relative to A 
is therefore Mcw®, acting at G in a direction parallel to the outward normal to the circle. 

Let 6 and ¢ be the angles made with a fixed direction in the plane by the line A@ and 
the outward normal to the circle respectively ; then the work done. by this force in a small 
displacement 66 is 

Mew*a sin (p — 6) 88, 
and the kinetic energy of the body is $Mé26, where MZ? is the moment of inertia of the 
body about the point A. The Lagrangian equation of motion is therefore 


M6 = Mace? sin (p— 8). 
But since =o, we have 6=0; so if y be written for (@— ), we have 
. 2 
ot FF sin y=0. 
This is the same as the equation of motion of a simple pendulum of length #g/ace?; 
the integration can therefore be performed by means of elliptic functions as in § 44 


(vi) Motion of a dise rolling on a constrained dise and linked to tt. 


Consider the motion of two equal circular discs, of radius a and mass W, with edges 
perfectly rough, which are kept in contact in a vertical plane by means of a link (in the 
form of a uniform bar of mass m) which joins their centres: the centre of one disc is fixed, 
and this disc A is constrained to rotate with uniform angular acceleration a; it is required 
to determine the motion of the other disc B and the link. 

Let $ be the angle which the link makes with the downward vertical at time ¢, and 
let 6 be the angle turned through at time ¢ by the disc A. The angular velocity of disc A 
is 6, and the velocities of the points of the discs which are instantaneously in contact are 
therefore each a6. Since the velocity of the centre of the dise B is 2a¢, it follows that the 
angular velocity of the disc B about its centre is 26-6. Since the moment of inertia of 
each disc about its centre is 4 M/a?, the kinetic energy of the system is 


1 ae . 1 a2 ° Na Pes 4q2 <6 
T=3M.> O+3M. = (2-6) +3 M. (2a)? G+ hm. > oon 

and 6=at+e, where ¢ is a constant. 

The potential energy of the system is 

V=—(2M+m) ag cos d, 

and the Lagrangian equation of motion is 
d =) er OV 
di ne ap ~ Og" 


6M+4m) af — Mab} = — (2M+m) ag sin ¢. 


d 
& ai 
Since =a, this equation gives 

(6M +-4m) a*h — Ma®a+ (2M +m) ag sin p=0. 


Integrating, we have 


(83M+3m) ag? — Matah — (2M+m) ag cos =e, 
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where ¢ is a constant depending on the initial conditions: and as the variables ¢ and ¢ are 


separable, this equation can again be integrated by a quadrature: this final integral 
determines the motion. ; 


Example. If the system is initially at rest with the bar vertically downwards, shew 
that the bar will reach the horizontal position if 


4g 
aaah d (+i): 


66. The motion of systems with two degrees of freedom. 


In the dynamics of rigid bodies, as in the dynamics of a particle, the 
possibility of solving by quadratures a problem with two degrees of freedom 
generally depends on the presence of an ignorable coordinate. The integral 
corresponding to the ignorable coordinate can often be interpreted physically 
as an integral of momentum or angular momentum. The formation and 
solution of the differential equations is effected by application of the 
principles developed in the preceding chapters: this will be shewn by the 
following illustrative examples. 


(1) Rod passing through ring. 


Consider, as a first example, the motion of a uniform straight rod which passes through 
a small fixed ring on a horizontal plane, being able to slide through the ring or turn in any 
way about it in the plane. 


Let the distance from the ring to the middle point of the rod at time ¢ be 7, and let the 
rod make an angle @ with a fixed line in the plane; let 2/7 be the length of the rod, and 
its mass. 


The moment of inertia of the rod about its middle point is 44/72, and the kinetic energy 
is therefore 
T=3M (72 +1762 44026") ; 
there is no potential energy. 


The coordinate 6 is ignorable, and the corresponding integral is 
ee constant, 
06 


or (7? + 4/2) 6=constant. 
The integral of energy is 
Fb 7262 4 47262 = constant. 


Dividing the second of these integrals by the square of the first, we have 


ah 

dé 1 
ee where c is a constant 
PoP Pate ° ’ 
or 6+ constant = | {(r2 441?) (cr? +4el?—1)}~ bdr. 


Writing cr?=s, this becomes 


6+constant = Jess (s+4el?) (s+4el— 1)}74ds. 
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If therefore @ denotes the Weierstrassian elliptic function with the roots 
=} (-14+49cP), —=4(2—$el”), e=4(-1-}el), 
which satisfy the relation e,>¢,>¢, if S is sufficiently great initially, we have 


s=@(0—0,)—e¢,, where 6, is a constant of integration ; 
since s is positive, we have @(6-—6))>e, for real values of 6, and consequently the 
constant 6, is real. 
The solution of the problem is therefore contained in the equation 
| r= (8-6) +4 — Fel? 
(ii) One cylinder rolling on another under gravity. 


Let it now be required to determine the motion of a perfectly rough heavy solid 
homogeneous cylinder of mass m and radius 7, which rolls inside a hollow cylinder of mass 
M and radius R, which in turn is free to turn about its axis (supposed horizontal). 


Let @ denote the angle which the plane through the axes of the cylinders at time ¢ 
makes with the downward vertical, and let @ be the angle through which the cylinder of 
mass UY has turned since some fixed epoch. The angular velocities of the cylinders about 
their axes are easily seen to be 6 and {(R—r) f— R6}/r respectively ; and the moments of 
inertia of the cylinders about their axes are MR? and 4mr* respectively; so the kinetic 
energy 7’ of the system is given by the equation 


R 


ry Sip 9 -\2 E 
Tb U6 +f nr*( t¢-= é) +3m(R—-r)? $*, 


Ug 


while the potential energy is given by the equation 
V=—mg(R-1r) cos p. 


The coordinate @ is clearly ignorable; the integral corresponding to it is 


eu = constant, 
06 


or MR —4mR {(R—r) 6 — RO} =k, where & is a constant. 
The integral of energy is 
T+ V=h, where / is a constant, 
or 4 URE? + 4m (Rr) p — RO} + 4m (R—r)*?— mg (R-1r) cos p=h. 


Eliminating 6 between the two integrals, we obtain the equation 


m (3M +m) (R-r)26?—mg (R- r) cos ae. i 


2 (2M +m) (2M +m) R?° 
This is the same as the equation of energy of a simple pendulum of length 
3M+m 
ovine 5 


the solution can be effected by means of elliptic functions as in § 44. 


(iii) Rod moving in a free circular frame. 


We shall next consider the motion of a rod, whose ends can slide freely on a smooth 
vertical circular ring, the ring being free to turn about its vertical diameter, which is fixed. 


ih -—_——_ 
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Let m be the mass of the rod and 2a its length; let Jf be the mass of the ring and 7 
its radius: let 6 be the inclination of the rod to the horizontal, and @ the azimuth of the 
ring referred to some fixed vertical plane, at any time ¢. 


The moment of inertia of the rod about an axis through the centre of the ring 
perpendicular to its plane is m (r?— a2), and the moment of inertia of the rod about the 


vertical diameter of the ring is m {(r?— a?) sin?6+4}a? cos?6}. The kinetic energy of the 
system is therefore 


T=} (r?— 3a?) +4 Mr?d? +4 md? (7? sin? 6 — a? sin? 6+ 4a? cos? 6). 
The potential energy is 
V = —g (r? — a2)? cos 6. 


The coordinate ¢ is evidently ignorable; the corresponding integral is 


Li constant, 


op 
or 3 Mr + md (7? sin? 6 — a? sin? 6+}? cos? 6) =k, 


where & is a constant. Substituting the value of @ found from this equation in the 
integral of energy 
T+V=h, 
we have 
2 
+m (r? sin? 6 — a? sin? 6+ 4a? cos? 6)” 


$m (r2— 3.) PB=h+ mg (1? — a2)? cos 5-3 A 


In this equation the variables 6 and ¢ are separable; a further integration will 
therefore give @ in terms of ¢, and so furnish the solution of the problem. 


(iv) Hoop and ring. 


We shall next discuss the motion of a system consisting of a uniform smooth circular 
hoop of radius a, which lies in a smooth horizontal plane, and is so constrained that it can 
only move by rolling on a fixed straight line in that plane, while a small ring whose mass 
is 1/A that of the hoop slides on it. The hoop is initially at rest, and the ring is projected 
from the point furthest from the fixed line with velocity v. 


Let ¢ denote the angle turned through by the hoop after a time ¢ from the commence- 
ment of the motion, and suppose that the diameter of the hoop which passes through the 
ring has then turned through an angle y. Taking the ring to be of unit mass, so that the 
mass of the hoop is A, the moment of inertia of the hoop about its centre is \a’, and this 
centre moves with velocity af, while the velocity of the ring is compounded of components 
ad and ay, whose directions are inclined to each other at an angle y. The kinetic energy 
of the system is therefore 


T= brarg?+ trap? +4 (2g? + ary? + 2a%pyp cos y) 
=} (2441) a*f?+4 ay? + apy cos , 
and the potential energy is zero. 


The coordinate ¢ is evidently ignorable, and the corresponding integral is 


: ile constant, 


or (2X +1) ap + ay cos y=the initial value of this expression 


= av. 
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Integrating this equation, we have 


(2X+1) @+sin p— “=the initial value of this expression : 
= Pag 
: in 
oe Pra ere Th 


This equation determines ¢ in terms of y. 


The equation of energy is 
7=its initial value=}, 


and substituting for ¢ its value (v/ja—cos p. ¥)/(2X+1) in this equation, we have 
a? (2 +sin? y) y?=2rv, 


so 2d+sin2 yp) d 
arr yi dy. 
Writing sin y=, this becomes 
a 
a 
t= —— 2r+.22)8 (1 — 22) 4 dex. 
v 2X i i y 


In order to evaluate this integral, we introduce an auxiliary variable u, defined by the 
equation 


u= "arse ta- —22)4 dy, 


Write v?=2)/€, There. € is a new variable; the last integral becomes 


w= | (48 (E41) €-20)77 ag 
which is equivalent to 
E=@ (u)—3 (1-2), 
where the function @ (w) is formed with the roots 
€=3 (144A), e=3(1-2A), e=—3(1+A); 


these roots are real and satisfy the inequality e, >e, >e,, so @(w) is real and greater than 
e, for real values of w. 


Now we have = (2A +27 1-2 2) da, 
V2Xr vat 2) 
or wd BX See | OE 
ae 10 ra 
Integrating, we have 
9! 
La) U+¢(u)+ e'(™) 


: 1 OW) - §(1— 2a)? 
where ¢(w) denotes the Weierstrassian Zeta-function. 


Thus finally the coordinate y and the time t are expressed in terms of an auiliary 
variable wu by the equations 


2r 
nr TOL 


V2 vt 
a 


=2)’ 


at 2) 
=} (L+4n)u+o(u) +8 6 aya (maa): 


—— 
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67. Initial motions. 


We have already explained in § 32 the general principles used in finding 
the initial character of the motion of a system which starts from rest at 
a given time. The following examples will serve to illustrate the procedure 
for systems of rigid bodies. 

(i) A particle hangs by a string of length b from a point in the circumference of a disc 
of twice its mass and of radius a. The disc can turn about its axis, which is horizontal, and 


the diameter through the point of attachment of the string is initially horizontal. To find the 
initial path of the particle. 


Let @ denote the angle through which the disc has turned, and ¢ the inclination of the 
string to the vertical, at time ¢ from the beginning of the motion: let m be the mass of the 
particle. The horizontal and (downward) vertical Goordmates of the particle with respect 
to the centre of the disc are 


acos6+bsing@ and asin 6+bcosq, 
so the square of the particle’s velocity is 
a6? + bd? — 2ab sin (6+) 64, 
and the kinetic energy of the system is 
T =ma?6? +4.mb*4? — mad sin (6+) 64, 


while the potential energy is _ 
V=—mg (asin 6+0 cos ¢). 


The Lagrangian equations of motion are 


aoe on ae 
dt \06 06 00° 


ag Md Saat a ea CA 
dt & i ee 
2a6 — ab cos (0+) ¢?—ga cos 6—ab sin (0+) p=0, 
bh — ab cos (6+ ¢) 62 +gb sin p —ad sin (06+) 6=0. 
Initially the quantities 6, , 6, , are all zero: these equations therefore give initially 


6=g/2a and ¢=0, so the expansion of 6 begins with a term g??/4a and that of @ with a 
term higher than the square of ¢. Assuming 


gy? 
6=2—+A+ B+ ..., 
4a 
p=Cb+ Di + Le + Fo+ 
substituting in the above differential equations, and equating powers of ¢, we can evaluate 
the coefficients A, B, C,...; we thus find 
9" 10.4 
g= Tet rte 
ee aed 1 
P= 390b — 1920002 * 
Now if # and y are the coordinates of the particle referred to horizontal and (downward) 


vertical axes through its initial position, we have 


“=a(1—cos 6)—bsin p=sa0?—bp= 


on b? approximately, 
20aD 


e? 5 
and y=asin 6+b (cos —1)=a8 =o , Approximately. 
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Eliminating ¢ between these equations, we have 
oP =30abs, 
and this is the required approximate equation of the path of the particle in the 
neighbourhood of its initial position. 

(ii) A ring of mass m can slide freely on a uniform rod of mass M and length 2a, which 
can turn about one end. Initially the rod is horizontal, with the ring at a distance ry from 
the fixed end. To find the initial curvature of the path of the ring in space. 

Let (7, 6) denote the polar coordinates of the ring at time ¢, referred to the fixed end of 
the rod and a horizontal initial line, @ being measured downwards from the initial line. 
For the kinetic and potential energies we have 


; ; 4g? 
T=hm (i? +776?) +3M. 3 &, 


_ V=-mrg sin 6— Mag sin 6. 


The Lagrangian equations of motion are 


d (; oT OV 


at\or) Or or? 
d (0 ar av 


ding) 00 = eee 
*—76?—g sin 6=0, 
*y a Les. cos 6 — mgr cos 6=0. 
Since 7, 6, and 6 are initially zero, we can assume expansions of the form 
r=PTy tag? +a,8+a,ttt+... 
eee ; 


substituting these expansions in the differential equations, and equating coefficients of 


powers of ¢, we find 
Qg=0, A3=0, M=Pyb:(g+4by79), 


39 (Ma+mry) 
~ 2 (4Ma? +3mr,?)° 

The coordinates of the particle, referred to horizontal and vertical axes at its initial 
position, are 


bs 


v=rcosé—7r) and y=rsin 6, 
or approximately B= (Ay —$1 bq) A, y= bgt*. 
The curvature of the path is given by the equation 


1 2% 2m _ 


ay TS ar 
Pp yr ber? 9 


and on substituting the above values of b, and a,, we have 


1_ Ma(4a—3r9) 
p92 (Ma+mr)’ 
This is the required initial curvature of the path of the ring. 


Example. Two uniform rods 4B, BC, of masses m, and my, and lengths a and } 
respectively, are freely hinged at B, and can turn round the point A, which is fixed. 
Initially, AB is horizontal and BO vertical. Shew that, if C be released, the equation of 
the initial path of the point of trisection of BC nearer to C can be put in the form 

a =60 (1+2mo/m,) abs. 
(Camb. Math. Tripos, Part I, 1896.) 


i Oe 


67, 68] The Soluble Problems of Rigid Dynamics 141 


68. Lhe motion of systems with three degrees of freedom. 


The possibility of solving by quadratures the motion of a system of rigid 
bodies which has three degrees of freedom depends generally (as in the case 
of systems with two degrees of freedom) either on the occurrence of ignorable 
coordinates, giving rise to integrals of momentum and angular momentum, or 
on a break-up of the kinetic potential into a sum of parts which depend on 
the coordinates separately. ‘The following examples illustrate the procedure. 


(i) Motion of a rod in a given field of force. 


Consider the motion of a uniform rod, of mass m and length 2a, which is free to move 
on a smooth table, when each element of the rod is attracted to a fixed line of the table 
with a force proportional to its mass and its distance from the line. 


Let (a, y) be the coordinates of the middle point-of the rod, and @ its inclination to the 
fixed line. The kinetic energy is 


=jm(P+P +40"), 
and the potential energy is 
, ‘a 
vat ; (y+r sin 6)? dr, where p is a constant, 
—a 
or V=pm ($47 +407 sin? 6). 


The Lagrangian equations of motion are therefore 
B=) 


Y=— wy, 
(26) + sin 26=0. 
The first two equations give 
v=ct+d, 


y=f sin (p*t+e), 
where ¢, d, f, «, are constants of integration; the centre of the rod therefore describes a 


sine curve in the plane. The equation for @ is of the pendulum type, and can be 
integrated as in § 44. 


(ii) Motion of a rod and cylinder on a plane. 


We shall next discuss the motion of a system consisting of a smooth solid homogeneous 
circular cylinder, of mass M and radius c, which is moveable on a smooth horizontal plane, 
and a heavy straight rail of mass m and length 2a, placed with its length in contact with 
the cylinder, in a vertical plane perpendicular to the axis of the cylinder and passing 
through the centre of gravity of the cylinder, and with one extremity on the plane, 


Let 6 be the inclination of the rail to the vertical, and w the distance traversed on the 
plane by the line of contact of the cylinder and plane, at any time ¢. The coordinates of 
the centre of the rod referred to horizontal and vertical axes, the origin being the initial 
point of contact of the cylinder and plane, are easily seen to be 


xz—c cot G — 5) +a sin 6 and acosé. 


Let ¢ be the angle through which the cylinder has turned at time ¢ The kinetic 
energy of the system is 


: \ ; le 2 ai i: “2 Fords? 
T=1 mare? +4m fembe cosec? ¢ ss 3) .6+a C08 9.6} +4ma? sin? 6. 0?+$Ma? + 4Mc2p’. 
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The potential energy is given by the equation 


V=mqa cos 6. 


The coordinates w and ¢ are evidently ignorable ; the corresponding integrals are 


a constant 
0% 


(which may be interpreted as the integral of momentum of the system parallel to the axis 
of w) and 
a= constant 


(which may be interpreted as the integral of angular momentum of the cylinder about its 
axis). These integrals can be written 


m {é — $c cosec? (= - 7) 64a cos 6. 6} + Mé=constant, 
4M =constant. 


Substituting for @ and ¢ the values obtained from these equations in the integral of 


energy 
T+ V=constant, 


we have the equation 


: : M wr 6 
2 | 2 2 2 , 2 - 
6 4a +a* sin 6 + M fa cos 6 € COosec ( 5) =d 29a cos 6, 


where d is a constant. This equation is again integrable, since the variables ¢ and @ are 
separable; in its integrated form it gives the expression of @ in terms of ¢: the two 
integrals found above then give w and @ in terms of f. 


69. Motion of a body about a fixed point under no forces. 


One of the most important problems in the dynamics of systems with 
three degrees of freedom is that of determining the motion of a rigid body, 
one of whose points (Q is fixed, when no external forces are supposed to act. 
This problem is realised (§ 64) in the motion of a rigid body relative to its 
centre of gravity, under the action of any forces whose resultant passes 
through the centre of gravity. x 


In this system the angular momentum of the body about every line which 
passes through the fixed point and is fixed in space is constant (§ 40), and 
consequently the line through the fixed point for which this angular momen- 
tum has its greatest value is fixed in space. Let this line, which is called the 
invariable line, be taken as axis OZ, and let OX and OY be two other axes 
through the fixed point which are perpendicular to OZ and to each other. 
The angular momenta about the axes OX and OY are zero, for if this were 
not the case the resultant of the angular momenta about OX, OY, OZ, would 
give a line about which the angular momentum would be greater than the 
angular momentum about OZ, which is contrary to hypothesis. It follows 
(§ 39) that the angular momentum about any line through O making an 
angle @ with OZ is d cos @, where d denotes the angular momentum about OZ. 
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The position of the body at any time ¢ is sufficiently specified by the 
knowledge of the positions at that time of its three principal axes of inertia 
at the fixed point: let these lines be taken as moving axes Owyz; let (0, $, W) 
denote the three Eulerian angles which specify the position of the axes Oxyz 
with reference to the axes OX YZ, let (A, B, C) be the principal moments of 
inertia of the body at O, supposed arranged in descending order of magnitude, 
and let (@,, #2, @;) be the three components of angular velocity of the system 
about the axes Ox, Oy, Oz, respectively, so that (§§ 10, 62) 


Aw, =—dsin 6 cos yp, 
Bo,= dsin @sin yp, 


‘ Cog= dcos.6, 
or (§ 16) 
é sinyr— § sin Ocos y= — 4 sin 0 cos , 
: eye ne : 
Ocosw+¢ sin @sin p= p sin 6 sin y, 
Sere. d 
w+ dcosd= G1 008 4. 


These are really three integrals of the differential equations of motion of 
the system (only one arbitrary constant however occurs, namely d, our special 
set of axes being such as to make the other two constants of integration 
zero); we can therefore take these instead of the usual Lagrangian differ- 
ential equations of motion in order to determine 0, ¢, . 


Solving for 6, d, vr, we have 


(A—B)d 


§ = ~—__ “1p = sin cos sin Wy, 


@ =“ cost ap + Sin’ y, 


v= (- Z cos? bags oa +) cos 0. 
The integral of energy (which is a consequence of these three equations) 
can be written down at once by use of § 63; it is 
Aw + Bo? + Co? =c, 


where c is a constant: replacing , @., ; by their values in terms of @ and y, 
this equation can be written in either of the forms 


Ao be. Beals. 
aR 8 sin? @ cos? yw = — Ba? a BG cos? 0, 
a, Ode a wr ar A Ac-@ A-@ 

or 4B Sin O sin? y= are ae cos? @. 
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Since A > B > C, the quantity (cA —d?) or B(A — B) ow? + C(A — C) 7 is 
positive, and (cC—d?) is negative: the quantity (Be —d?) may be either 
positive or negative: for definiteness we shall suppose it to be positive. 

The first of the three differential equations can, by use of the last equa- 
tions, be written 


Bon G Bul, ol Ac—-@ A-C 
Ba ee Ad ~ AO 

This equation shews that cos @ is a Jacobian elliptic function of a linear 
function of t; and the two preceding equations shew that sin @cosy and 
sin @sin w are the other two Jacobian functions. 


d 5 
G; (cos @) == a. | cos al 


We therefore write 
sin 8 cos = Pcnu, sin@sinyy=Qsnu, . cos@=Rdnu, 
where P, Q, R, are constants and w is a linear function of t, say At+.e; the 


quantities P, Q, R, A, and the modulus & of the elliptic functions, are then to 
be chosen so as to make the above equations coincide with the equations* 


k? cn? u = — k’? + dn? u, 


ksntu= 1—dn? wu, 
| 
[f dnu=—Isn x cn u. 
The comparison gives 
A (d—cC) B (d?—cC) C (cA —d?) 
P= yoke ose aa eke ale ge i 
d?(A —C) Q d?(B-C)’ ie d?(A —C)’ 
yp _ (4 Be — cf) 42 _ (B= 0) (cA — 2?) 
(B—C)(Ac — d?)’ ABC cs 


Thus finally the values of the Eulerian angles @ and w at time ¢ are given 
by the equations 
(vey evgsc ea 
sin # sin = Qsn (At + €), 
| cos 0= Rdn(At +e), 


where the constants P, Q, R, X, k, have the above values, and ¢ is an arbitrary 
constant. The equation for k* shews that / is real, and the equation 


1-p-4=- 0) Be-@) 
(B — C) (Ac — d?) 
shews that 1—k? is positive, i.e. that <1. The quantities P, Q, R, X, are 
also evidently real from the above definitions. 


* Whittaker, 4 Course of Modern Analysis, §§ 190, 191. 
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When d?=cB, we have #?=1, and the elliptic functions degenerate into hyperbolic 
functions; this is illustrated by the following examples. 


Example 1. A rigid body is moving about a fixed point under no forces: shew that if 
(in the notation used above) d?= Be, and if w, is zero when t ts zero, w, and ws being initially 
positive, then the direction-cosines of the B-axis at time t, referred to the initial directions of 
the principal axes, are 


atanh y—ysinpsech x, cospsechy, ytanh y+asin psech y, 
Rd ea fae ero _fA(B-O))t + (C(A-B)t 
ZB? 3X B AC Pe NB(AS OR %- (B(A—O) 
(Camb. Math. Tripos, Part I, 1899.) 


To obtain this result, we observe that when Bc=d?, the differential equation for the 
coordinate 6 becomes 


d eB Gt [dee dt 2 AS Cyt 
qcee) =a (“Fey ) (aar oe a 


where 


the integral of which is 
cos 6=¥ sech x, 


where y and y are the quantities above defined. The equation 


A-B Ac—d*? A-C@ 
Car Gey |) ask EO EES Coma 
AB sin? 6 sin? y= Aa? AG 


cos? 6 
then gives 


sin 6 sin y=tanh y, 
and the equation 


; a ad. 
CO? ee 
o=F cos* y+ Ren a 
gives 
sin (P—p)=—ysiny. 
These equations shew that the direction-cosines of the B-axis referred to the axes 
OX YZ, which (§ 10) are 
—cos Pcos@siny—singcosy, —singdcosésiny+cosPcosy, sin sin y, 
can be written 
—sinpsech xy, cospsech yx, tanh x. 
But if 19) @g9, 39, denote the initial directions of the principal axes, since 
A%@,?+ C%e,.2=d?= Be=B (Aw,?+ Ca,”), 
so that Ao,=ad and Co,=~d, we see that the direction-cosines of 19, @29, @39, referred to 
OX YZ, are given by the scheme 


xX xy Z 
10 Uy 0 c 
Mea) 1 0 
3) | —@ 0 tf 


and hence the direction-cosines of the B-axis, referred to @19, 99; @39) are 
—ysinpsech y+atanh x, cospsechx, asinpsech x+y tanh x. 


Wires 10 
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Example 2. When d?=cB, shew that the axis Oy describes, on a sphere with the 
fixed point as centre, a rhumb line with respect to the meridians passing through the 
invariable line. ; (Coll. Exam.) 


We now require the expression of the third Eulerian angle ¢ in terms of 
the time: for this and many other purposes the above expressions for @ and 
a in terms of Jacobian elliptic functions can advantageously be replaced by 
expressions in terms of the Weierstrassian functions. It is known* that 


2 2 Crs 
sn? {(¢, — @)* 2} ~o()—4’ 

2 _@()-4 
PET ep Ne a4 

2 _O()-& 
dn CO ete a,” 


where the Jacobian functions are formed with the modulus k=(e,— e;)3(e,—e;)-?, 
and the Weierstrassian function is formed with the roots @,, @, e,. Let us 
therefore determine quantities ¢,, @, é;, from the equations 

€, + G+ &, = 0, @ — 6 =X, pens ey 
& — @3 
these equations give 


» - B= O)(cA ~ a) — (C= A) (cB-@) 


3A BC ; 
_(C— A) (cB — da?) — (A — B)(cC — d*) 
oe 34BC 
_ (4.—B) (eC — a) —(B— C) (cA —d?) 
faa 34BC ' 
The preceding equations shew that (e,—e;) and (e,—e,) are positive ; 
while the equation 
_(A-0)(Bo— a?) 
ES eh ees re 


shews that e,—e, is also positive: the three real quantities e,, e, e;, therefore 
satisfy the inequality e,; > @. > es. 
With these values of e, @, es, and choosing the origin of time so as to 
omit the constant additive to t, we have therefore 
A (d'—cC) g (i) —& 
d? (A = C) a (t) on es ‘ 
B(d?— eC) es 
d(B—C) p(t)—e,’ 
C (cA —d*) @(t)—e, 
cos?@ = aN aot p(t) =e 
d?(A —C) g(t) es 
* Whittaker, 4 Course of Modern Analysis, § 202. 


sin?@ cos’ = 


sin?@ sin?4p = 
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These equations can be expressed in a more symmetrical form by intro- 
ducing a new constant. We have (from the definitions of e,, é, és) 


, A=O)CA-d)_, (A-B)(A-C)@_ (A -B)(CA-at). 
: AO iss) A°BC Ze oa A°B 


let 1 be a new constant such that each of these expressions is equal to g(t); 
then it is readily seen that the above equations take the form 


{@ (2) — es} {@ (t) —e}’ 
in? sin?p = 602 — 2) 10 O — 4} 
Faeions {9 (1) — es} {9 () — e9} ” 
{@ (1) — es} {@ (t) — e} 
{@ (2) — es} {@ (t)—es} ° 


These are the final expressions for the Eulerian angles 6 and yy in terms 
of ¢ and the constants @, é, é;,/. It follows from the last equation that J is 
the value of ¢ corresponding to the zero value of 6; but this cannot be 
regarded as a physical interpretation, for 0 never attains this value in the 
actual motion, and / is imaginary. 


sin?@ cos*ap = (és: — @) {9 (t)- a} 


cos?@ = 


The third Eulerian angle ¢ can now be found. The differential equation 
for ¢ is 


re ia 
estar cos vt psn yp. 
But from the above equations, we have 


cos*ap = 120E sin? = Pio 


e(t)—@(l)’ ~~ 9@)—-e(’ 
s ;_ ad (A-B)d{o())—a} 
and therefore b= = iphe eure 
But we have — (4 ae dP _{e ae © — es} 


and we can therefore write the equation for ¢ in the form 
fare 10) 
_A 2pH)-e(l) 
Expressing the fraction on the right-hand side of this equation as a sum 
of €-functions*, we have 


o=5+5 {E(t —1L) —E(t +1) + 26 (Ih. 


* Whittaker, A Course of Modern Analysis, § 211. 
10—2 
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Integrating this equation, we have 
(r-¥O}te 41) 
a(t—l)’ 


where d, is a constant of integration. This equation expresses ¢ in terms 
of ¢: the three Eulerian angles (0, ¢, y) are thus now ae determined as 
functions of the time. 


eilb—do) = @ 


Example 1. Obtain é™, cos $6, sin $6, in terms of sigma-functions ; and hence express 
the Klein’s parameters (a, 8, y, 6) of § 12 in terms of ¢. 


Example 2. A uniform circular disc has its centre O fixed, and moves under the 
action of no external forces. The disc is given initial angular velocities © about a diameter 
coinciding with Qé in space, and about its axis coinciding with O¢ in space. Shew that 
at any subsequent time 


=2 sin-1/ —° ; Sin 0?+44n?)} |, 
x (4 4nm (( 38 
MES (g974 [—* tan {(0244n?)}, 4], 
(0?+4n 2h 
where x is the angle between O¢ and the axis of the disc Oz and @ is the angle between the 
planes (0& and ¢0z. (Coll, Exam.) 


For let OZ denote as usual the invariable line, and consider the spherical triangle Zz, 
whose vertices are the intersections of the lines OZ, %, Oz respectively with a sphere of 


centre 0. In this spherical triangle we have Zz=6, (Zz=$. Moreover we have for the 


disc C=2B=24, so 
d? = A?0? + Cn? = A? (0? + 4n?) 


d 
Gy 2)h, 
and qm (a? + An?) 
The equations of motion for 6 and ¢ therefore become 
6=0, f=d/A =(0?+4n2)}, 
so 6=Z¢(=cos—! — an p=(2244n*)} t. 


(Q?4-4n? 24 ‘ 


In the spherical triangle Z¢z, we have therefore 


- 2Qn A 2 ot pr 
Z(=Zz=cos~1——_,,__ (Zz=(07+4n?)"t, Zt&z=o, (2=y, 
(0? 44n2)3 
and hence sin us =sin Z( sind(Zz= meee an {(Q?+ 4n2)* 30 
2 (Q?+4n2)} 
Qn } 
and cot o=cos Z¢ tan $(Zz= ( 24 4nd} tan {(Q?-+ 4n?)?. $2}, 
0° +4 


which are the required equations. 


70. Poinsot’s kinematical representation of the motion; the polhode and 
herpothode. 


An elegant method of representing kinematically the motion of a body 
about a fixed point under no forces is the following, which is due to Poinsot. 
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The equation of the momental ellipsoid of the body at the fixed point, 

referred to the moving axes Owyz, is 
Ax’ + By? +C2=1. 

Consider the tangent-plane to the ellipsoid which is perpendicular to the 
invariable line. If p denotes the perpendicular on this tangent-plane from 
the origin, we have (since the direction-cosines of p are Aw,/d, Bw,/d, Ow,/d) 
_ Aw?+ Bo? + Co;? 
~ Ato? + Bo? + 08,2 


2 


aoe which is constant. 

Since the perpendicular on the plane is constant in magnitude and 
direction, the plane is fixed in space: so the momental ellipsoid always 
touches a fixed plane. 


Moreover, if (a’, 7’, 2’) are the coordinates of the point of contact of the 

ellipsoid and the plane, we have on identifying the equations 
Aan’ + Byy'+Czz’=1 and Aw,2+ Bary + Coz = pd 

[pe al Mesaioe tl aeice thy Img heaten Sake ® 

pad eo’ J pd fo’ pad ve’ 
and hence the radius vector to the point (w’, y’, 2’) is the instantaneous axis 
of rotation of the body. It follows that the body moves as if it were rigidly 
connected to its momental ellipsoid, and the latter body were to roll about the 
fixed point on a fixed plane perpendicular to the invariable line, without 
sliding ; the angular velocity being proportional to the radius to the point of 
contact, so that the component of angular velocity about the invariable line is 
constant. 


the values By 


Example 1. If a body which is moveable about a fixed point is initially at rest and 
then is acted on continually by a couple of constant magnitude and orientation, shew that 
Poinsot’s construction still holds good, but that the component angular velocity about the 
invariable line is no longer constant but varies directly as the time. (Coll. Exam.) 


For in any interval of time d¢ the addition of angular momentum to the body is Vat 
about the fixed axis OZ of the couple; so that the resultant angular momentum of the 
system at time ¢ is Vt about OZ. Now the components of angular momentum about the 
principal axes of inertia Oxyz are Aw,, Bo,, Co,, where A, B, CO are the principal moments 
of inertia and (@,, @., w;) are the components of angular velocity: hence we have 


Aw,=—WNisinécosy, Bo,=Ntsin dsiny, Cw,=Nt cos 8, 
where 6, $, ~ are the Eulerian angles which fix the position of the axes Oxyz with 
reference to fixed axes OXY YZ. But these equations differ from those which occur in the 
motion of a body under no forces only in the substitution of td¢ for d¢; so the motion will 
be the same as in the problem of motion under no forces, except that the velocities are 
multiplied by ¢; whence the result follows. 


Example 2. In the motion of a body, one of whose points is fixed, under no forces, let 
a hyperboloid be rigidly connected with the body, so as to have the principal axes of 
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inertia of the body at the point as axes, and to have the squares of its axes respectively 
proportional to d?— Ac, d?— Bc, d?— Ce, where A, B, C are the moments of inertia of the 
body at the fixed point, c is twice its kinetic energy, and d is the resultant angular 
momentum. Shew that the motion of this hyperboloid can be represented by causing it to 
roll without sliding on a circular cylinder, whose axis passes through the fixed point and is 
’ parallel to the axis of resultant angular momentum. (Siacci.) 


The curve which in Poinsot’s construction is traced on the momental 
ellipsoid by the point of contact with the fixed plane is called the polhode. 
Its equations, referred to the principal moments of inertia, are clearly the 
equation of the ellipsoid together with the equation p = constant, i.e. they 
are 

Ag+ By +C2= 
A+ By + O27 = i 

Example 1. Shew that when A=, the polhode is a circle. 

Example 2, Taking 4 > B2>C, shew that there are two kinds of polhodes, one kind 
consisting of curves which surround the axis Oz of the momental ellipsoid, and correspond 
to cB>d?>cC, while the other kind consists of curves which surround the axis 02, 
and correspond to cA >d?>cB; and that the limiting case between these two kinds of 


polhodes is a singular polhode which corresponds to ceB—d?=0, and consists of two ellipses 
which pass through the extremities of the mean axis. 


The curve which is traced on the fixed plane by the point of contact with 
the moving ellipsoid is called the herpolhode. 


To find the equation of the herpolhode, let p, y be the polar coordinates 
of the point of contact, when the foot of the perpendicular from the fixed 
point on the fixed plane is taken as pole. . If (a’, y’, 2’) denote the coordinates 
of the same point referred to the moving axes Oxyz, we have 


a? +y?+ 2% = square of radius from point of suspension to point of contact 


=p" +5: 


Substituting for a’, y’, 2’, their values as given by the equations 
a = @//¢ = — d sin 6 cos p/A vc, 
1y¥ =,//c= dsin Osin y/Byc, 
be =,;//c= dcos 6/Cy/c, 


we have 
p= at oat sin?@ cos*yp + oe sin?@ sin? + an cos? @. 
Replacing @ and by their values in terms of t, this becomes 
, _ (cA — d*) (d? —c0) (B-C)(A-B)@ 
Pa ed ABC! 10R 


_ (cA —d’)(d?—cC) E(t)-E(l +o) 
cd? AC ral Q(t) ise @, lnlat 


|ACB: a 
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where w denotes the half-period corresponding to the root e,; this equation 
expresses the radius vector of the herpolhode in terms of the time. 


We have next to find the vectorial angle y in terms of ¢. For this we 
observe that Vcp%y/d is six times the volume of the tetrahedron whose 
vertices are the fixed point, the foot of the perpendicular from the fixed 
point on the fixed plane, and two consecutive positions of the point of contact, 
divided by the interval of time elapsed between these positions, and that this 
quantity can also be expressed in the form 


a’, y, Ze Ow thee 1, Ie 1 
P ; ‘ or a LY Z 
Aca'/d?, Bey’/d*,  Ccz'/d? d Awd Dae 
x’, y, Z a |e, y' ly’, Z |2 


All the quantities involved, except y, are known functions of ¢: on 
substituting their values in terms of t, and reducing, we have 
my d (B—C)e+(A—-B)e, 
X= BipH= pray PO- A-C I 
which can be written in the form 
. di t g(l+o) 
X-Bt3 o(t)-p(t+e)’ 
This equation can be integrated in the same way as the equation for the 
Eulerian angle ¢, and gives 


o(t+l+q@) 

a (t—l—w)’ 

where x, is a constant of integration. The current coordinates (p, y) of the 
herpolhode are thus expressed as functions of t. 


e2(x—Xo) == ¢ Rid/B—26 (I+w)}t 


Example 1. <A particle moves in such a way that its angular momentum round the 
origin is a linear function of the square of the radius vector, while the square of its 
velocity is a quadratic function of the square of the radius vector, the coefficient of the 
highest power being negative ; shew that the path is the herpolhode of a Poinsot motion, 
in which however A, B, C are not restricted to be positive. 


Example 2. Discuss the cases in which the polhode consists of (a) two ellipses 
intersecting on the mean axis of the momental ellipsoid, (8) two parallel circles, (y) two 
points ; shewing that in these cases the herpolhode becomes respectively a spiral curve 
(whose equation can be expressed in terms of elementary functions), a circle, or a point. 


71. Motion of a top on a perfectly rough plane; determination of the 
Eulerian angle 0. 

A top is defined to be a material body which is symmetrical about an axis 
and terminates in a sharp point (called the apew or vertex) at one end of 
the axis. 

We shall now study the motion of a top when spinning with its apex O 
placed on a perfectly rough plane, so that O is practically a fixed point. The 
problem is essentially that of determining the motion of a solid of revolution 
under the influence of gravity, when a point on its axis is fixed in space. 
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Let (A, A, C) denote the moments of inertia of the top about rectangular 
axes Oxyz, fixed relative to the top and moving with it, the origin being the 
apex and the axis Oz being the axis of symmetry of the top; let (@, ¢, y) be 
the Eulerian angles defining the position of these axes with reference to fixed 
rectangular axes OX YZ, of which OZ is directed vertically upwards, 


The kinetic energy is (§ 63) 
T=}(Ao? + Ao? + Co), 
where @,, @, @; denote the components relative to the moving axes of the 
angular velocity of the top, so that (§ 16) we have 
o, = Osin y —¢ sin 6 cos yy, 
o,=Ocosy + sin 6 sin y, 
o,=~ + cos 6; 
the kinetic energy is therefore 
T=4A6?+4A¢? sin? 6 +40 (vb + bcos 6), 
and the potential energy is V=Mgh cos 0, where M is the mass of the top 
and h is the distance of its centre of gravity from the apex 
The kinetic potential is therefore 
L=T-V=4A6?+4A¢? sin? 6+ 40 ($+ d cos 6)? — Mgh cos 8. 


The coordinates @ and y are evidently ignorable; the corresponding 
integrals are 


= =constant, and = constant, 


or Ad sin? 6 + C (wy + 6 cos 0) cos =a, 
C (yr + ¢ cos 6) = b, 
where a and b are constants: these may be interpreted as integrals of angular 
momentum about the axes OZ and Oz, and so are obvious @ priori from 
general dynamical principles. 
The modified kinetic potential (§ 88) is 
R=L-ad—by 


» (a—becosé)? 
= 4462S a —9q 7 Moh cos @, 


The term —0?/20 can be neglected, as it is merely a constant; the 
equation of motion is 


dt 


ART —-~ =0, 
00 


i (ag) ~ a8 
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so the variation of @ is the same as in a dynamical system with one degree 
of freedom for which the kinetic energy is 446? and the potential energy is 
(a—b cos 0) 
2.A sin? @ 
The connexion between @ and ¢ is therefore given by the integral of 
energy of this reduced system, namely 


(a —bcos 0? 
2.A sin? 0 


+ Mgh cos 0. 


446? =— — Mgh cos @ +c, 


where c is a constant. 
Writing cos @ = 2, this equation becomes 
A?gz? = —(a — bx)? — 2A Mgh (a — 2°) + 2Ac (1 — 2”). 


The right-hand side of this equation is a cubic polynomial in 2; now 
when # =—1, the cubic is negative; for some real values of 0, 1. for some 
values of z between —1 and 1, the cubic must be positive, since the left-hand 
side of the equation is positive; when «= 1, the cubic is again negative; and 
when «= + 0, the cubic is positive. The cubic has therefore two real roots 
which lie between —1 and 1, and the remaining root is also real and is 
greater than unity. Let these roots be denoted by 


cosa, cos, coshy, 
where cos 8 >cosa, so that a>. 
The differential equation now becomes 
(Mgh/2A)* dt = {4 (a — cos a) (x — cos 8) (a — cosh x)}~? da. 
If we write 
2A 2A 2Ac +b? 


ey eet cose y= Mgh *+ GA Mgh 
a ewe therefore t+ constant = {ia (z _ é) (2 = By) (2 — @3)}—3 dz, 


where the constants ¢, @, é; are given by the equations 


Mogh 2Ac+ 0? 
Sy eat yi 
Mgh 2Ac +B 
eye elas Oy ae 
Mgh 2Ac +0 
é3 = 2A cos a= 12A2_ y 


so that @, ¢, é; are all real and satisfy the relations 


€,+e,t+es3=0, > Cy > ey. 
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The connexion between z and ¢ is therefore 
z= (tte), 


where ¢ is a constant of integration, and the function g is formed with the 
roots €, €, €;; and hence we have 


2 
v= gi Ott O+ aig - 

Now in order that & may be real for real values of t, it is evident that z must 
lie between cosa and cos#, ie. @ (t+) must lie between e, and e, for real 
values of ¢: and therefore the imaginary part of the constant e must be the 
half-period ,; corresponding to the root e;, The real part of « depends on 
the epoch from which the time is measured, and so can be taken to be zero 
by suitably choosing this epoch. We have therefore finally 


2Ac +b 

6AMgh ’ 

and this is the equation which expresses the Eulerian angle @ in terms of 
the time. 


2A 
CO aah Sot Sh 


Example 1. If the circumstances of projection of the top are such that initially 
6=60°, 6=0, $=2(Mgh/3A), b=(3A—C) (Mgh/3AC%}, 


shew that the value of 6 at any time t is given by the equation 


sec 6=1+sech wes t), 


so that the axis of the top continually approaches the vertical. 


For in this case we readily find for the constants a, b, c, the values 
a=b=(3MghA), c=Mgh, 
so the differential equation to determine « is 


du\? _Mgh eee 
(F) ==" (1-2) (2x-1), 


whence the result follows. 


Example 2. A solid of revolution can turn freely about a fixed point in its axis of 
symmetry, and is acted on by forces derived from a potential-energy function p cot? 6, where 
6 is the angle between this axis and a fixed line; shew that the equations of motion can be 
integrated in terms of elementary functions. 


For proceeding as in the problem of the top on the perfectly rough plane, we find for 
the integral of energy of the reduced problem the equation 


442 (4-6 008 8)? cos? 
26 2A sin2@ sin? 6 
Writing cos @=., this becomes 

A2Z? = —(a—bwx)?— 2Apax*? + 2Ac (1-2), 


The quadratic on the right-hand side is negative when #=1 and 2= —1, but is positive 
for some values of « between ~1 and +1, since the left-hand side is positive for some real 


* 
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values of 6: the quadratic has therefore two real roots between —1 and +1. Calling 
these cosa and cos 8, the equation is of the form 


2b? = (cos a — x) (w@— cos 
the solution of which is | eee 
£=cos asin? (¢/2d) +cos B cos? (¢/2X). 
72. Determination of the remaining Eulerian angles, and of Klein’s 
parameters ; the spherical top. 


When the Eulerian angle @ has been obtained in terms of the time, as in 
the last article, it remains to determine the other Eulerian angles ¢ and w. 


For this purpose we use the two integrals corresponding to the ignorable 
coordinates: these, when solved for ¢ and ¥, give 


\p= A sin?@ ’ 
_6b (a—bcos @)cos @ 
Pin Ceee noe 


If we regard the motion as specified by the constants of the body 
(M, A, C, h) and the constants of integration (a, b, c), it is evident from 
these equations and the equation for @ that C does not occur except in 
the constant term of the expression for y; and therefore an auxiliary top 
whose moments of inertia are (A, A, A), can be projected in such a way that 
its axis of symmetry always occupies the same position as the axis of symmetry 
of the top considered, the only difference in the motion of the two tops being 
that the auxiliary top has throughout the motion a constant extra spin 
b(C—A)/AC about its axis of symmetry. <A top such as this auxiliary top, 
whose moments of inertia are all equal, is called a spherical top. It follows 
therefore that the motion of any top can be simply expressed in terms of the 
motion of a spherical top, and that there is no real loss of generality in 
supposing any top under consideration to be spherical. 


If then we take C= A, the equations to determine ¢ and Wy become 
a—bcosé a+b a—b 


as Asin?9 2A (cos8+1) 2A (cos@—1)’ 
; b—acosd_ = a+b i" a—b 
afi Asin?@ 2A(cos@+1)° 2A (cosd—1)’ 


Substituting for cos @ its value from the equation 


2Ac+ B 


2A 
cos = 5 net) Ea GAMgh 


and writing neuer 
bE 


OM) aay o as 


al _ 2Ac+b? 
PK)=—s5 12.44 


, 
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so that J and & are known imaginary constants (being in fact the values of 
t+; corresponding to the values 0 and of @), the differential equations 
become 
Mgh (a+b) 1 _ Mgh(a—d) 1 

p=— 44, pizol—o®). 44%, piaeiaew. 

_ Mgh (a + b) 1 4, Ugh (a—b) 1 
PR 4A? '@ (t+ 3) — 9 (k) 4A? “@(t+a;)—@(l)” 

Now the connexion between the function g and its derivate g’ can be at 
once written down by et for « from the equation 


2Ac+ 
Nigh GUC + os) + GAM gh, 


c= 


in the equation 


nas (@) = — (a—b«) —2AMgh (a — 2) + 2Ac(1 — 2’); 


if the argument of the @-function is &, it follows from the definition of & that 
the corresponding value of # is —1; and so the last equation gives 


A*, {2AQ' (k)/Mgh}? =—(a + by, 
or Q’ (k) =i Mgh (a + b)/2A?. 
Similarly we have 
@' (2) = wMgh (a — b)/2.A°, 


and therefore the equations for ¢ and can be written in the form 


ie @’ (hk) a @ (1) 
Zo. Q(t+o;)—@(k) @(t+a)—e(l)’ 
Sy eee ue g' (2) 


P+ a)-—()" p(t+a)- 90 
Now the function 
AC) 
9 (t+ @s) — 9 (k) 
is an elliptic function, whose poles in any period-parallelogram are congruent 
with ¢+@,=k and t+a@,=-—k, the corresponding residues being 1 and —1; 
and the function is zero when ¢+ @,=0. Hence* we have 


se yw rit tan Ohta tb +O, 


and therefore 


ee BOK a (t+ 0, —k) 
p+ e,)— pH) 7 Satta, +h) tS (Ht + constant. 


* Whittaker, A Course of Modern Analysis, § 211. 
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The integrals of the equations for ¢ and y can therefore be written in 
the form 
eid) — prea gaye TLE + Os — hk) o (t+ 05 +1) 
‘o(t+a,+k)o(t+o;,—l)’ 
ei Wve) = e2ea+goe, T(E + os —k) o (t+ 5 —1) 
o(t+a;+k)o(t+o@;,+1)’ 


where ¢, and y, are constants of integration. 


These equations lead to simple expressions for the Klein’s parameters 
a, B, y, & (§ 12), which define the position of the moving axes Oxyz with 
reference to the fixed axes OX YZ: for by definition we have 
a=cos$O.etGtH), B=isindd. etile-v), 
y= tsin $6. et (4-9), 8 = cosh. e-H+v), 
But we have 
2 cos?46 =1+ cos 0 
2A 2Ac +b 
=1 + gn © C+ ©) + Sa aton 
2A 
= High 0 C+) 9 ®) 
_ 2A o(t+o,+hk)o(t+o;—k) 
Mgh’ a? (k) a? (t+ @s) : 


ja(t+o,+h)o (t+ o;—k)jt 
© pee (ax) o (k) o (t +o) 


Similarly we find 
sin }0 = ( 


A i {a(t +a; +1) o (t+ o,—l)}3 
Mgh a (l) a (t+ @s) : 


and on combining these with the expressions for e”* and e”” already found, 


we have 


ay — Av} ext (hot Wo) a ( (+ w;,—k) ets (k) 
a= Gales fon (k) : oOo (t + @s) ‘ ‘ 
Saleen ett (bo— bo) o(t+os+l) e7 tO 
~\Mgh a(l) © o(t+o;) i 
_ (AN atte a(t+o,—1) etsO 
sa ce 


rf) " a(t+o,) © 


Mgh i (k) a(t ae aa 


These equations express the parameters a, 8, y, 6 as functions of the 


time. 
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Example. A gyrostat of mass M moves about a fixed point in its axis of symmetry: 
the moments of inertia about the aais of figure and a perpendicular to it through the fixed 
point are Cand A respectively, and the centre of gravity is at a distance h from the fixed 
point. The gyrostat is held so that its aais makes an angle cos~11/,/3 with the downward 
vertical, and is given an angular velocity /AMgh /3/C about its axis. If the axis be now 
left free to move about the fixed point, shew that it will describe the cone 


sin? 6 sin 2p =(—cos 6—1/,/3)? (—cos 6+.4/3)}, 


2/2 
V3 73 
where 8 the azimuthal angle and @ the inclination of the axis to the upward vertical. 
(Camb. Math. Tripos, Part I, 1894.) 


or sin? 6 cos 246 = ——- (/3/2-+-c0s 6), 


For in this problem we have initially 


cos 8= —1//3, p=0, 6=0, $=0, V=VAMgh/3/C, 
and these initial values give 
a=—MAgh|/43, b=4/3 MAgh, c= — Mgh/V3. 
Substituting in the general differential equation for 6, namely 


(a—b cos 6)? 


spe nae be eA 
ate 2A sin? 6 


— Mgh cos 6+¢, 
we have 

AG? sin? 6= — Mgh (cos 6 +1/4/8) (\/3 +2 cos 6) (— cos 6+./3), 
while the equation 


a—bcosé 
oe ay FEY 


Mgh./3 3 cos O+1//3- 


gives o=- : 
A sin? 6 


Dividing this equation by the square root of the preceding equation, we have 
p= at —cos 6— 1/3) (/3+2cos 6)~3 (—cos 6+,/3)~* cosec 6 dé, 


or o=3'{(w - 1/3) (/3 - Qn) 4 (w+ J3) (1—w*)-1! da, where w= —cos 6. 
Now if we write 


= (w—1/n/3)* (w+ V3)t (3/2 - 2) 4, 
we have by differentiation 


di 
Be = 3 (1 = 22) (w — 1/9 8)8 (w+a/3)# (8/22) 


ate 3 

and 1+5 cal Sata 

“8 (/3/2—2)° 

We have therefore 
he ca du 

4/2J143h2/8’ 
or 2p =tan -1 (3?Q- 44), 
or tan 2p =3'2-*(—cos 6 —1/x/8)* (— 08 6-+4/3)! (Y3/2-+c08 8-4, 


which is equivalent to the result given above. 
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Example 2. Shew that the logarithms of Klein’s parameters, considered as functions 
of cos 6, are elliptic integrals of the third kind. 


Example 3. Obtain the expressions found above for Klein’s parameters as functions of 
the time ¢ by shewing that they satisfy differential equations typified by 
ay 
dt? 
where Y denotes a doubly-periodic function of ¢, these equations being of the Hermite- 
Lamé type which is soluble by doubly-periodic functions of the second kind. 


+Yy=0, 


A simple type of motion of the top is that in which the axis of symmetry 
maintains a constant inclination to the vertical; in this case, which is 
generally known as the steady motion of the top, 6 and @ are permanently 
zero; since we have 


(a — bcos 6) 


4AM = — TA sin? 6 — Mgh cos @ +6, 
it follows that 
_ dad ((a—bcos dé)? 
0-754 SA digra + Mah cos ot. 


Performing the differentiation, and substituting for (a — bcos 6) its value 
Ad sin? 6, we have ' 
0 =— b+ Ad’ cos 8+ Moh. 
This equation gives the relation between the constants ¢, 6, and b (which 
depends on the rate of spinning of the top on its axis) in steady motion. 


73. Motion of a top on a perfectly smooth plane. 

We shall now consider the motion of a top which is spinning with its apex 
in contact with a smooth horizontal plane. The reaction of the plane is now 
vertical, so the horizontal component of the velocity of the centre of gravity, 
G, of the top is constant; we can therefore without loss of generality suppose 
that this component is zero, so that the point G moves vertically in a fixed 
line, which we shall take as axis of Z; two horizontal lines fixed in space and 
perpendicular to each other will be taken as axes of X and Y. 

Let Gayz be the principal axes of inertia of the top at G, and (A, A, C) 
the moments of inertia about them, (#z being the axis of symmetry: and let 
(8, 6, +) be the Eulerian angles defining their position with reference to the 
axes of X, Y, Z. 

The height of G above the plane is h cos @, where h denotes the distance 
of @ from the apex of the top; the part of the kinetic energy due to the 
motion of G is therefore 4 Mh? sin? @. 62, where M is the mass of the top; and 
so, as in § 71, the total kinetic energy is 


T =4Mh? sin? 6. 62+ 4A0?+4A¢' sin? 6 + 40 (bh + pcos 0), 


and the potential energy is 
V = Mgh cos 0. 
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Proceeding now exactly as in § 71, we have two integrals corresponding to 
the ignorable coordinates ¢ and x, namely 
a sin? 0+ O (+ ¢ cos 6) cos 8 =a, 
CO (y+ + b cos 6) =b, 


where a and 6 are constants; and on performing the process of ignoration of 
coordinates we obtain for the modified kinetic potential the expression 


4(A +Mhsin? 6) eee eds: 
so the variation of @ is the same as in the system with one degree of freedom 
for which the kinetic energy is 

4(A + Ml? sin? 6) 62, 
and the potential energy is 


(a —b cos 6)? 
rg iccnr a a Mgh cos @. 


— Mgh cos @, 


The connexion between 6 and t is given by the integral of energy of this 
latter system, namely 

: wa 2 

4(A + Mh? sin? 6) 6? = — (a — 6 cos 0)? 


2A an? 6 — Mghcos@+¢, 


where c is a constant. Writing cos 6 = a, this becomes 
A (A + Mh? — Mita?) #2 = — (a — ba)? — 2A Mgh (w — 2°) + 2.Ac (1 —22). 


The variables # and ¢ are separated in this equation, so the solution can 
be expressed as a quadrature; but the evaluation of the integral involved 
will require in general hyperelliptic functions, or automorphic functions of 
genus two. 


74. Kowalevski’s top. 


The problem of the motion under gravity of a body one of whose points is 
fixed is not in general soluble by quadratures: and the cases considered in 
§ 69 (in which the fixed point is the centre of gravity of the body, so that 
gravity does not influence the motion), and in § 71 (in which the fixed point 
and the centre of gravity lie on an axis of symmetry of the body) were for 
long the only ones known to be integrable. In 1889 however Mme. S. von 
Kowalevski* shewed that the problem is also soluble when two of the 
principal moments of inertia at the fixed point are equal and double the 
third, so that A = B= 2C, and when further the centre of gravity is situated 
in the plane of the equal moments of inertia. 


Let the line through the fixed point O and the centre of gravity be taken 
as the axis Ow, and let the centre of gravity be at a distance a from the fixed 


* Acta Math. xu. p. 177. 
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point ; let (0, d, +) be the Eulerian angles which define the position of the 
principal axes of inertia Owyz with reference to fixed rectangular axes OX YZ, 
of which the axis OZ is vertical; let (w,, w,, ;) be the components along the 
axes Oxyz of the angular velocity of the body, and let M be its mass. The 
kinetic and potential energies are given by the equations 


T=1(Ao;? + Ao,?+ Co,?) 
= 0 (6? + d sin? 0 +4 (b+ cos 6)*}, 
=— Mgasin @ cos . 


The coordinate ¢ is evidently ignorable, giving an integral 
= = constant, 


or 2¢ sin? 0+ (4 + ¢ cos 0) cos 0 =k, 
where & is a constant: and the integral of energy is 
T + V =constant, 
Mga 
C 
Mme. Kowalevski shewed that another algebraic integral exists, which can 
be found in the following way. 


or 62+ gsin? +4 (+ ¢ cos 0 — sin 6 cos p=h, 


The kinetic potential is 
L = C6? + O¢? sin? 6 +40 (Yr + bcos 6)? + Mgasin 6 cos w, 


and the equations of motion are 


djoly . OL 
(sg) ~ 387° 
iy ek 
dt \ayr/ Ow 


‘(i)-» 
dt \ad 
the first of these is 


26 =(¢ cos @—) sin 0+ ae cos @ cos wp, 


and on eliminating yy between the second and third, we obtain 


2 i (b sin 0) =— (cos 6 — W) Gee cos 6 sin yp. 
a 


Adding the first of these equations multiplied by 7 to the second, we have 


; foes = le ef . 
2° (sin 6 +16) = i(G 008 8 — yp) (sin 8+ 16) +i. cos be-¥, 


W. D. iil 
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an equation which can be written in the form 
g {( bsin 6+76 ELL ae 
at \S? O 


=1i(¢ cos 6 — p) \é sin 6 +76) + =F sin ae, 


or aan 
where =(dsind+7i6y+ ete sin Ge, 
Similarly, if 
V =(dsin 6 — 76)? + 1F sin bel, 
1dV - § ; 
we have Lal pe a 
It follows that as 
1ldU 1d 
u att V dt” 
or UV = constant. 


We have therefore the equation 


\(@ sin 6 +76)? + ts sin ae \(@ sin 6 — 16)? + — sin ae} = constant, 
or 


(62+ ¢? sin? ay+(-42) sin? 9 + —2 tay 


Wa J sin 6 fe’ (f sin 6+76)?-+e-%(¢ sin 0—16)"} 


= constant, 
and this is the required third algebraic integral of the system. 

The first integrals which have been found constitute a system of three 
differential equations, each of the first order, for the determination of 6, d, vr, 
and they can be regarded as replacing the original differential equations of 
motion. The variable ¢ does not occur explicitly in them, and we can there- 
fore use one of the three equations in order to eliminate ¢ from the other two: 
we shall then have a system of two differential equations, each of the first 
order, to determine @ and y. It has been shewn by Mme. Kowalevski that 
these equations can be solved by means of hyperelliptic functions: for this 
solution reference may be made to the memoir already referred to*, 


Example. Let y,, yz, ys denote the direction-cosines of Ox, Oy, Oz referred to OZ, and 
let variables x, y, r be defined by the equations 


A 24. M Mgay;\? ee 
ott =(o) 9? + fon) {(ese1+ =r - o,fay| 


Mgay. 
+2050, (20,04 27) (oye + Moon), 
* Cf. also Kotter, dcta Math, xvir. (1893), p. 209. 
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Me 2 
on2y = (20, @)+ ae) {2s @y+ agen) - ota, 
Mga Mi 
— 2050, (6, ork it) (o2- oe + nom), 


2 
2dr = {(e @,+ ep) + oso, dt. 


Shew by use of Kowalevski’s integral (without using the integrals of energy or angular 
momentum) that the equations of motion can be written in the form 
Ge ey ted G Or 
dr? 0x? 7a Toy? 
where V is a function of w and y only, so that the problem is transformed into that of the 
motion of a particle in a plane conservative field of force. (Kolosoff. ) 


Liouville* has shewn that the only other general case in which the motion under 
gravity of a rigid body with one point fixed has a third algebraic integral is that-in which 


1°. The momental ellipsoid of the point of suspension is an ellipsoid of revolution. 


2°. The centre of gravity of the body is in the equatorial plane of the momental 
ellipsoid. 

3°. If (A, A, C) are the principal moments of inertia at the point of suspension, the 
ratio 2C/A is an integer: this integer can be arbitrarily chosen. 


Example. A heavy body rotates about a fixed point O, the principal moments of 
inertia at which satisfy the relation d=B=4C: and the centre of gravity of the body lies 
in the equatorial plane of the momental ellipsoid, at a distance A from 0. Shew that if 
the constant of angular momentum about the vertical through O vanishes, there exists an 
integral 

@3 (@;?+ @2”) +. gha, cos 6=constant, 
where @, @), @; are the components of angular velocity about the principal axes Oxyz, 
Ox being the line from O to the centre of gravity; and hence that the problem can be 
solved by quadratures, leading to hyperelliptic integrals. (Tshapliguine. ) 


75. Impulsive motion. 


As has been observed in § 36, the solution of problems in impulsive 
motion does not depend on the integration of differential equations, and can 
generally be effected by simple algebraic methods. The following examples 
illustrate various types of impulsive systems. 

Example 1. Two uniform rods AB, BC, each of length 2a, are smoothly jointed at B 
and rest on a horizontal table with their directions at right angles. An impulse is applied to 
the middle point of AB, and the rods start moving as a rigid body: determine the direction 
of the impulse that this may be the case, and prove that the velocities of A, C will be in the 

ratio J13:1. (Coll, Exam.) 

We can without loss of generality suppose the mass of each rod to be unity. Let (#, y) 
be the component velocities of B referred to fixed axes Ox, Oy parallel to the undisturbed 
position BA, BO of the rods, and let 6, @ be the angular velocities of BA and BC. The 
components of velocity of the middle point of AB are (2, y+aé), and the components of 
velocity of the middle point of BO are (#—ad, #), so the kinetic energy of the system is 
given by the equation 

T=ha2+} (y+abP+ hc +4 (d—-agP tty + hog” 
* Acta Math, xx. (1897), p. 239. 
11—2 
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Let the components parallel to the axes of the impulse be J, 4. The components of 
the displacement of the point of application of the impulse in a small displacement of the 
system are (6x, 6y-+a80); and hence the equations of § 36 become 


one 5 a Ea oe 
Ox oy 06 Ch) 
( [=2z — ad, 
| J=2y+a6, 
or ‘ : 
Ja=ay+4a*6, 
=—ak+$a%d, 


while the condition that the system moves as if rigid is 6=¢. These equations give 
}i=j=}ad =hag=3I=4. 


Hence J=/J, which shews that the direction of the impulse makes an angle 45° with BA ; 
and as the components of velocity of A are (4, y+2a6), and the components of velocity of 
C are (&@—2ad¢, y), we have for the velocities of A and of C the values /65y and 57 
respectively, so the velocity of A is 1/13 x the velocity of C: which is the required result 


Example 2. A framework in the form of a parallelogram is made by smoothly jointing 
the ends of two pairs of uniform bars of lengths 2a, 2b, masses m, m', and radii of gyration 
k, k'. The parallelogram is moving without any rotation of its sides, and with velocity V, in 
the direction of one of tts diagonals ; it impinges on a smooth fixed wall with which the sides 
make angles 0, p and the direction of the velocity V a right angle, the vertex which impinges 
being brought to rest by the impact. Shew that the impulse on the wall is 


2V {(m+m')—1+ (mk? + m'a*)—} a? cos? 6+ (mb? + m'k'?)-1 B? cos? }-1. 
(Coll. Exam.) 


Let « and y be the coordinates of the centre of the parallelogram, 2 being measured at 
right angles to the wall and towards it. The kinetic energy is 


T=(m-+m’) (+9?) + (mk? + m'a®) 62+ (mb? + mk?) 2. 


The x-coordinate of the point of contact is +a sin 6+ sin ¢, so the displacement of the 
point of contact parallel to the axis of # corresponding to an arbitrary displacement 
(dx, dy, 86, dp) is da+acos 8d0+bcos pd. The equations of motion, denoting the 
impulse by J, are therefore 


GA a 
az ~ (35),°-4 
ay (=) = —Jacos 6, 
06 06/0 
a - (=) = —Ib cos ¢, 

SO od 0 

2(m+m') (@- V)=—Z, 
or 2 (mk? + ma?) 6 =-—Tacos 6, 


2 (mb?+m'k2)f =—Ibcos d. 
Moreover since the final velocity of the point of contact is zero, we have 


+a cos 6.6+b cos p.p=0. 
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Eliminating #, 6, ¢ from these equations, we have 


a a? cos? 6 Bcos?d ) 
we ON ee nt ae I 
IE (m+m’) +3 (mk? + m’a®) * 2 (mb? + mk} ) 


which is the result stated. 


The next example relates to a case of sudden fixture; if one point (or line) 
of a freely-moving rigid body is suddenly seized and compelled to move in a 
given manner, there will be an impulsive change in the motion of the body, 
which can be determined from the condition that the angular momentum of 
the body about any line through the point seized (or about the line seized) 
is unchanged by the seizure; this follows from the fact that the impulse of 
seizure has no moment about the point (or line). 


Example 3. A uniform circular disc is spinning with an angular velocity Q about a 
diameter when a point P on its rim is suddenly fixed. Prove that the subsequent velocity of 
the centre is equal to + of the velocity of the point P immediately before the impact. 

(Coll. Exam.) 

Let m be the mass of the disc, and let a be the angle between the radius to P and the 
diameter about which the disc was originally spinning. The original velocity of P is 
Qc sin a, where ¢c is the radius of the disc. The original angular momentum about P is 
about an axis through P parallel to the original axis of rotation, and of magnitude }mc?Q; 
and this is unchanged by the fixing of P, so when P has been fixed, the angular momentum 
about the tangent at P is }mc?Qsina. But the moment of inertia of the disc about its 
tangent at P is $mc*, and so the angular velocity about the tangent at PistQsina. The 
velocity of the centre of the disc is therefore }.Qc sin a, which is } of the original velocity 
on P: 


Example 4. A lamina in the form of a parallelogram whose mass is m has a smooth 
pivot at each of the middle points of two parallel sides. It is struck at an angular point 
by a particle of mass m which adheres to it after the blow. Shew that the impulsive 
reaction at one of the pivots is zero. (Coll. Exam.) 


MISCELLANEOUS EXAMPLES. 


1. Prove that for a disc free to turn about a horizontal axis perpendicular to its plane 
the locus on the disc of the centres of suspension for which the simple equivalent 
pendulum has a given length Z consists of two circles; and that, if A and B are two 
points, one on each circle, and LZ’ is the length of the simple equivalent pendulum when 
the centre of suspension is the middle point of AB, the radius of gyration & of the disc 
about its centre of inertia is given by the equation 

AL = (§ 1202) (L241? +02), 
where 2c is the length of AB. (Coll, Exam.) 


2. A heavy rigid body can turn about a fixed horizontal axis. If one point in the 
body is given through which the horizontal axis has to pass, discuss the problem of 
choosing the direction of the axis in the body in such a way that the simple equivalent 
pendulum shall have a given length; shewing that the axes which satisfy this condition are 
the generators of a quartic cone. (Coll. Exam.) 


3. A sphere of radius b rolls without slipping down the cycloid 
xz=a(O+sin 6), y=a(1—cos 6). 
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It starts from rest with its centre on the horizontal line y=2a. Prove that the velocity V 
of its centre when at the lowest point is given by 


V2=12q (2a—b). (Coll. Exam.) 
4. A uniform smooth cube of edge 2a and mass // rests symmetrically on two shelves 
each of breadth 6 and mass m and attached to walls at a distance 2c apart. Shew that, if 


one of the shelves gives way and begins to turn about the edge where it is attached to the 
wall, the initial angular acceleration of the cube will be 


Mg (c—a)? (e—b)+4mgb (e— a) (e—b+a) 
M (e— a)? {k*+(c—b)}+1(e-b+a)? ” 


where I/k? and J are respectively the moments of inertia of the cube about its centre and 
of the shelf about its edge. (Camb. Math. Tripos, Part I, 1899.) 


5. A homogeneous rod of mass If and length 2a moves on a horizontal plane, one end 
being constrained to slide without friction in a fixed straight line. The rod is initially 
perpendicular to the line, and is struck at the free end by a blow JZ parallel to the line. 
Shew that after time ¢ the perpendicular distance y of the middle point of the rod from 
the line is given by the equation 


1 
i (1 — 342) (1 —a?)* dw =3It/2Ma. (Coll. Exam.) 
y/a 


6. Four equal uniform rods, of length 2a, are smoothly jointed so as to form a 
rhombus ABCD. The joint A is fixed, whilst Cis free to move on a smooth vertical rod 
through A. Initially C coincides with A and the whole system is rotating about the 
vertical with angular velocity ». Prove that, if in the subsequent motion 2a is the least 
angle between the upper rods, 

dw COS a=3g sin? a. 
(Camb. Math. Tripos, Part I, 1900.) 

7. A disc of mass J rests on a smooth horizontal table, and a smooth circular groove 
of radius @ is cut in it, passing through the centre of gravity of the disc. A particle of 
mass 4+J/ is started in the groove from the centre of gravity of the disc. . Investigate the 
motion. Prove that if a@ is the arc traversed by the particle and @ the angle turned 
round by the disc, then 
k (a? +h? 
=——— n 

(a2+ 2) k 
Mk? being the moment of inertia of the disc about a vertical line through its centre 
of gravity. (Coll. Exam.) 


+ 
Y ab— 6), 


8. <A rigid body is moving freely under the action of gravity and rotating with angular 
velocity » about an axis through its centre of gravity perpendicular to the plane of its 
motion. Shew that the axis of instantaneous rotation describes a parabolic cylinder of 
latus rectum (/4a+/29/o)2, whose vertex is at a distance /2ga/@ above that of the path 
of the centre of gravity of the body; where 4a@ is the latus rectum of the parabola 
described by the centre of gravity. (Coll. Exam.) 


9. A particle of mass m is placed in a smooth uniform tube which can rotate in a 
vertical plane about its middle point. The system starts from rest when the tube is 
horizontal. If 6 is the angle the tube makes with the vertical when its angular velocity is 
a maximum and equal to , prove that 


4 (mr? + Mk?) w!— 8mgrw? cos 6+ mg? sin? 6=0, 


where Mk? is the moment of inertia of the tube about its centre and 7 the distance of the 
particle from the centre of the tube. (Coll. Exam.) 


oH. vi] The Soluble Problems of Rigid Dynamics 167 | 


10. Four uniform rods, smoothly jointed at their ends, form a parallelogram which 
can move smoothly on a horizontal surface, one of the angular points being fixed, 
Initially the configuration is rectangular and the framework is set in motion in such a. 
‘manner that the angular velocity of one pair of opposite sides is Q, that of the other pair 
being zero. Shew that when the angle between the rods is a maximum or minimum, the 
angular velocity of the system is Q, (Coll. Exam.) 


1l. Two homogeneous rough spheres of equal radii a and of masses m, m’ rest on a 
smooth horizontal plane with m’ at the highest point of m. If the system is disturbed, 
shew that the inclination of their common normal 6 to the vertical is given by the 
equation 

a? (7m+5m’' sin? 6) =5g (m+m’) (1 —cos 6). (Coll. Exam.) 


12. A uniform rod 4B is of length 2a and is attached at one end to a light inexten- 
sible string of length c. The other end of this string is fixed at 0 to a point in a smooth 
horizontal plane on which the rod moves. Initially 04 B is a straight line and the rod is 
projected without rotation with velocity V in the direction perpendicular to its length. 
Prove that the cosine of the greatest subsequent angle between the rod and string is 
1-a/6ce. (Coll. Exam.) 


13. To a fixed point are smoothly jointed two uniform rods of length 2a, and upon 
them slides, by means of a smooth ring at each end, a third rod similar in all respects. 
Initially the three rods are in a horizontal line with the ends of the third rod at the 
middle points of the other two and, on the application of an impulse, the rods begin to 
rotate with angular velocity @ in a horizontal plane. Shew that the third rod will slide 
right off the other two unless 

0? > 2g/a,/3. (Coll, Exam.) 


14. A hollow thin cylinder of radius a and mass VM is maintained at rest ina 
horizontal position on a rough plane whose inclination is a, and contains an insect of mass 
m at rest on the line of contact with the plane. The cylinder is released as the insect 
starts off with velocity V: if this relative velocity be maintained and the cylinder roll up 
hill, shew that it will come to instantaneous rest when the radius through the insect 
makes an angle @ with the vertical given by 


V? {1 —cos (6—a)} +ag (cos a— cos 6)=(1+ M/m) ag (6—a) sina. 
(Coll. Exam.) 


15. A uniform smooth plane tube can turn smoothly about a fixed axis of rotation 
lying in its plane and intersecting it: the moment of inertia of the tube about the axis 
is J. Initially the tube is rotating with angular velocity @ about the axis, and a particle 
of mass m is projected with velocity V within the tube from the point of intersection of 
the tube with the axis. The system then moves under no external forces. Prove that, 
when the particle is at a distance r from the axis, the square of its velocity relative to the 
tube is 


Vi+ Zr a2, (Coll. Exam.) 
L[+mr? 


16. A uniform straight rod of mass M is laid across two smooth horizontal pegs so 
that each of its ends projects beyond the corresponding peg. A second uniform rod of 
mass m and length 2/ is fastened to the first at some point between the pegs by a 
universal joint. This rod is initially held horizontal and in contact with the first rod; and 
then let go, so as to oscillate in the vertical plane through the first rod. Prove that if 6 
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be the angle which the second rod makes with the vertical at any instant, and x the 
distance through which the first rod has moved from rest, 


(M+m) #+ml sin 6=mil, 


™m 


and (4 ee ye” é) 162=29 cos 8. (Coll. Exam.) 


17. A plane body is free to rotate in its plane about a fixed point, and a second plane 
body is free to slide along a smooth straight groove in the first body, its motion being in 
the same plane; shew that the relation between the relative advance z along the groove 
and the angle of rotation @ (no external forces being supposed to act on the system) 
is of the form 


dz\? da 
(3) +P a6 +Q=0, 
where P and Q are respectively linear and quadratic functions of 2”. (Coll, Exam.) 


18. A pendulum is formed of a straight rod and a hollow circular bob, and fitting 
inside the bob is a smooth vertical lamina in the shape of a segment of a circle, the 
distances of the centre (C’) of the bob from the point of suspension (0) and from the 
centre of gravity (G) of the lamina being / and c respectively. Prove that if UW, m are the 
masses of the pendulum and lamina, & and /’ their respective radii of gyration about 
O and G, 6 and ¢ the angles which OC and CG make with the vertical, then twice the 
work done by gravity on the system during its motion from rest is equal to 


(Mk? + ml*) 62+ m (kh? +02) f?+2mel cos (— dp) 6d. (Coll. Exam.) 


19. A particle of mass m is attached to the end of a fine string which passes round 
the circumference of a wheel of mass J, the other end of the string being attached toa 
point in that circumference, a length Z of the string being straight initially, and the wheel 
(radius a and radius of gyration /) being free to move about a fixed vertical axis through 
its centre; the particle, which lies on a smooth horizontal plane, is projected at right 
angles to the string, so that the string begins to wrap round the wheel; prove that, if the 
string eventually unwinds from the wheel, the shortest length of the straight portion is 


(2—a?— Mk2/m)*. (Coll. Exam.) 


20. A carriage is placed on an inclined plane making an angle a with the horizon and 
rolls straight down without any slipping between the wheels and the plane. The floor of 
the carriage is parallel to the plane and a perfectly rough ball is placed freely on it. Shew 
that the acceleration of the carriage down the plane is 


14M+4M'+14m 
14M+ 4M’ + dim? 2% 


where J/ is the mass of the carriage excluding the wheels, m the sum of the masses of the 
wheels, which are uniform discs, and J/’ that of the ball. The friction between the wheels 
and the axes is neglected. (Coll. Exam.) 


21. A uniform rod of mass m, and length 2a is capable of rotating freely about its 
fixed upper extremity and is initially inclined at an angle of w/6 to the vertical. A second 
rod, of mass m, and length 2a, is smoothly attached to the lower end of the first and rests 
initially at an angle of 27/3 with it and in a horizontal position. Shew that if the centre 
of the lower rod commence to move in a direction making an angle +/6 with the vertical, 
then 3m,=14my.. (Coll. Exam.) 


22. A uniform circular disc is symmetrically suspended by two elastic strings of 
natural length c inclined at an angle a to the vertical, and attached to the highest point of 


cH. VI] The Soluble Problems of Rigid Dynamics 169 


the disc. If one of the strings is cut, prove that the initial curvature of the path of the 
centre of the disc is 

(esin 4a—b sin 2a)/b (b—c), 
where 6 is the equilibrium length of each string. (Coll. Exam.) 


23. Two rods AC, CB of equal length 2a are freely jointed at C, the rod AC being 
freely moveable about a fixed point A, and the end B of the rod OB is attached to A by 
an inextensible string of length 4a/,/3. The system being in equilibrium, the string is 
cut; shew that the radius of curvature of the initial path of B at B is 


se ee 
TeV ae 
(Camb. Math, Tripos, Part I, 1897.) 


24. <A rod of length 2a is supported in a horizontal position by two light strings which 
pass over two smooth pegs in a horizontal line at a distance 2a apart and have at their 
other extremities weights each equal to one half that of the rod. One of the strings is 
cut; prove that the initial curvature of the path of that end of the rod to which the cut 
string was attached is 27/25a. (Coll. Exam.) 


25. A heavy plank, straight and very rough, is free to turn in a vertical plane about 
a horizontal axis from which the distance of its centre of gravity is c. A rough heavy 
sphere is placed on this plank at a distance 6 from the axis, on the side remote from the 
centre of gravity ; the plank being held horizontal. The system is now left free to move. 
Prove that the initial radius of curvature of the path of the centre of the sphere is 
2166/(5 —116), where 6=(mb—Mc)/(mb+ Ma), m and M are the masses of the sphere and 


the plank, and Mad is the moment of inertia of the plank about the axis. 
(Coll. Exam.) 


26. <A light stiff rod of length 2c carries two equal particles of mass m at distances / 
from the centre on each side of it; to each end of the rod is tied an end of an inextensible 
string of length 2a on which is a ring of mass m’. Initially the string and rod are in one 
straight line on a smooth horizontal table with the string taut and the ring at the loop; 
the ring is then projected at right angles to the rod, shew that the relative motion will be 


oscillatory if 
2/k2? >142m/m'. (Coll. Exam.) 


27. Three equal uniform rods, each of length ¢, are firmly joined to form an equilateral 
triangle ABC of weight W; a uniform bar of length 2b and weight W’ is freely jointed to 
the triangle at C. This system rests in equilibrium in contact with the surface of a fixed 
smooth sphere of radius a, AB being horizontal and in contact with the sphere, and the 
bar being in the vertical plane through the centre of the triangle; the bar, and the centre 
of the triangle, are on opposite sides of the vertical line through C. Prove, that the 
inclination of the plane of the triangle to the horizon is the angle whose tangent is 


[aby + 2cr?]+[np (a? +407) +A2p— 2abc], 
where N=a2+fer—tbe, p?=12a?-c?, and n= W/W’. 
(Camb. Math. Tripos, Part I, 1896.) 
28. A body, under the action of no forces, moves so that the resolved part of its 
angular velocity about one of the principal axes at the centre of gravity is constant ; shew 


that the angular velocity of the body must be constant, and find its resolved parts about 


the other two principal axes when the moments of inertia about these axes are equal. 
(Coll. Exam.) 


29. Shew that a herpolhode cannot have a point of inflexion. (M. de Sparre.) 
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30. In the motion under no forces of a body one of whose points is fixed, shew that 
- the motion of every quadric homocyclic with the momental ellipsoid relative to the fixed 
point, and rigidly connected with the body, is the same as if it were made to roll 
without sliding on a fixed quadric of revolution, which has its centre at the fixed point, 
and whose axis is the invariable line. (Gebbia.) 


31. In the motion of a body under no forces round a fixed point, shew that the three 
diameters of the momental ellipsoid at the fixed point and the diameter of the ellipsoid 
reciprocal to the momental ellipsoid, determined respectively by the intersection of the 
invariable plane with the three principal planes and with the plane perpendicular to the 
instantaneous axis, describe areas proportional to the times, so that the accelerations of 
their extremities are directed to the centre. (Siacci.) 


32, When a body moveable about a fixed point is acted on by forces whose moment 
round the instantaneous axis is always zero, shew that the velocity of rotation is 
proportional to that radius vector of the momental ellipsoid which is in the direction of 
this axis. 


Shew that this theorem is still true if the body is moveable about a fixed point and 
also constrained to slide on a fixed surface. (Flye St Marie.) 
4 


33. A plane lamina is initially moving with equal angular velocities Q about the 
principal axes of greatest and least moment of inertia at its centre of mass, and has no 
angular velocity about the third principal axis; express the angular velocities about 
these axes as elliptic functions of the time, supposing no forces to act on the lamina. 


If 6 be the angle between the plane of the lamina and any fixed plane, shew that 


a6 2 (42) 4 > (aa? 
(Camb. Math. Tripos, Part I, 1896.) 


34. A rigid body is kinetically symmetrical about an axis which passes through a 
fixed point above its centre of gravity and is set in motion in any manner; shew that in 
the subsequent motion, except in one case, the centre of gravity can never be vertically 
over the fixed point; and find the greatest height it attains. (Coll. Exam.) 


35. In the motion of the top on the rough plane, shew that there exists an auxiliary 
set of axes O£n¢ whose motion with respect to the fixed axes OX YZ and also with respect 
to the moving axes Owyz is a Poinsot motion; the invariable planes being the horizontal 
plane in the former case, and the plane perpendicular to the axis of the body in the 
second case. (Jacobi.) 


36. A uniform solid of revolution moves about a point, so that its motion may be 
represented by the uniform rolling of a cone of semivertical angle a fixed in the body 
upon an equal cone fixed in space, the axis of the former being the axis of revolution. 
Shew that the couple necessary to maintain the motion is of magnitude 


4.0? tan a {0+(C— A) cos 2a}, 


where © is the resultant angular velocity and A and C the principal moments of inertia at 
the point, and that the couple lies in the plane of the axes of the cones. —_ (Coll. Exam.) 


37. A vertical plane is made to rotate with uniform angular velocity about a vertical 
axis in itself, and a perfectly rough cone of revolution has its vertex fixed at a point of 
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that axis. Shew that, if the line of contact make an angle 6 with the vertical, and 
_ Band y be the extreme values of 6, and a be the semi-vertical angle of the cone, 


R (5) AES sin? a (cos 8 — cos 8) (cos y — cos 6) 
dt cosa cos B+ cos y 4 


where / is the distance of the centre of gravity of the cone from its vertex, and & its 
radius of gyration about a generator. (Camb. Math. Tripos, Part I, 1896.) 


38. A body can rotate freely about a fixed vertical axis for which its moment of 
inertia is 7: the body carries a second body in the form of a disc which can rotate about a 
horizontal axis, fixed in the first body and intersecting the vertical axis. In the position 
of equilibrium the moments and product of inertia of the disc with regard to the vertical 
and horizontal axes respectively are A, B,.F. Prove that if the system start from rest 
with the plane of the disc inclined at an angle a to the vertical, the first body will oscillate 
through an angle 


oF Ee ee sin 2 


ae tan ; Coll. Exam. 
{B(A+]}? (A+D)} ; 


39. <A gyrostat consists of a heavy symmetrical flywheel freely mounted in a heavy 
sphericalicase and is suspended from a fixed point by a string of length / fixed to a point 
in the case. The centres of gravity of the flywheel and case are coincident. Shew that, 
if the whole revolve in steady motion round the vertical with angular velocity Q, the 
string and the axis of the gyrostat inclined at angles a, B to the vertical, then 


0? (¢sina+asin8+6 cos 8)=g tana, 
and IQ sin B— AQ? sin B cos B= Mq sec a {a sin (8 — a) +b cos (B—a)}, 


where J/ is the mass of the gyrostat, a and 6 the coordinates of the point of attachment of 
the string with reference to axes coinciding with, and at right angles to, the axis of the 
flywheel, J the angular momentum of the flywheel about its axis and A the moment of 
inertia about a line perpendicular to its axis. (Camb. Math. Tripos, Part I, 1900.) 


40, A system consisting of any number of equal uniform rods loosely jointed and 
initially in the same straight line is struck at any point by a blow perpendicular to the 
rods. Shew that if uw, 7, w be the initial velocities of the middle points of any three 
consecutive rods, u+4v+w=0. (Coll, Exam.) 


41. Any number of uniform rods of masses A, B, C,..., Z are smoothly jointed to 
each other in succession and laid in a straight line on a smooth table. If the end Z be 
free and the end A moved with velocity V in a direction perpendicular to the line of the 
rods, then the initial velocities of the joints (AB), (BC), ... and the end Z are a, b, ..., 2 
where 


0=A(V+42a)+B(2a+b), 0=B(a+2b)+C(2b+c),.... O= V(wt+2y)+Z(2y+2), 
and yt+2z2=0. (Coll. Exam.) 


42. Six equal uniform rods form a regular hexagon loosely jointed at the angular 
points: a blow is given at right angles to one of them at its middle point, shew that the 
opposite rod begins to move with ;'5 of the velocity of the rod struck. 

(Camb. Math. Tripos, 1882.) 


43. A body at rest, with one point 0 fixed, is struck: shew that the initial axis of 
rotation of the body is the diametral line, with respect to the momental ellipsoid at O, of 
the plane of the impulsive couple acting on the body. 


172 The Soluble Problems of Rigid Dynamics — [cH.’vI 


44, The positive octant of the ellipsoid 2/a?+y?/b?4+22/c?=1 has the origin fixed. _ 
Shew that if an impulsive couple in the plane 


#,y_7 (a, b\z 
p+¥=5 (§ +2) 5 


act upon the octant, it will begin to revolve about the axis of z. (Coll. Exam.) 


45. An ellipsoid is rotating about its centre with angular velocity (@,, @2, 3) 
referred to its principal axes; the centre is free and a point (w, y, z) on the surface is 
suddenly brought to rest. Find the impulsive reaction at that point. (Coll. Exam.) 


46. Two equal rods AB, BC inclined at an angle a are smoothly jointed at B; A is 
made to move parallel to the external bisector of the angle ABC: prove that the initial 
angular velocities of AB, BC are in the ratio 


243 sin? : : 2-15 sin? = : (Coll. Exam.) 


47. A uniform cone is rotating with angular velocity » about a generator when 
suddenly this generator is loosed and the diameter of the base which intersects the 
generator is fixed. Prove that the new angular velocity is 


(14-22/8k2) w sina, 


where / is the altitude, a the semi-vertical angle, and & the radius of gyration about a 
diameter of the base. (Coll. Exam.) 


48, <A rough disc can turn about an axis perpendicular to its plane, and a rough 
circular cone rests on the disc with its vertex just at the axis. If the disc be made to 
turn with angular velocity ©, shew that the cone takes an amount of kinetic energy 
equal to 

$.02/{cos? a/A +sin? a/C}. (Coll. Exam.) 


49. One end of an inelastic string is attached to a fixed point and the other to a point 
in the surface of a body of mass M. The body is allowed to fall freely under gravity 
without rotation. Shew that just after the string becomes tight the loss of kinetic energy 


due to the impact is 
ni 2 2 2 
Cy sce as ER we ae 
a /(G + gta): 


where V is the resolved: velocity of the body in the direction of the string just before 
impact, the string only touching the body at the point of attachment, (2, m, , A, #, v) are 
the coordinates of the string at the instant it becomes tight, and 4, B, C are the principal 
moments of inertia of the body with respect to its principal axes at its centre of inertia. 


(Coll. Exam.) 


CHAPTER VII. 
THEORY OF VIBRATIONS. 


76. Vibrations about equilibrium. 


In Dynamics we frequently have to deal with systems for which there 
exists an equilibrium-configuration, i.e. a configuration in which the system 
can remain permanently at rest; thus in the case of the spherical pendulum, 
the configurations in which the bob is vertically over or vertically under the 
point of support are ofthis character. If (q, q, ..., Qn) are the coordinates 
of a system and J its kinetic potential, and if (a,, a, ..., @,) are the values of 
the coordinates in an equilibrium-configuration, the equations of motion 
d foL\ oL 
Ae Sars 


must be satisfied by the set of values 


(tes 1 EO) 


qn = 0, G2 = 0, sees Gn = 0, Gz, = 0, go= 9, teey Gn =9, = %, Yo= Aq, ++) In=An- 


The values of the coordinates in the various possible equilibrium-con- 
figurations of a system are therefore obtained by solving for q, q, .-., Yn the 
equations 


oL 
Rie Gael ie an) 
in which q, qo, --», Gn are to be replaced by zero. 


In many cases, if the system is initially placed near an equilibrium-con- 
figuration, its particles having very small initial velocities, the divergence 
from the equilibrium-configuration will never become very marked, the 
particles always remaining in the vicinity of their original positions and 
never acquiring large velocities. We shall now study motions of this type*; 
they are called wibrations about an equilibrium-configuration. 


* More strictly speaking, we study in this chapter the limiting form to which this type of 
motion approximates when the initial divergence from a state of rest in the equilibrium-configu- 
ration tends to zero; the study of the motions which differ by a finite, though not large, amount 
from a state of rest in the equilibrium-configuration is given later in Chapter XVI: the discussion 
of the present chapter may be regarded as a first approximation to that of Chapter XVI. 
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In the present work we are of course concerned only with the vibrations of systems 
which have a finite number of degrees of freedom; the study of the vibrations of systems 
which have an infinite number of degrees of freedom, which is here excluded, will be found 
in treatises on the Analytical Theory of Sound. 


We shall suppose that the system is defined by its kinetic energy 7’ and 
its potential energy V, and that the position of the system is specified by the 
coordinates (q:, Y2, ---» Yn) independently of the time, so that 7’ does not 
involve ¢ explicitly: we shall also suppose that no coordinates have been 
ignored ; the kinetic energy T is therefore a homogeneous quadratic function 
of Gi, do» ++) Qn» With coefficients involving q,, qs, ---» Yn in any way. There 
is evidently no loss of generality in assuming that the equilibrium-con- 
figuration corresponds to zero values of the coordinates q, qo, --., gn; so that 
Gis Yay «#9 Ino Gy Gay +++) Gny are Very small throughout the motion considered. 


The coefficients of the squares and products of @, q@, ..., Gg. in T are 
functions of 9), q2, ---, nm: aS however all the coordinates and velocities are 
small, we can in approximating to the motion retain only the terms of lowest 
order in J, and so can replace all these coefficients by the constant values 
which they assume when q, q, ---, Gm are replaced by zero. The kinetic 
energy is therefore for our purposes a homogeneous quadratic function of 
Gi Ga» +++» Qn With constant coefficients. 


Moreover, if we expand the function V by Taylor's theorem in ascending 
powers of q%, G2, ---) Qn the term independent of q,, go, -.., Gn can be omitted, 
since it exercises no influence on the equations of motion; and there are no 

ahha 
terms linear in q, g2, ---, Yn» Since if such terms existed the quantities ar 

qr 
would not be zero in the equilibrium position, as they must be. The terms 
of lowest order in V are therefore the terms quadratic in qj, gs, ..., Qn- 
Neglecting the higher terms of the expansion in comparison with these, 
we have therefore V expressed as a homogeneous quadratic form in the 
variables q, G2, «+», Yn, With constant coefficients. 


Thus the problem of vibratory motions about a configuration of equilibrium 
depends on the solution of Lagrangian equations of motion in which the kinetic 
and potential energies are homogeneous quadratic forms in the velocities and 
coordinates respectively, with constant coefficients. 


77. Normal coordinates. 


In order to solve the equations of motion of a vibrating system, we write 
the expressions for the kinetic and potential energies in the form 
" A ae oe ND Becta. ae : oe: 
fi $ (dug + Aeodo +... + Ann Gn + 2aoh Qa + 23h G54 ves Zn waa Gn); 
V= $ (bug ot Doo Ge" ich nelata Dan Qn a5 2b13 9 Sti 20139195 Stekesioests 20n—-1,nQn—19n) } 
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of these 7’ is (§ 26) a positive definite form; and the determinant formed 
of the quantities a,, is not zero (since if this condition is not satisfied, 


f will depend on less than x independent velocities), The equations of 
motion are 


d (= Vent OV 
dt aq.) Loge 
if a change of variables is made, such that the new variables (Gra Gas avon Gn) 
are lmear functions of (q,, qs, -.., Yn), the new equations of motion will be 
ad () Leh 
dt \0qr/  — OGr. 


and these equations are clearly linear combinations of the original equations. 


CES ety) 


Suppose then* that the original equations of motion are multiplied 
respectively by undetermined constants m,, ms, ..., Mn», and added together. 
The resulting equation will be of the form 


d? 
a tA Gis 0: 
nie Q =hagi thugs fo. + linQns 


provided the constants m,, ms, ..., Mn, My, ho, ..., dn, © Satisfy the equations 
-bym, + bm, + ... + Ointn =r (Gy + AyeMy +... + Qin Mn) =, 
bm + Doo Mz + wee + bon Mn — xX (Gq, + Aggy Mo SP oor + Aon Mn) = Nhe, 


ORR em eee HEHEHE HEHEHE SHEE SHEESH S EERE EH EHHE REET EERE ESOT DESH HEE EROS OEE EE EES 


Bnr My + DngMz +... + Dan Mn =A (An M, + AngM: +... + Ann Mn) = hy. 
These equations can coexist only if A is a root of the determinantal equation 
AyA— dy, Ged — Dy, «++, Aind — Dy | =0. 

Ann — by, Anh — Dye, «++ dend — Dan 


ee er 


eer ee ee ee ee a) 


aa at taeeie eee ah Ann — Onn 


Moreover, if ), is any root of this equation, we can determine froin the 
preceding equations a possible set of PALO On Un. aink: wae, lant lane ions 
these ratios may, in certain cases, be partly indeterminate, but in all cases at 
least one function Q can be obtained in this way, satisfying the equation 

dQ 
aa, WF + r = 0. 
dt? if 

Now let a linear change of variables be effected so that the quantity Q 

so determined is one of the new variables: there will be no ambiguity in 


- * This method of proof is due to Jordan, Comptes Rendus, uxxtv. p. 1396. 
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denoting the new variables by qj, q2, ---, a3 we shall take g, to be identical 
with Q, so that the above equations are satisfied by the values h,=1, h, = 0, 

..,4n=0. Since the form 7’ is a positive definite form, the coefficients 
gg, Csg, +++, Inn Of the squares of qo, qs, .-., Gn, Will not be zero: so instead 
of G2; Yas +++» In We can again take new variables respectively equal to 


Ay 3 Qin 
ane! oi fe Gin ae ge a 
q2 Clon Nn 43 es n dn ae Nn 
By this change of variables the terms in Gq, Gigs, ---, Gn, are removed from 
T: so we can assume that dy, ds, ..., Gy, are Zero. 

Now introducing the conditions h,=1, h,=0, h,=0, ..., hn=0, dn =0, 
..+; Gm, =0, in the equations which determine m,, mz, ..., Mn, hy, he, «+, Ans A, 
we obtain the values 

My = 1] On, * Mtg = Ops Mg =O, nixog Pig = 0, 
by =Aidu, bn =0, bn =, ...; dp, = 0. 
It follows that the equation 


d (=) aw, 
dt \0q/ = og 
fasneet Te G0 
as the form di? 171 = V, 
: : OfEL. oV a 
while the equations =, ee =— ne (r= 2, 3, ..., m) 
| a fel” ov’ 
have the form FF ca = re (r= 2, 3, ..:, n), 
where T’=T — hang’, V’=V— $ryanq, 


so that 7” and V’ do not involve g, and q. 

This last system of equations may be regarded as the system of equations 
corresponding to a vibrational problem with (n—1) degrees of freedom. 
Treating them in the same manner, we can isolate another coordinate gq, 
such that if 

TL" =T" —tang?, V" =V" — trrQnqe? 
(where A, and dy. are certain constants), then 7” and V” do not involve g, or 
qo, and the coordinates qs, G4, -.-, Ym are determined by the equations of 
a vibrational problem with (n —2) degrees of freedom, in which the kinetic 
and potential energies are respectively 7” and V”. 

Proceeding in this way, we shall finally have the variables chosen so that 
the kinetic and potential energies of the original system can be written in 
terms of the new variables in the form 

T= + (4G. as As a” Wea ar ann Qn), 
V=$(Buq?t Bog? +... + Bang’), 


Where Gj, Qs, «+5 Qriny Bary Dads sot Onmmece Constan vs, 
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If finally we take as variables the quantities Vv dads Vv. Coo Jos 2 aty On dhs 
instead of q,, qo, -.-, Qn, the kinetic and potential energies take the form 


T= (Gr + Ge + + Gr’); 
Vi= 3 (mig + Mage? +... +h Qn’) 
where pz stands for Bjyy,/ a3. 

In this reduction it is immaterial whether the determinantal equation has 
its roots all distinct or has groups of repeated roots. The final result can be 
expressed by the statement that if the kinetic and potential energies of a 
vibrating system are given in the form 

T=4 (rr? + Goo Go? + 00. + Ann Gn® + 2dieGr got ... + 2An—1,nGn—19n)s 
V=h(bng?t+ boo ga? +... + Onn Qn? + 29142 +--+ + 2bn—1,n9n—19n)s 
it 1s always possible to find a linear transformation of the coordinates such 
that the kinetic and potential energies, when expressed in terms of the new 
coordinates, have the form 
T=3(q?+ G+ see + qr’), 
Vi= 3 (wiQe + Hage’ + ++ + Hn Qn’), 
where the quantities py, fo, --., bn are constants. These new coordinates are 
called the normal coordinates or principal coordinates of the vibrating system. 


Now it is a well-known algebraical theorem that the roots of the determi- 
nantal equation 
Gyn — Di, Gignh — Oe,’ . <6; hn N— Oy f= 0 
Coy = Dox, hee — Ong, 00+) Bon — Dan 


eee eee eee ee ee 


are the values of X for which the expression 


(ar a bi) qv + (Ag, — Boo) Qe? ay O06 te (Gig X = ame) En? + 2 (Ayr ae Ue) 14a + .-- 
+2 (One aN = Drawn) Gna dn 


can be made to depend on less than n independent variables (which will be 
linear functions of G%, go, ---, Qn). Since this is a property which persists 
through any linear change of variables, we see that the determinantal equation 
is invariantive, i.e. if G’, qe, --., Gn are any n independent linear functions of 
Gir Yo» «++» Yn, and if 7’ and V when expressed in terms of 9g), Gos -+») In take 
the form 

T=3 (Qu Gx? ai Coe Jo” cialeaaacts 2dr hr Ge fnas)) 


V=d (by Qr? + On Ga? + 0+ + 2010 G1 Ge +++); 
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then the roots of the new determinantal equation || a,’ —,s || =0 are the 
same as the roots of the original determinantal equation || a,, — b,s || = 0. 
But when the kinetic and potential energies have been brought by the 
introduction of normal coordinates to the form 
P= 3 (GP + Git. +h’), 
V=h (mgt Mage +... + MnGn’), 


the determinantal equation is 


i area One te tall 
0 rN fe 0 
0 0 A—ps O 0 
0 0 Opuee Osean 


SO its roots are fy, Me, +--+ fn. It follows that the constants py, Ms, ..., fon, Which 
occur as the coefficients of the squares of the normal coordinates in the potential 
energy, are the n roots (distinct or repeated) of the determinantal equation 
|| Grgh — Dys || = 0, where Gy, dre, --+, bu, de, ... are the coefficients in the original 
expressions for the kinetic and potential energies. 


It will be seen that the problem of reducing the kinetic and potential energies to their 
expressions in terms of normal coordinates is essentially the problem of simultaneously 
reducing each of two given homogeneous quadratic expressions in 7% variables to a sum of 
squares of 2 new variables: the fact that Z’ is a function of the velocities while V is a 
function of the coordinates does not affect the question, since the formulae of transforma- 
tion for the velocities g,, qa, ..., Yn are the same as the formulae of transformation for the 


coordinates 91, Yas +++) Yn- 


It might be supposed from the foregoing that it is always’ possible to transform 
simultaneously each ‘of two given homogeneous quadratic expressions in 2 variables to a 
sum of squares of n new variables; but this is not the case; for example, it is not possible 
to transform the two quadratic expressions 


ax* + bay +az* and cx*+daxy+cz* 


to the forms 
&+n7+¢C? and a€?+Bn?+yC?, 


where &, 7, ¢ are linear functions of a, v, 2. 
The conditions which must be satisfied in order that two given quadratic expressions 
Oy 42 + Ago Vo? + eet 2A o%yVa+..., 
041 44? + Do9 Ho? + 0. +20,9% Hat ...5 
may be simultaneously reducible to the form 
41 E17 + ayy Eo? +... + Onn En”, 
Br E> +B 22 & 2" Fieve + Ban En’, 
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are, in fact, that the elementary divisors (Zlementartheiler) of the determinant || apd —},s|| 


shall be linear*. If however one of the two given forms is a definite form (as we saw was 
the case with the kinetic energy in the dynamical problem), the elementary divisors are 
always linear, and the simultaneous reduction to sums of squares is therefore possible; 


this explains the circumstance that the reduction can always be effected in the dynamical 
problem of vibrations. ; 


The universal possibility of the reduction to normal coordinates for dynamical systems. 
was established by Weierstrass in 1858+; previous writers (following Lagrange) had 
supposed that in cases where the determinantal equation had repeated roots a set of 
normal coordinates would not exist, and that terms involving the time otherwise than in 


trigonometric and exponential functions would occur in the final solution of the equations 
of motion. 


78. Sylvester's theorem on the reality of the roots of the determinantal 
equation. 

We have seen in the preceding article that by introducing new variables 
which are linear functions of the original variables, it is always possible to 
reduce the kinetic and potential energies of a vibrating system to the form 


T=$(G24+ G2 +... + Gr), 
V=d (rag? + rege? + + + AnGn). 


The question arises as to whether this transformation is real, i.e. whether 
the coefficients m,, ms, ..., Mn, ky, ho, ..., hy which occur in the trans- 
formation are real or complex. Since these coefficients are given by linear 
equations whose coefficients, with the possible exception of the roots \y, As, «-., An 
of the determinantal equation, are certainly real, the question reduces to an 
investigation of the reality or otherwise of the roots of the equation 


yr — by Ay_X =o Da eeecve Can ae Or => 0 ; 
‘ Cnr ae bn Coo — be eeeeee Cen a, Dex 
Ayr roa Dna AnoX re Dne eeccce Onn oa li 


it being known that the quantities d,s and b,, are all real, and that 
Ange? + Conga? + ++. + UnnQn® + 2Ahoige + +. + 2Gn—a, n Gna In 
is a positive definite form. 


Let A denotet the determinant ||a;s\—,.||, and let A, denote the 
determinant obtained from it by striking out the first row and first column ; 
let A, denote the determinant obtained from A by striking out the first two 


* Cf, Muth’s treatise on Hlementartheiler (Leipzig, 1899); Bromwich, Proc. Lond. Math. Soc. 
XXXI.—XXXIII. 

+ Cf. Weierstrass’ Collected Works, Vol. 1. p. 233, 

+ The following proof is due to Nanson, Mess. of Math. xxv1. (1896), p. 59. 
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rows and first two columns, and so on. Then in any symmetrical deter- 


minant, say 
Dear Oas coseess Can | WHEE Org Cees 


See meee eee tee seer eeees 


Oni One se eeeeee Ann 


it is known that oP 8 | (PY aD, 
004, CO  \OA, 0241 Oey 
ip OD : as x : 
and hence if an vanishes the quantities D and as must have opposite 
signs ; thus we have the result that in the series of quantities 
eS Nan see (where A, = 1), 


if any one member of the series vanishes for a given value of X, the two 
adjacent members must have opposite signs for that value of 2. 


Let A, denote the determinant formed from A, by replacing \ by unity 
and each of the quantities b,,; by zero, so that A, is the coefficient of the 
highest power of X in A,. Since 


Angry + Ang Ga? +... + AnnQn? = 2aGiqe Sty em te 209-4,n Gna Gn 
is a positive definite form, A, is positive for all values of r from 0 to n. 
Thus the coefficients of the highest powers of in the functions A, A,, ..., A, 


are all of the same sign; and therefore as X increases from —# to +H, 
these functions lose » changes of sign. 


Now since A, is not zero and A, _,, A,,, have opposite signs when A, 
vanishes, it follows that the functions A, A,, A,,...,A,, cannot lose or gain a 
change of sign except when 2 passes through a root of A. But as » passes 
from —o to +0, the functions lose n changes of sign; and hence the 
n roots of the determinant A are all real. The transformation to normal 
coordinates is therefore always a real transformation. 


Moreover, since a change of sign is lost in the pair A, A,, every time that X 
passes through a root of A, it is evident that A, must change sign when 2X 
increases from one root of A to the consecutive root, and hence that the 
n roots of A are separated by the (n — 1) roots of A,: similarly the roots of 
each of the functions A, are separated by the roots of the function A,.,. 


Now A, has no roots: and if A,_, has the same sign at X=0 as at A=— 0, 
the root of the function A,_, will not be negative. If moreover A,_. has 
the same sign at X=0 as at X=—oo, neither of the roots of A,_, will be 


negative: for if this condition is satisfied, A,_, must have either two 
negative roots or no negative roots, and there cannot be two negative 
roots since there is no negative root of A,_, to separate them. Similarly in 
general the condition that none of the functions in the series A, A,, A,, ..., An 
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shall have a negative root is that each of the functions must have the 
same sign at X=0 as at X=—o. Hence the condition to be satisfied 
in order that all the roots of A may be positive is that each quantity A, 
shall have at X%=0 the same sign as (—1)"-", ie. that each of the 
determinants 


re eecereseresese | jj$$-| ceeeeecencecereee | | ceaevesesessveres 


See e weer eseeeeeeee | jj $$| seeeeeecesecesees | | eeoeseeveseeseres 


Daaklagh<lak Dori oe dans VER Dowie acts brim 


shall be positive. But these are the well-known conditions that the quadratic 
form “i 
big? ar Dogs? sP.o0n Se BanOn ae 2dr oGGo chai ote 20h in Ina In 


shall be a positive definite form. Hence finally the condition that the deter- 
minantal equation || a,s—b,s||=0 shall have all its roots positive ts that 
the quadratic form 

bug? ae Doo” BOE oi Ganda 25 20199192 Fetes 20n—1,n Gn Yn 


shall be a positive defimte form, t.e. that the potential energy in the wbratory 
motion shall be essentially positive. 


79. Solution of the differential equations ; the periods; stabilty. 


In order to express the configuration of any vibrating system in terms of 
the time, we first determine the normal coordinates of the system, and 
express the kinetic and potential energies in terms of them, so that these 
take the form 

T=3Q?+ Ge + s+’); 
V=h Agi t+ rage? + -0e + AnGn), 
where (41, q2, «++» Qn) are the normal coordinates, and (Ay, As,.-., An) are the 
roots of the determinantal equation || a, —,s||=0; these quantities 
(Ay, Xe,-++, An) have been shewn in the last article to be all real. 
The Lagrangian equation of motion for any coordinate q,, namely 
a (= ie 
dt \0q, 
is therefore 
Gr Ts Yr = 0. 
The solution of this equation is 
dy = A, cos (Vi,t+B,) , if Ais positive, 
Gy Apt B, , if A, 18 zero, 
Gi A,ev-*t4+ Bie-V-*t, if 2, is negative, 


where in each case A, and B, denote constants of integration. 
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It appears from these equations that if all the normal coordinates except 
one, say q,, are initially zero, and if the constant 2, corresponding to the 
non-zero coordinate is positive, then the coordinates (q, qo, «++ 5 Yr—1y Yr4ay «#5 In) 
will be permanently zero, and the system will perform vibrations in which 
the coordinate q, is alone affected. Moreover the configuration of the 


system .will repeat itself after an interval of time 27/VA,. This is usually 
expressed by saying that each of the normal coordinates corresponds to an 
independent mode of vibration of the system, provided. the corresponding 


constant A, is positive ; and the period of this vibration is 2a/V2,. 


Moreover, if the system be referred to any other set of coordinates which 
are: not normal coordinates, these coordinates are linear functions of the 
normal coordinates; and the normal coordinates perform their vibrations 
quite independently of each other; thus every conceivable vibration of the 
system may be regarded as the superposition of n independent normal 
vibrations. This is generally known as Bernoulli's principle of the super- 
position of vibrations. 


If the quantities (Ay, Ax,...., An) are not all positive, it appears from the 
above solution that those normal coordinates g, which correspond to the 
non-positive roots 2, will not oscillate about a zero value when the system is 
slightly disturbed from a state of rest in its equilibrium position, but will 
increase so as to invalidate the assumption made at the outset of the: work, 
namely that the higher powers of the coordinates can be neglected. In 
this case therefore, there will not be a vibration at all, and the equilibrium 
configuration is said to be unstable. If however the initial disturbance is 
such that these normal coordinates which correspond to non-positive roots 
A, are not affected, the system will perform vibrations in which the rest 
of the normal coordinates oscillate about zero values. 


The normal modes of vibration, which correspond to. those normal 
coordinates for which the corresponding root X, is positive, are said to 
be stable.. If the constants 2, are all positive, the equilibrium-configuration 
as a whole is said to be stable. The condition for stability of the equi- 
librium-configuration is therefore, by the theorem of the last article, that 
the potential energy of the wbrating system shall be a positive definite form. 


This result might have been expected from a consideration of the integral of energy ; 
for this integral is 


T+V=h, 


where 7’ and V are the quadratic forms which represent the kinetic and potential energies, 
and where / is a constant, This constant / will be small if the initial divergence from the 
equilibrium state is small. But 7’ is a positive definite form; and if V is also a positive 
definite form, we must have 7’ and V each less than h, so 7’ and V will remain small 
throughout the motion: the motion will therefore never differ greatly from the equilibrium- 
configuration, i.e. it will be stable. 
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80. Examples of vibrations about equilibrium. 


We shall now discuss a number of illustrative cases of vibration about 
equilibrium. asa 

(i) To find the vibration-period of a cylinder of any cross-section which can roll on the 
outside of a perfectly rough fixed cylinder. 

Let s be the are described on the fixed cylinder by the point of contact, s being 
measured from the equilibrium position; let p and p’ be the radii of curvature of the 
cross-sections of the fixed and moving cylinders respectively at the points which are in 
contact in the equilibrium position ; p and p’ being supposed positive when the cylinders 
are convex to each other: let JM be the mass of the moving cylinder, Mk? its moment of 
inertia about its centre of gravity, and ¢ the distance of the centre of gravity from the 
initial position of the point of contact in the moving cylinder, 

If a denotes the initial angle between the common normal to the cylinders and the 
vertical, then a+s/p is the angle between the common normal at time ¢ and the vertical, 
a+s/p+s/p’ is the angle made with the vertical by the line joining the centre of curvature 
of the moving cylinder with the original point of contact in the moving cylinder, and 
s/p+s/p’ is the angle made with the vertical by the line joining the last-named point to 
the centre of gravity of the moving cylinder. The angular velocity of the moving cylinder 


is therefore 
S\iSciaay 5 
p op 


Dele ae 
=4M (+0) +5 2, 
pp 


so its kinetic energy is 


The potential energy is 
V=WMq x height of the centre of gravity of the moving cylinder above some fixed position 


8 $s 8s Sn & 
= Mi eos ( +2) - “005 ( +245) +c008 (+5). 
a {(p + p')008 (a +5) —p' 008 (a> + 5 24: 


Neglecting s* this gives 


! Ne) 
V=tNg fete cos a—¢ (etP) jon 
: pp pp 


The Lagrangian equation of motion, 
d (SG) CL) OV, 


dt \ 08 08 = = 03” 
ae p+p pao \? 
es M (kh? +e (¢+5) 54M { ; cosa-e ( ; s=0 
ce NG p Ne pp : 


and the vibrations are therefore given by the equation 
s=A cos (At+e), 
where A and « are constants of integration to be determined by the initial conditions, and 


d is given by the equation 


The vibration-period is 27/). 
(ii) To find the periods of the normal modes of vibration about an equilibrium-configura- 
tion of a particle moving on a fixed smooth surface under gravity, 


The tangent-plane to the surface at the point occupied by the particle in the 
equilibrium-configuration is evidently horizontal: take as axes of x and y the tangents to 
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the lines of curvature of the surface at this point, and as axis of z a line drawn vertically 
upwards: so that the equation to the surface is approximately 


op 


+ —— 
2p, © 2p,’ 


where p, and p, denote the principal radii of curvature, measured positively upwards. 
The kinetic energy and potential energy are approximately 


T=4m (#?+7") (where m is the mass), 


and V=mgz 


SHG eae |r 
a (F 2pz 


It is evident from these expressions that 7 and y are the normal coordinates: the 


equations of motion are 
g 


#+2n=0 and y+ -y=0, 
P1 Pa 


and the periods of the normal modes of vibration are therefore 


Ir G) and 27r (®)' 
g g 


(iii) Zo find the normal modes of vibration of a rigid body, one of whose points is fixed, 
and which is vibrating about a position of stable equilibrium under the action of any system 
of conservative forces. 


Take as fixed axes of reference OX YZ the equilibrium positions of the principal axes of 
inertia of the body at the fixed point; the moving axes will be taken as usual to be these 
principal axes of inertia. We shall suppose the position of the body at any instant 
defined by the symmetrical parameters (&, n, ¢, x) of § 9; we shall regard & n, ¢ as the 
independent coordinates of the system, x being defined in terms of them by the equation 

oor + x 1 
The components of angular velocity of the body about the moving axes are (§ 16) 
@=2(xE+ 0) —nf-EX)s 
o=2 (— +9 + C— ny), 
w=2 (nb — bp +x¢— 
On account of the smallness of the vibration, we regard &, n, (as small quantities of 


the first order; y therefore differs from unity by a small quantity of the second order, and 
80 we have, correctly to the first order of small quantities, 


ao = 28, @y = 21), w= 26, 
and the kinetic energy of the body, which is given by the equation 
27T'= Aw,?+ Boo? + Co,”, 
where A, B, C are the principal moments of inertia at the point of suspension, can be 
written ; : 
T=2 (AER + By? + CC). 


The potential energy is some function of the position of the body, and therefore of the 
parameters (&, 7, ¢); let it be denoted by V (é, n, ¢). 


one 
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Since zero values of (& », ¢) correspond to the equilibrium position, there will be 
no terms linear in (&, 7, ¢) when V is expanded in ascending powers of (£, 7, ¢): the lowest 


terms are therefore of the second order ; neglecting terms of higher order, we can therefore 
write 


Vag? + by?+ cf? + fn + 29¢E + 2hEn, 
where a, 0, ¢, f, g, h are constants. 

The problem of determining the normal coordinates is therefore the same as that 
of reducing the two quadratic expressions 

; Hee eninge, 

af? + by? + 06? + Bing + 29CE + ZhEn, 

Aya? + BypP+O2, 
lena? + by? +02’, 


to the form 


where (x, y, 2) are linear functions of (&, 7, 6). 


Now the equation, referred to the fixed axes, of the momental ellipsoid in its equi- 
librium position, is 
AX?+BY?+CZ2=1; 


consider in connexion with this the quadric whose equation is 
aX?+bY?+cZ?24+2fVYZ+429gZX+2hX Y=1, 


which we shall call the “ellipsoid of equal potential energy” ; and determine the common 
set of conjugate diameters of these quadrics. Let (X’, Y’, Z') be the coordinates, referred 
to these conjugate diameters, of a point whose coordinates referred to the fixed axes 
are (X, Y, Z), and let the equations connecting (X’, Y’, Z’) and (X, Y, Z) be 


X=1,X'+m,Y'+n4,7Z’, 
[ratamr ane, 
Z =1,X' +MgY¥'+N3Z". 
By this transformation the equations of the quadrics are reduced to the form 
| heme iat age 2 
la,X?+6,Y%+¢Z? =1, 
and therefore the transformation which gives the normal coordinates in the dynamical 
problem is 
(ee 
4 1 = 1,0 + Moe + Noe, 
| = 1,0 + MY +132. 
It follows that in a normal mode of vibration, say that in which « alone varies, the 
quantities (é, 7, ¢) will be permanently in the ratio 


(Be Digit Fay BAUS ale 
But from the definitions of § 9 it is evident that &, n, ¢ are, to the first order of small 
quantities, proportional to the direction-cosines of the line about which the rotation 


of the rigid body takes place, and consequently the normal mode of vibration of the 
rigid body consists of a small oscillation about a line whose equation is 
AX: Y¥:Z=1,:%, 34s, 
i.e. about the line 
Yi=0, Z’=0, 


which is one of the common conjugate diameters of the two quadrics. 
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Hence finally we have the result that the normal vibrations of the body are small 
oscillations about the common conjugate diameters of the momental ellipsoid and the ellipsoid. 
of equal potential energy. 


(iv) To find the normal coordinates and the periods of normal vibration in the system 
of three degrees of freedom for which 


T=} (#+y7+2), 
Vas {p? (x? +") +202 ety) +02) 


where a is small in comparison with p and q; and to shew that if such a system be let 
go from rest with y and z initially zero, the vibration in x will have temporarily ceased 
after a time mp (q?— p*)/a?, and that there will then be a vibration of the same amplitude in 
y as the original one was in x. (Coll. Exam.) 


The form of the kinetic and potential energies suggests the transformation 
@rY=2E, L—y=2n, 
i HP +P +P, 
Vapl + py? + 2azé+49"2, 


The variable 7 is therefore a normal coordinate: to reduce the remaining terms in the 
kinetic and potential energies to sums of squares, we write 


2a 
SiS i eet oF b= Ort oa ¢ 


which gives 


and then we have 


es =i {1+ Gop ested Co qn 


[raves fe 2 alate 


The variables 7, ¢, ¢ are therefore the normal coordinates, 


Suppose that initially we have 
|. wah, {=O e—=Oy 
geal GS, eso: 


and suppose that & is so small that its product with other small quantities can be 
neglected. Then to this degree of approximation we have initially 


n=3h, p=th, ¢=0. 


The vibrations of the normal coordinates » and ¢ are therefore given by the equations 


n =k cos pt, 
> .a” (2g?— 4p?) + 
1 ] ae CE | | 
p=k cos | t r Ta | : 
cian ONO 
; @-pp ) ¢ 


The last equation can be written 


jira eee 


2 as 


+4h sin pt An 


a‘*t 
p (P—py* 


or 


p=k cos pt cos 


ba 
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The motion can therefore be approximately represented initially by 
oS. on gh cos pt, b= theoos pt, . 
tum i cos pt, y=0. 


or 


After an interval of time mp (q?—p?)/a?, the motion is approximately represented by 
n=skcospt, p=—tkcos pt, . 

x=0 » y= —koospt; 

which establishes the result stated. 


or’ _ i fuse 


81. Effect of a new constraint on the periods of a Mpratng system. 


_We shall now consider the effect produced on the periods of normal- 
vibration of a dynamical system about a configuration of stable equilibrium 
when the number of degrees of freedom of the system is diminished by the 
introduction of an additional constraint. 


Suppose that the original system is specified in terms of its normal 
coordinates (q1, 2, ---» Gn), 80 that the kinetic and potential energies. have the 
form oe 


=$(G?+G2 +... + Gr), 
yes qa + rege? +. + + n?Gn’) 5 
and let the additional constraint be. expressed. by the equation 
JI (Gi; Q2, sees Qn) =— 0, 


Since 4,.92, --», Yn are small, we can expand the function f in ascending 
powers of q1, qs, -»-, Yn, and retain only the first terms of the expansion: we 
can thus express the constraint by the equation 


Ah ar Ags am ee Andn = 0, 


where A,,..., A, are constants. As the equilibrium-configuration is supposed 
to be Pa patible with the constraint, there will be no constant term. By 
means of this equation we can eliminate q,: we thus have 


: 1 ; SW kas 
PP = 4. lie + G2 +... +@nat A (410, bat Ana in ; 


V= z ppg +r na Pana +4 = (Ag + - PAR mt , 


The Lagrangian equations of motion of the constrained system are there- 
fore the (n — 1) equations 


r+ Xr 2, + Ay 43 (Aig +... + An ina) + 25 (A, Oy te nas he Anes Gn dt =o 
Ceeeeks Oey 1), 
or Gr + Or + pA, =0 (pl, she eery n— be 
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where 


bm (Alli + eet Anca dna) #3 (Aide toe Ana dor) 


so the equations of motion of the constrained system can be written in the 
form of the m equations 

Gy + A2qr + pA, = 0 (ral Sy ve, 0), 
where » is undetermined. 


Now consider a normal mode of vibration of the modified system, defined 
by equations 


Gi = 4%, COS AL, Go =, COSAL, ..., In =n COS AL, pe =VCOSAL. 
Substituting in the equations of motion, we have 
a, (A,2 — A?) + VA, =0 (r= 1 23, #). 


Substituting the values of %, a,..., % given by these equations in the 

equation 
A,a, + Aye t...+ Ant =0, 
we have At ; Ae ve 
n 

Sig ee Ts sislel te are wx 

This equation he ? has a if roots, which from the form of the equa- 
tion are evidently interspaced between the quantities 2,7, A.7, ..., A,?: the 
quantities 27/X corresponding to these roots are the periods of the normal 
modes of vibration of the constrained system, and it therefore follows that 
the (n—1) periods of normal vibration of the constrained system are spaced 
between the n pertods of the original system. 


82. The stationary character of normal vibrations. 


We shall next consider the effect of adding constraints to a dynamical 
system to such an extent that only one degree of freedom is left to the 
system. Let (%, q, --», Yn) be the normal coordinates of the original 
system; the constraints may, as in the last article, be represented by linear 
equations between these coordinates, and can therefore be expressed in the 
form 

M1 = ids Ja = Mads «+95 In = Mn, 
where py, flo, +», fn are constants and q is a new variable which may be 
taken as defining the configuration of the constrained system at time t. 


Let the kinetic and potential energies of the original system be 
T = 4 (q+ qx" ar oud ae Gn’); 
V= oy Lg? + Age? + 06 Ann’), 
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$0 27r]/d1, 2mr/Ao, ..., 27/X» are its periods of normal vibration: the kinetic 
and potential energies of the constrained system are then 


T= 3 (ual + pad +o. + on’) @ 
Vik (rw? + ete? + one + AnPiln?) G2 
The period of a vibration of the constrained system is therefore 2a/n, 
where 2 is given by the equation 


rel DrPH + Ao"Me? + oe An Mn? 
pbb pl +... po? : 

_If the constraints are varied, this expression has a stationary value when 
(n—1) of the quantities p,, u., ..., w, are zero: this stationary value is one 
of the quantities 2,2, r,?, ..., A»2: and thus we have the theorem that when 
constraints are put on the system so as to reduce its number of degrees of 
Jreedom to unity, the period of the constrained system has a stationary value 
Sor those constraints which make the vibration to be a normal vibration of the 
unconstrained system. 


rn 


83. Vibrations about steady motion. 


A type of motion which presents many analogies with the equilibrium- 
configuration is that known as the steady motion of systems which possess 
ignorable coordinates: this is defined to be a motion in which the non- 
ignorable coordinates of the system have constant values, while the velocities 
corresponding to the ignorable coordinates have also constant values. 

One example of a steady motion is that of the top, discussed in § 72; as another 
example we may take the case of a particle which is free to move in a plane and is 
attracted by a fixed centre of force, the potential energy depending only on the distance 
from the centre of force; for such a particle, a circular orbit described with constant 
velocity is always a possible orbit, and this is a form of steady motion, since the radius 
vector is constant and the angular velocity 6 corresponding to the ignorable coordinate 6 
is also constant. 


In many cases, if a system is initially in a state of motion differing only 
slightly from a given form of steady motion, the divergence from this form of ° 


motion will never subsequently become very marked ; we shall now consider 
motions of this kind, which are called vibrations about steady motion. 


The steady motion is said to be stable* if the vibratory motion tends to 
a certain limiting form, namely the steady motion, when the initial disturb- 
ance from steady motion tends to zero. 

Let (p,, Po, ---, Px) be the ignorable and (q, qo, .-., dn) be the non-ignorable 
coordinates of the system. Corresponding to the ignorable coordinates, there 
will be & integrals 


aL f 
~ (om ay = hey oe k 
Op, Br (7 1, ? ? i 


* This definition is due to Klein and Sommerfeld. 
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where §,, Bz, ..., 8, are constants. We shall suppose that these constants 
have the same value in the vibratory motion as in the undisturbed steady 
motion of which it is regarded as the disturbed form; this of course only 
amounts to coordinating each ‘vibratory motion to some particular steady 
motion. | 


We suppose the system conservative, with constraints independent of the 
time; let its kinetic energy be 
nm Ww -. nk _ IE st 
P=t > > ayGigit & > byGidjt+s = > cypipy, 
“G21 j=l i=1 j=1 i=1 j=1 
where the coefficients ay, by, cy, are functions of q1, G2, «-+5 Yn- 
The integrals corresponding to the ignorable coordinates are 
Loypi + LbiyGi = B; (j= a 7k eoey k). 
v 7 


Let Cy be the minor of ¢; in the determinant formed of the coefficients 
cy, divided by this determinant; then solving the last equations for the 


quantities #,, we have 
Pr = =Crs (Bs ae 2dr, qu). 
s 


Substituting for 7, p., .-., pe, m the above expression for 7’, and utilising 
the properties of minors of determinants, we have 


T=} (ay oe biadjs) G45 + > CrsBiBs- 
4,79 58 28 


Now perform the process of ignoration of coordinates. Let R be the 
modified kinetic potential, so 


Ie 
R=T-V-— 2% p,6, 


r=1 
=t 2 (ay— = Onbabjs) GG + X CrsBrowg-— $= CuBiBs — V- 
a9 l,s ire ls 
We can without loss of generality suppose that the values of q,, go, -..5 Gn 
in the steady motion are all zero. If then the coefficients in R are expanded 
in ascending powers of 4%, dz, «++, Yn by Taylor's theorem, and all terms in the 
expression of & thus obtained which are above the second degree in the 
variables Gy, Go, +++» Gn Qi Yay +++) Qn are neglected in comparison with the 
terms of the second degree, we obtain for A an expression consisting of terms 


linear and quadratic in qj), qo, «++, Gn» Gis Ya» «++» In» Now the terms which 
are linear in q;, qs, -.», a and independent of q, qo, ..., gn, disappear auto- 
matically from the equations of motion 

d (=) OR _ Pale 

dt Oqr OGr (? es 9 Sy tees n), 


and these terms can therefore be omitted. Moreover, since the equations are 
satisfied by permanent zero values of q@, qa, «+5 Yn, it is evident that no terms 
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linear in q%, G, -+-, @n and independent of qj, qo, ..., Gr can be present in R. 
It follows that the problem of vibrations about steady motion depends on the 
solution of Lagrangian equations of motion in which the kinetic potential is a 
homogeneous quadratic function of the. velocities and coordinates, with constant 
coefficients. 


The difference between vibrations about equilibrium and vibrations about 
steady motion consists in the possible presence in the latter case of terms of 
the type qrgs (Le. products of a coordinate and a velocity) in the kinetic 
potential. These are called gyroscopic terms. The vibrations about steady 
motion of a system are in fact the same thing as the vibrations about 
equilibrium of the reduced or non-natural (§ 38) system to which the problem 
is brought by ignoration of coordinates. 


The equations of motion for the vibrating system are therefore 


Slag) 37 Graal 2, ey tl), 
where # can be written in the form © 
R =Z > trade ds + § = BreGrQs + 3 orsGrdo (r, s=1, 2, ..., n), 
and where x = Asp, Oi spe 


but where y;s is not in general equal to y,,._ The equations of motion in the 
expanded form are 


Ong — Bu at M12Qo ae (21 or 2) qe = Bi2Qo te ss =f (Ys a Ys) qs — Bis4s +...=0, 
Gn Gi + ("2 = Yn) n- Bug + O22 Jo — BoaQo Gis Ons cls (20 = Ys) qs — Bos 4s +. = 0, 
etc. 


These are linear equations with constant coefficients, which are of the same 
general character as the corresponding equations in the case of vibrations about 
equilibrium ; they differ only in the presence of the gyroscopic terms, which 
involve the coefficients (s,— Yrs). The presence of these terms makes it 
impossible to transform the system to normal coordinates* ; but, as we shall 
next see, the main characteristic of vibrations about equilibrium is retained, 
namely that any vibration can be regarded as a superposition of » purely 
periodic vibrations, which we shall call (as before) the normal modes of 
vibration of the system. 


84. The integration of the equations. 


We shall now shew how the nature of the vibrations can be determined, 
by integration of the equations of motion. 


* That is to say, impossible to transform the system to normal coordinates by a point-trans- 
formation: it is possible to effect the transformation to normal coordinates by a contact-trans- 
formation, and this is actually done in Chapter XVI. 
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It will be convenient first to transform them into a system of equations 
each of the first order. Let R denote the modified kinetic potential of the 
system, so that in the vibratory problem R is a homogeneous quadratic 
fianction) Of: oy) Gayenay Gas Gav Gas sey Gpee WarIbe 

ok 

ag. ete fea de, i 
so that Qniir Unto) +++» Gon are linear functions of q,, Ge, ---, Gn and vice versa ; 
the equations of motion can be written 


dnt =a (r=1, 743 assy %)s 


Now if & denote an increment of a function of the variables q,, qo, --., Yn> 
Yn+i> +++» Yon, due to small changes in these variables, we have 


SR= 2 eet + 84.) 


= = (Gn+r Sf + Qn+r 8qr) 


2 
Let the quantity 2 Onur Gets 
r=1 


when expressed as a function of q@, qo, ..., Gon, be denoted by H, so that H is 
a known homogeneous quadratic function of the variables q, gs, --., Gon; the 
last equation can be written 


oH = 


i wh 


Ace Odn+r — Qn+r bq), 


and therefore* the equations fe motion, which consisted originally of n equations 
each of the second order, can be replaced by a system of 2n equations, each of 
the first order, namely 

oH oH 


> Ee 
Odn+r 


0dr 
the independent variables being qi; Qa, +++» Jan: 


Yr a 


We shall now shew that the function H, which has replaced R as the 
determining function of the equations, represents the sum of the kinetic and 
potential energies of the dynamical system considered. 


For & contains terms of degrees 2, 1, and 0 in the velocities, and 


* This transformation is really a case of the Hamiltonian transformation given later in 
Chapter X. 
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is equivalent to twice the terms of degree two together with the terms of 
degree one, by Euler's theorem; it follows that H, being defined as 

ok 
04, 
will be equal to the terms of atl two in the velocities in R, together with 
the terms of zero degree in R with their signs changed: on comparing the 
expressions for Z’and F& given on page 190, it follows that 

H =T+ V, 


so H is the total energy of the dynamical system, expressed in terms of the 
variables qi, Ya, -++» Yan 


P or eae 


In the case of vibrations about an equilibrium-configuration, we have 
seen that the condition for stability is that the potential as well as the 
kinetic energy shall be a positive definite form; we shall now make a similar 
assumption for the case of vibrations about steady motion, namely that the 
total energy H is a positive definite form in the varrables qi, qo) --+> Yan} OD 
this assumption we shall shew that the steady motion is stable, and in fact 
that the equations of motion 


dq, olf ane oH 


= =— =e eee 
ieee Seay het 
can be integrated in the following way *. 
Consider the set of linear equations in the variables q,, qa, ---, Gans 
oH 9 Y2o ee*, Yon 
SQn+r iF (4 a d ) =YUr 
i 3 ' (n= V2)... 1) % 
0 (q, q2> eeey Yon 
— 8Or+ = Ynt+r 
A O9n+r J m 


if we denote the determinant of the system by f(s), and the minor of the 
element in the Ath row and wth column by 


FS) aus (A, #=1, 2,..., 2n), 
the expression of q,, 2, .-+, Yon mm terms Of Y,, Yo, --+, Yon 18 given by the 
equations 

SL (S)au 


all Fae Fone 
a r=1 J (8) ee (# ") 


and the degree of f(s) in s is 2n, while the degree of /(s),, 1s not greater 
than (2n —1). 
In order to solve the equations of motion, consider expressions for 
Gis Gay «+> Yn 08 theform 
aoe Pul$) 5it-ty 
o f(s) 


* The method of integration which follows is due to Weierstrass, Berlin. Monatsberichte, 1879, 


” ds (eer 2s 212), 


Ww. D. 13 
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where the integration is taken round a large circle O which encloses all the 
roots of the equation f(s)=0. These values of q,, qo, .--, Gon Will satisfy 
the equations of motion, provided the equations 


| @8 (t—to) |5Pa f OH ( pr, aa see Pe) =6 
C Pr s (rae 1p 2. 2) 


a OH (D1, po, ail ds 
iit) gp zp ee et 
/ C , pl OPn+r I (s) 


are satisfied. If therefore p,, po, ..., Pon are polynomials in s so chosen that 
the expressions in brackets under the integral sign vanish when s is equal to 
one of the roots of the equation f(s) =0, these equations will be satisfied, 
since the integrands will then have no singularities within the contour O*. 
It follows that p,, p., ..., Pon must be a set of solutions of the equations 


0H ( p,, Pa, v1) Pm) _ 6 


SPntr + 
As Re (e==1, 2, ..i,'%), 
Hepp Patent) 2 


when s is a root of the equation f(s)=0; this condition is satisfied by the 
expressions 


Pul8)=Gf (Shia + Of (Shun +--+ Om 7 Shean (t=, 2, -<., oe) 
where dy, Go, ..., Aen are arbitrary constants. 
The equations of motion are therefore satisfied by the values 


qu = coefficient of 1/s in the Laurent expansion+ in positive and nega- 
tive powers of s of the expression 
e8 (t—to) 


{ah f(S)yp + As f(S)ou + +++ + Gon F(S)on, u} Fis) 


Now on inspection of the determinant f(s) we see that minors of the 
types 


(4 =1, 2, ..., 2m). 


F(8)ntun and f(8)yntu (w=1, 2, ..., n); 


are of degree (2n — 1) in s, and the other minors are of degree (2n — 2) in s; 
so the coefficient of 1/s in the Laurent expansion of /(s),,/f(s) is zero unless 
N=n+ p or w=n+X; in the former case it is —1, and in the latter case it 
is 1. Hence on taking ¢ = t), we see that the quantities 


ay, Mg, +++, Aon 


are respectively the values of 
n+19 Unto. +++> Yons — Gry — Yay e++3 Qn 
at the time f). 


* Whittaker, 4 Course of Modern Analysis, § 36. 
+ Ibid. § 43. 
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If therefore we write 


¢$ (t)ay = coefficient of 1/s in the Laurent expansion of Titer, 
8 


and if @,, Go, .., Gon are the values of Qi» Ya» +++ Yon respectively corresponding 
to any definite value ¢, of t, we have 


9n.= Je {Gna $ (ta, 4 — Gab (tntau} (w=1, 2, ..., 2n). 


In order to evaluate the quantities ¢ (f),,, it is necessary to discuss the 
nature of the roots of the determinantal equation f(s)=0; let ki +1, where 
k and / are real and 7 denotes /—1, be any root of this equation; then 
the 2n equations 


(co 2 “ih Yn) _ 9 


0H (q, Yay ees Yn) _ 
Ode 

can be satisfied by values of q,, q2,---; Yon Which are not all zero. Let a 

system of such values be 


Etim, Eat tm, 02, Eon +Uon, 
where &,, &, ..., En, M1, M2) +++) Non, are real quantities. Then if we write 


oH 9 29 °%%) Gan 
(4h : d VsaGe Q25 CRCOe } Oea)ias 
Yu 
we have, on separating the last equations into their real and imaginary parts, 


HT (&, é., sielery fom a ae lente —— knn+e = 0 
i498 AG, mia —l&a thn, =0 
(&, & Eon)n+ 3 4) POSEN Gey 
HT (m, Nar se) Non)a IF Ln+a “he hE nie = 0 
H (m, U Pe) Nonna oe lna kEq = 0 
But since H is homogeneous and of degree two in its arguments, we have 


2H (&,, &, eeny Eon) == &H(&, &, tery Ena; 


and using the first two of the preceding equations this gives 


2H (E,, bay «os bn) = b B (Estinta—Tabnte). 


—(ki+1)qa+ 


Similarly 2H (mM, M2) +++) Non) =k 2 (E.%n4a— Na nba) 


Moreover on multiplying the first of the preceding equations by . and the 
second by n+, adding, and summing for values of a from 1 to n, we have 

2 n 

> or. (&, E., tery only pe sek > (Eatinta — Na feta): 

Az (i 
and similarly e 


Qn 
> £,H (m, Pe) Non)a ae —l > (EaMn+a $e Nakn+-a)» 
A=1 a= 
13—2 
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Since the left-hand sides of these equations are equal, we must have 


l 2 AC Nn+a—NaEn+a) = 0. 
But ae Sedatnte (A) we see that, as H is a positive definite form, neither 
k nor > > % (Eetinta — NeEnts) can be zero; we must therefore have J zero; and 


so ee pire f(s)=0 has each of its roots of the form ik, where k is a real 
quantity different from zero. 

We shall next shew that in the case in which the equation f(s)=0 has a 
j-tuple root s’, each of the functions f(s),, is divisible by (s — s’)#7. 

For let ¢,, Cz, ..+; Con be a set of definite real quantities; define quanti- 
tieS G1, Jo, -++» Gon by the equations 


Squtat EE (Gus day +++ Ganda = Ce } (a1, ...:0)-18) 
= Sa oF (qh, qa; <—ery Jen) n+a = Cnta 
so that we have 


Oe 7 
Ua 2 Taye (w=1, 2, ..., 2n). 


Let s,2 be any root of the equation f(s)=0, and let m be the smallest 
positive integer for which all the functions 
« FT (S)au 
SG Gye 
( 1 ) F(s) 
are finite for the value s,7 of s. When s is taken sufficiently near s,7, we can 
expand q, in a series of the form 
(Gu + hut) (8 — 8,1) + (gy +hyt)(s— yt) + ..., 
where gy, lu, Ju, hy, -.., denote real constants; and we can suppose the 
quantities ¢, Cz, ..., Con So chosen that the quantities g, and h, are not zero. 
Substituting this value of g, in equations (B), and equating the coefficients 
of (s —s,1)™, we have 
HT (g;, Jay veey Gon)a —s Sihnta =0 | 
H (9; Jay very Usa ea =f Bile = 0 [ 
FT (hy, hs, o lien be + 8 9nta = 0 
Nei (hy, his Sar hon)nta ae 0 


and on equating the coefficients of (s — s,7)"—!, we have 


(a=1, 2,...,”) (C), 


0 when m>1 
Ca When m= 1 


HT (Or, Go. teeny Uae = 5 R'nea + Inte = | 


rae, : ? 0 when m>1 
A (n, » Jay ee+> Yon Wea + sha Ga = a when m=1 (a= i 2, Vas n) (D). 


al (hy, he's sees hon')a =f: B19 nba + Rae = 0) 
HT (hy), Re, +++) han )nta— Jo —h, =0 
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Now by Euler’s theorem on homogeneous functions we have 
2n 
2H (9; Ja; eee, Gan) = 29 (G.; Ia; eee, Jan) as 
or by (C), 
2H (Ops Jasveces Gen) rod ee (Jalna = heGn+o); 


and similarly 
2H (Ia, Ba, «+25 ban) = 8 2 (galinya —ha§nsa) 
from which it is evident that = Galnts —heJn+a) 18 not zero. 
- Moreover, the first two of equations (C) give 

= WOHMG 0. \-. dai Ee. = (eer Ic he = Ose (ih), 
and the last two of equations (C) give 

= Oy H(h,, fis, 255 Bon) — 8s 2 GaG ura Ga Gnta) = Veccrerees (F). 

But from the first two of equations (D), when m > 1, we have 


2n n n 
ah h,H (Ce Ga eony ax = Sh 2 (halt wea aa alien) = 2 (Galnta a4 haGn+a) oS 0 
Ct dd ee Is Sasi aly) io., (G), 


and from the last two of equations (D) we have 

2n n n 

= gr.H (hy, hg: seey hen )x a5 Sy 2 (6,0nte — 9a Inta) ap = (gahn+a = hadnaee) = 0 
5 tre, erg eae, (H). 


Also since H is homogeneous of the second degree in its arguments, we 
have the identities 


2n 2n 
SI (Gas Yas os Ganda = & OnE (ll Bay eves Ban! )y svsererees (K) 
a | = 
2n 2n 
and Page anes) an) est G1 Gay +3) Gan )® oo sceeees««(La), 
A=1 A=1 


From equations (E), (H), (K) we have 
2 (Jalinta — haYn+a) = 81 & (hal'nya— haha) — 81 3 (Janta — Ja Jn+a) 
and from equations (F), (G), (L) we have 
E (Gallnsa— ante) = 5, 3, (lah'nta — he nea) + 81 & (af nta ~ Ju'Iuss) 
Comparing these equations, we have 


(Clipe =e WGara) = 0, 


IMs 


a. 
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which is contrary to what has already been proved. The assumption that 
m>1, which was used in obtaining equation (G), must therefore be false; 
m must therefore be unity, and consequently when f(s) is divisible by (s — s,1)*, 
each of the functions f(S)ay ts divisible by (s — s,t)*™. 

Now let s,, 5, ..., 8, be the moduli of the distinct roots of the equation f(s)=0, 
so that the functions f(s),,/f(s) are infinite only for s= + 5,1, + 851, ..., + 8,1; 
then denoting the coefficient of (s—s,i) in the Laurent expansion of 
F(s)aujf(s) in powers of (s — 8,7) by 

‘ (A, Mp FIA, Mp 

where (A, ), and (A, #),» are real, and observing that the only poles of the 
function f(s),,/f(s) are the points s = + s,7, and that these are simple poles, 
we have 


ss 


FO. § {Orta i Qs Wk Qo, 10.1 
J(8) =i 8 — Spt st s,t 


and therefore ¢ (t),, is the coefficient of 1/s in the Laurent expansion of 
8 (t—to) 3 | b)p F a A, bp. <b (A, )p = a (A, He} 


nee S— Spt S+ 851 


in powers of s, 


But the coefficient of 1/s in the Laurent expansion of e\'‘)/(s— s,7) is 
et), and the coefficient of 1/s in the Laurent expansion of e*—‘/(s + s,7) 
is e~p—t)*; we have therefore 


) (t)au =2 a {(a, })p COS Sp (¢ ae to) coe (A, )p. sin Sp (¢ = to)} 
P= 


and so finally 


M=2 A A [Gna ((4, 14), cos s(t — th) — (2, ws), sin Sp (t — t)} 
a=1 p= 


— qa (N+ a, 4)p COS 8 (t — t)) —(n +4, “), sin s, (¢—t,)}] (w=1, 2,..., 2n). 

This formula constitutes the general solution of the differential equations of 
motion. Hence finally we see that when the total energy of a system vibrating 
about a state of steady motion is a positive definite form, the vibratory motion 
can be expressed in terms of circular functions of t, and the steady motion is 
stable ; the periods of the normal vibrations are 27/s,, 27/s., ..., where + is,, 
+ 18, ... are the roots of the determinantal equation f(s) =0, whose order in s* 
us equal to the number of non-ignorable coordinates of the system. 


The above investigation is valid whether the determinantal equation has 
repeated roots or not. 


Between the coefficients (A, ~)p, (A, m)p', there exist the relations 
(A, #)p=—(Hy A)py (Ay Mp =(H, A)ps 


(A, A)pm 0, 


and so in particular 
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These relations follow from equations which (in virtue of their definitions) are true for * 
F (8), F (8,45 namely 
f(s) =f(-8), 
F=f (—8)p,: 


Example. Ifthe number of degrees of freedom of the system, after ignoration of the 
ignorable coordinates, is even, shew that when the ignorable velocities are large (e.g. if 
the ignorable coordinates are the angles through which certain fly-wheels have rotated, 
this would imply that the fly-wheels are rotating very rapidly), half the periods of 
vibration are very long and the other half are very short, the one set being proportional 
to the ignorable velocities and the other set being inversely proportional to these velocities. 


85. Hxamples of vibrations about steady motion. 


~ A number of illustrative cases of vibration about a state of steady motion 
will now be considered. 


(i) A particle zs describing the circle r=a, z=b, in the cylindrical field of force 
in which the potential energy is V=¢(r, 2), where r?=x?+y?, it being given that dV/dz 
as zero when r=a,z=b. To find the conditions for stability of the motion. 

If we write 

z=rcos6, y=rsind, 


we have for the kinetic and potential energies of the particle, whose mass will be denoted 
by m, . 

T =3m (P4+7°°0?+2), 

V=$(7, 4). 


The integral corresponding to the ignorable coordinate 6 is mr°6=kh, where h is a 


constant. The modified kinetic potential after ignoration of 6 is therefore 
R=T-V-k6 
: : a 
= Yni2+ 4m — 9 (r,2)- 9 


For the steady motion we must have 
ok ok 
eo Be 


the latter condition is satisfied by hypothesis, and the former gives k2=ma0g/da, We 


have therefore 
a Op 


R=dni?+ ym®— (1, 2)- 55 ae 


Writing 
r=atp, 2=b+¢, 


and neglecting terms above the second degree in p and ¢, we have 
3) 3 : 
R= dnp dng?—bp? (uats a) PC bar 20d: 


As no terms linear in # or € occur, this is essentially the same as a problem of 
vibrations about equilibrium, and the condition for stability is (§ 79) that 


6 (eats a) +2pCda + 2b 
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- shall be a positive definite form, i.e. that 
3 
(a5 ts) f— Par and dys 


shall both be positive. These are the required conditions for stability of the steady 
motion. 


Corollary. If a particle of unit mass is describing a circular orbit of radius @ in a 
plane about a centre of force at the centre of the circle, the potential energy being ¢ (7) 
where 7 is the distance from the centre, the modified kinetic potential is 


3 
46-49" (eat 3 be), 
where 7=a@+p), so the condition for stability is 


3 
paat 7 a>, 
and the period of a vibration about the circular motion is 


Qn | ba0+ 3 ore} rid 


(ii) Zo find the period of the vibrations about steady cirewlar motion of a particle 
moving under gravity on a surface of revolution whose axis is vertical. 


Let z=f(r) be the equation of the surface, where (z, 7, 6) are cylindrical coordinates 
with the axis of the surface as axis of z. If the particle is projected along the horizontal 
tangent to the surface at any point with a suitable velocity, it will describe a horizontal 
circle on the surface with constant velocity. Let @ be the radius of the circle; we shall 
take the mass of the particle to be unity, as this involves no loss of generality. 


The kinetic potential is : 
=) (724796242) —ge 


=H (14 f? (+4829 f(r). 


The integral corresponding to the ignorable coordinate 6 is r°4=h, and the modified 
kinetic potential of the system after ignoration of 6 is therefore 


=47 {14 (r)} —gf (r) — 22/20. 
The problem is thus reduced to that of finding the vibrations about equilibrium of the 


system with one degree of freedom for which £ is the kinetic potential. The condition for 
equilibrium is 


(Fea or B=ga' f' (a), 


R=$ {(1+f? (r)}— gf (r)— gaSf’ (a)/2r’. 


and this gives 


Writing y=a+p, where p is small, and expanding in powers of p, we have 


12 3 cr \ 
R= 3p? 14-F%(a)}—d9p? ff" (@ 427 (ah. 
The equation of motion 
Neg e: 


dt \ op Op 
is therefore 


gl+f2( (+904) PI@eE (a)}=0, 
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and the condition for stability is 


"” 3 / 
a (a)+of (a)>0, 
the period of a vibration being 


aA \) 
Vo FP" +97 (aa 


Example. If the surface is a paraboloid of revolution whose axis is vertical and 
vertex downwards, shew that the vibration-period is 


2+ a2\3 
r( gy ) 


where J is the semi-latus rectum of the paraboloid. 


(iil) To determine the vibrations about steady motion of a top on a perfectly rough 
plane. 


Let A denote the moment of inertia of the top about a line through its apex perpen- 
dicular to its axis of symmetry, and let 6 denote the angle made by the axis with the 
vertical, the mass of the top, and / the distance of its centre of gravity from its apex: 
then we have seen (§ 71) that after ignoring the Eulerian angles @ and y, the angle @ is 
determined by solving the dynamical system defined by the kinetic potential 


(a—b cos 6)? 


SRA AL 
Lei 2A sin? 6 


— Ugh cos 6, 


where a and 6 are constants depending on the initial circumstances of the motion. 


Let a, , be the values of 6 and ¢ respectively in the steady motion, so (§ 72) 
we have 
An? cos a+ Mgh=bn, 


An sin? a=a—bcosa. 


To discuss the vibratory motion of the top about this form of steady motion, we write 
6=a+z where « is a small quantity, and expand # in ascending powers of w, neglecting 
powers of xv above the second and eliminating a and b by use of the last two equations ; 
we thus obtain for & the value 


R=t Ag? —4Axz? {n? sin? a+(n cos a— Mgh/An)*}. 
The equation of motion for w is therefore 
at+{n? sin? a+(n cos a— Mgh/An)?} «=0. 


As the coefficient of w is positive, the state of steady motion is stable ; and the period of 


a vibration ws 
Qa {n?-2Mgh cos a/A + M*q*h?/A2n*} ~4, 

(iv) The sleeping top. 

If we consider that form of steady motion of the top in which a is zero, so that 
the axis of the top is permanently directed vertically upwards, the top rotating about this 
axis with a given angular velocity, the method of the preceding example must be modified, 
since now the form of steady motion in which a is a small constant is to be regarded as a 
vibration about the type of motion in which a is zero: so that we may now expect to have 
two independent periods of normal vibration, the analogues of which in the previous 
example are the period of the steady motion and the period of vibration about it. 
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As in § 71, the kinetic and potential energies of the top are 
T=} Ab2+4AG? sin? 0440 (b+ ¢ cos 6)%, 
V=Mgh cos 6. 
The integral corresponding to the ignorable coordinate y is 
b=C (v+¢ cos 6), 
and hence after ignoration of y we obtain for the kinetic potential of the system the value 
R=} .Ab?+4 AG? sin? 6+bd cos 6— Mgh cos 6. 


In the two last terms we can replace cos 6 by (cos —1), since the terms —b¢ and Mgh 
thus added disappear from the equations of-motion. 


As ¢ is not a small quantity throughout the motion, we take as coordinates in place of 
6 and ¢ the quantities € and y, where 


&=sin 6cos¢@, 7=sin 6sin d. 
From these equations, neglecting terms above the second degree in , n, &, 7, we have 
624 ¢? sin? = £2472, 
$ sin? 6 = £7 -né, 
1—cos 6=3 (£?-+7%), 
R=hAb + $y? — 4b (Ej nb) +4 Ugh (E+ 7). 
The equations of motion are 
d (=) oR d (=) oR 
Se SS eS 
dt \0& 0& dt \ 07 On 
ce by — MghE=0, 
Ay—bé — Mghn=0. 


If 2%/d is the period of a normal vibration, on substituting =Je™4, n=Ke™ in these 
differential equations and eliminating J and XZ we obtain the equation 


and so we have 


—NA-— Mah LON =(, 
| -—ibr —-dNA- Mah 
or (2d + Mgh)? — 67? =0. 


The two roots of this quadratic in \ give the values of \ corresponding to the two _ 
normal vibrations: we have therefore to determine the nature of these roots. 


The solution of the quadratic is 


1 
N= 7 (b?- 2AM gh +b (b?— 4 Mgh)*}, 
1 9 : 
so tr=57 b+ (P— 4A Mgh)'. 


The values of \ are therefore real or not according as b® is greater or less than 44 Mgh. 
In the former case the steady spinning motion round the vertical is stable: in the latter 
case, unstable, 


It must not be supposed, however, that in the unstable case the axis of the top 
necessarily departs very far from the vertical: all that is meant by the term “unstable” 
is that when 0?<4A Mgh the disturbed motion does not, as the disturbance is indefinitely 
diminished, tend to a limiting form coincident with the undisturbed motion. 
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As a matter of fact, if b?-44 Mgh, though negative, is very small, it is possible for the 
axis of the top in its “unstable” motion to remain permanently close to the vertical: but 
in this case the maximum divergence from the vertical cannot be made indefinitely small 
(for a given value of 6) by making the initial disturbance indefinitely small *. 


86. Vabrations of systems involving moving constraints. 


If a dynamical system involves a constraint which varies with the time 
(e.g. if one of the particles of the system is moveable on a smooth wire or 
surface which is made to rotate uniformly about a given axis), the kinetic 
potential of the system is no longer necessarily composed of terms of degrees 
2 and 0 in the velocities ; terms which are linear in the velocities may also 
occur. The equations which determine the vibrations of such a system will 
therefore in general include gyroscopic terms, even when the vibration is 
about relative equilibrium: the solution can be effected by the methods above 
developed for the problem of vibrations about steady motion. The following 
example will illustrate this. 


Example. To find the periods of the normal vibrations of a heavy particle about its 
position of equilibrium at the lowest point of a surface which is rotating with constant 
angular velocity about a vertical axis through the point. 

Let (x, y, 2) be the coordinates of the particle, referred to axes which revolve with the 
surface, the axes of x and y being the tangents to the lines of curvature at the lowest 
point, and the axis of z being vertical. Let the equation of the surface be 

bes Oe ; 
= 30, +terms of higher order. 


The kinetic and potential energies of the particle are 
T=} {(e-yo)+(j-+a0)+%, 
V=mgqz. 
The kinetic potential of the vibration-problem is therefore 
2 


L=}km (2 +9?+ 20 (ay — yh) +0? (a?-+y%)} — mg (= + ry. 
1 2. 


The equations of motion are 


d (a) %_, a (@L\ wL_, 
adtA\og) 07  ° at\ey) oy 


or #—20y+2(2 -*)=0, 
P41 


b) 


Yr2oé+y (2 -0*)=0, 
Pa 
If the period of a normal vibration is 27/A, we have (substituting a= Ae™ MY in 


the differential equations, and eliminating A and £) 


»y=Be 


| —)?— 07+ 9/p, —2Qwir =0, 
Qwinr —)—o0* + 9/po5 
or (2+ @?— g/p1) (A? + @? — g/ po) — 4)2@?=0. 


The roots of this quadratic in \? determine the periods of the normal vibrations. 


* A discussion of the stability of the sleeping top is given by Klein, Bull. Amer. Math. Soc. 111. 
(1897), pp. 129-132, 292. 
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MISCELLANEOUS EXAMPLES. 


1. A particle moves on a curve which rotates uniformly about a fixed axis, the 
potential energy V(s) of the particle depending only on its position as defined by the 
arc s, Shew that the period of a vibration about a position of relative rest on the 


curve is 
9 aVd ‘ —rdr/ds he 
a ie ds ds °°\ dV/ds )f ’ 
where 7 is the distance of the particle from the axis. 


2. Determine the vibrations of a solid horizontal circular cylinder rolling inside a 
hollow horizontal circular cylinder whose axis is fixed, shewing that the length of the 
simple equivalent pendulum is (6— a) (3M@+m)/(2M+m); where 6 is the radius and / the 


mass, of the outer cylinder, and a is the radius and m the mass, of the inner cylinder. 
(Coll. Exam.) 


3. A thin hemispherical bowl of mass Wf and radius a@ is on a perfectly rough 
horizontal plane, and a particle of mass m is in contact with the inner surface of the bow], 
supposed smooth. Shew that when the system performs small oscillations, the motion of 
the particle and the centre of gravity of the bowl being in one plane, the periods of the 
normal vibrations are 2m/4/d, and 27/*/X,, where , and A, are the roots of the equation 

mang —(g—ar) (4g—#ad) U=0. (Coll. Exam.) 


4, A string of length 4a is loaded at equal intervals with three weights m, I/ and m 
respectively, and is suspended from two points A and B symmetrically. Shew that if M 
perform small vertical vibrations, the length of the simple equivalent pendulum is 


a@ cos acos 8 sin (a — 8) cos (a— 8) 
sin a cos? a+sin 8 cos? 8 


? 


where a and £ are the inclinations of the parts of the string to the vertical. 
(Coll. Exam.) 


5. A uniform bar whose length is 2a is suspended by a short string whose length is 7; 
prove that the time of vibration is greater than if the bar were swinging about one 
extremity in the ratio 1+9//32a : 1 nearly. (Coll. Exam.) 


6. An elliptic cylinder with plane ends at right angles to its axis rests upon two fixed 
smooth perpendicular planes which are each inclined at 45° to the horizon. Shew that 
there are two stable configurations and one unstable, and that in the former case the 
length of the equivalent pendulum is 


ab (a? +2)/2 »/2 (a—b)? (a+b), 
a and 6 being the lengths of the semi-axes. (Coll. Exam.) 


7. A rough circular cylinder of radius @ and mass m is loaded so that its centre of 
gravity is at a distance A from the axis, and is placed on a board of equal mass which 
can move on a smooth horizontal plane. If the system is disturbed slightly when in a 
position of stable equilibrium, shew that the length of the simple equivalent pendulum is 
M/h+%4(a—h)*/h, where mk? is the moment of inertia of the cylinder about a horizontal 
axis through its centre of gravity. (Coll. Exam.) 


8. One end of a uniform rod of length 6 and mass m is freely jointed to a point ina 
smooth vertical wall; the other end is freely jointed to a point in the surface of a uniform 
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sphere of mass M and radius a which rests against the wall. Shew that the period of the 
vibrations about the position of equilibrium is 2m/p, where 


g 


ab cosa 


p* {sin B sin? (a — 8) +4 cos a sin (a— 8) +2 sinB cos? B}= (a sin acos? a+ sin B cos? B), 


a and £ being given by the equations 
asina+6sinB—a=0, 
(4m+M) tan B— tan a=0. (Coll. Exam.) 


9. A thin circular cylinder of mass M and radius 6 rests on a perfectly rough 
horizontal plane, and inside it is placed a perfectly rough sphere of mass m and radius a. 
If the system be disturbed in a plane perpendicular to the generators of the cylinder, find 
the equations of finite motion, and deduce two first integrals of them; and if the motion 
be small, shew that the length of the simple equivalent pendulum is 


14M (b—a)/(10M+7m). 
(Camb. Math. Tripos, Part I, 1899.) . 


10. A sphere of radius ¢ is placed upon a horizontal perfectly rough wire in the 
form of an ellipse of axes 2a, 2b. Prove that the time of a vibration under gravity about 
the position of stable equilibrium is that of a simple pendulum of length 7 given by 
b?dl= (a? — 6?) (d?+k?), where k?=2c?/5 and d?=c? —b?, (Coll. Exam.) 


11. A rhombus of four equal uniform rods of length a freely jointed together is laid 
on & smooth horizontal plane with one angle equal to 2a. The opposite corners are 
connected by similar elastic strings of natural lengths 2a cosa, 2asina. Prove that if 
one string be slightly extended and the rhombus left free, the periods during which 
the strings are extended in the subsequent motion are in the ratio 


(cos a)* : (sin a)?. (Coll. Exam.) 


12. <A particle of mass m is attached by n equal elastic strings of natural length a to 
the fixed angular points of a regular polygon of n sides, the radius of whose circumscribing 
circle is c. Shew that if the particle be slightly displaced from its equilibrium position in 
' the plane of the polygon, it will execute harmonic vibrations in a straight line, the length 
of the simple equivalent pendulum being 2mgac/nd(2c—a), and that for vibrations 
perpendicular to the plane of the polygon, the corresponding length will be mgac/nd (c—a), 
d being the modulus of each string. (Camb. Math. Tripos, Part I, 1900.) 


13. The energy-equation of a particle is 
f (a) @2=2¢ (#) + constant, 


and a is a value of # for which ¢’(#) is zero. If f(?)(x) is the first derivate of ¢ (x) 
which does not vanish for z=a, shew that the period of a vibration about the position @ is 


see eR ete Ans 
TT Cep+) (~ 4pgerr(a) J? 


where / is the value of (v—«a) corresponding to the extreme displacement. (Elliott.) 


14. A cone has its centre of gravity at a distance c from its axis, there being in other 
respects the usual kinetic symmetry at the vertex. If the cone oscillates on a horizontal 
plane and the plane be perfectly rough, shew that the length of the simple equivalent 
pendulum is 

(cos a/Mc) (A sin? a+ C' cos? a), 
whereas if this plane be perfectly smooth, the length is 


(cos a/Mc) (sin? a/A + cos? a/C). (Coll. Exam.) 
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15. A number of equal uniform rods each of length 2a are freely jointed at a common 
extremity and arranged at equal angular intervals like the ribs of an umbrella. This cone 
of rods is put over a smooth fixed sphere of radius 6, each rod being in contact with the 
sphere, and rests in equilibrium. Shew that, if the system be slightly disturbed so that 
the hinge performs vertical vibrations about the position of equilibrium, their period is 

9 @ 1+8sin?a\? . 3 
4 3g 1+2sin?a ha, 
where sec? a sin a=a/b. (Camb. Math. Tripos, Part I, 1896.) 


16. <A heavy rectangular board is symmetrically suspended in a horizontal position 
by four light elastic strings attached to the corners of the board and to a fixed point 
vertically above its centre. Shew that the period of the vertical vibrations is 


Sapseh nd 
an (2+ oy) , 


where ¢ is the equilibrium distance of the board below the fixed point, a is the length of 
a semi-diagonal, k=(a2+0%)3, and ) is the modulus. (Coll. Exam.) 


17. A heavy lamina hangs in equilibrium in a horizontal position suspended by three 
vertical inextensible strings of unequal lengths. Shew that the normal vibrations are 
(1) a rotation about either of two vertical lines in a plane through the centroid, and 
(2) a horizontal swing parallel to this plane. (Coll. Exam.) 


18. <A uniform rod of length 2a is freely hinged at one end, at the other end a string 
of length 6 is attached which is fastened at its further end to a point on the surface of a 
homogeneous sphere of radius c. If the masses of the rod and sphere are equal, find the 
motion of the system when slightly disturbed from the vertical, and shew that the 
. equation to determine the periods is 

Qabcp  — gp? (6be + 19ca + 5ab) + g2p (35a + 15b+21c) —g?=0. 
(Coll. Exam.) 

19. A uniform wire in the shape of an ellipse of semi-axes a, 6, rests upon a rough 
horizontal plane with its minor axis vertical and a particle of equal mass is suspended by 
a fine string of length 7 attached to the highest point. If vibrations in a vertical plane 
be performed, prove that their periods will be those of pendulums whose lengths are the 
values of x given by the equation 


{a (3b — 2a?/b) +56? + 4} (ev —1)+4b57=0 ; 
where & is the radius of gyration about the centre of gravity. (Coll. Exam.) 


20. A fine inextensible string has its ends tied to two fixed pegs in a horizontal 
line whose distance apart is three-quarters of the length of the string. The string 
also passes through two small smooth rings which are fixed to the ends of a uniform 
straight rod whose length is half that of the string. The rod hangs in equilibrium 
in a horizontal position and receives a small disturbance in the vertical plane of the 
string. Shew that initially its normal coordinates in terms of the time are Z cos (pt+a) 
and M cosh (qgt+ 8), where p? and —q?* are the roots of the equation 

a2 i a_5 g =0." (Coll. Exam.) 

21. A heavy uniform rod of length 2a, suspended from a fixed point by a string 
of length 6, is slightly disturbed from its vertical position. Shew that the periods of the 
normal vibrations are 27/p, and 27/p,, where p,? and p,? are the roots of the equation 


abp* — (4a + 3b) gp?+3g9?=0. 
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22. <A circular disc, mass M, is attached by a string from its centre C to a fixed 
point O. A particle of mass m is fixed to the disc at a point P on the rim. Find the 
equations of motion in a vertical plane in terms of the angles @ and @ which OO and CP 
make with the vertical, and prove that if the system vibrates about the position of 
equilibrium the periods in these coordinates are given by the equation 


(Af-+m) (pta—g) {f+ 2m) ep*— Img} =ImPeap, | 
where a is the length of the string OC and ¢ the radius of the disc. (Goll. Exam.) 


23. A hemispherical bowl of radius 2b rests on a smooth table with the plane of its 
rim horizontal ; within it and in equilibrium lies a perfectly rough sphere of radius 6, and 
mass one-quarter of that of the bowl. A slight displacement in a vertical plane con- 
taining the centres of the sphere and the bowl is given: prove that the periods of the 
consequent vibrations are 27/p, and 2m/p,, where p,? and p,? are the roots of the 
equation 

156622? — 260bag + '7592=0. (Coll. Exam.) 


24. A uniform circular disc of mass m and radius a is held in equilibrium on a 
smooth horizontal plane by three equal elastic strings of modulus A, natural length J) and 
stretched length 7. The strings are attached to the disc at the extremities of three radii 
equally inclined to one another and their other ends are attached to points of the plane 
lying on the radii produced. Shew that the periods of vibration of the disc are 


Qn {u/(2l—1y)}? and 2m {ua/4 (atl) (1—1,)}, 
where p=2mll)/3nX. (Camb. Math. Tripos, Part I, 1898.) 


25. A particle is describing a circle under the influence of a force to the centre 
varying as the nth power of the distance. Shew that this state of motion is unstable if 2 
be less than —3. 


bis 
Shew that, if the force vary as e 2/r?, the motion is stable or unstable according as 
the radius of the circle is less or greater than a. (Coll. Exam.) 


26. A particle moves in free space under the action of a centre of force which varies 
as the inverse square of the distance and a field of constant force: shew that a circle 
described uniformly is a possible state of steady motion, but this will be stable only 
provided the circle as viewed from the centre of force appears to lie on a right circular 
cone whose semi-vertical angle is greater than cos~! 4. (Coll. Exam.) 


27. A particle describes a circle uniformly under the influence of two centres of force 
which attract inversely as the square of the distance. Prove that the motion is stable if 
3cos cos @ <1, where 6 and ¢ are the angles which a radius of the circle subtends 
at the centres of force. (Camb. Math. Tripos, Part I, 1889.) 


28. A heavy particle is projected horizontally on the interior of a smooth cone with 
its axis vertical and apex downwards ; the initial distance from the apex is ¢ and the 
semi-vertical angle of the cone is a. Find the condition that a horizontal circle should be 
described; and shew that the time of a vibration about this steady motion is that 
of a simple pendulum of length 4c sec a. (Coll. Exam.) 


29. A circular disc has a thin rod pushed through its centre perpendicular to its 
plane, the length of the rod being equal to the radius of the disc ; prove that the system 
cannot spin with the rod vertical unless the velocity of a point on the circumference 
of the disc is greater than the velocity acquired by a body after falling from rest 
vertically through ten times the radius of the disc. (Coll. Exam.) 


208 Theory of Vibrations [CH. VI 


30. Prove that for a symmetrical top spinning upright with sufficient angular — 
velocity for stability, the two types of motion, differing slightly from the steady motion ~ 
in the upright position, which are determined by simple harmonic functions of the time, 
are the limits of steady motions with the axis slightly inclined to the vertical, and that 
the period of the vibrations is the limiting value of that which corresponds to steady 
motion in an inclined position when the inclination is indefinitely diminished. 

(Coll. Exam.) 


31. One end of a uniform rod of length 2a whose radius of gyration about one 
end is & is compelled to describe a horizontal circle of radius ¢ with uniform angular 
velocity . Prove that when the motion is steady the rod lies in the vertical plane 
through the centre of the circle and makes an angle a with the vertical given by 


w? (k? + a0¢ cosec a)=ag sec a. 


Shew that the periods of the normal vibrations are 27/\,, 27/Ay, where dy, A, are the 
roots of 
(222 sin a — w2ac) (k®\? sin a— wac — wh? sin? a) = 407k)? sin? a cos* a. 


(Camb. Math. Tripos, Part I, 1889.) 


32. Investigate the motion of a conical pendulum when disturbed from its state of 
steady motion by a small vertical harmonic oscillation of the point of support. Can the 
steady motion be rendered unstable by such a disturbance ? (Coll. Exam.) 


*33. The middle point of one side of a uniform rectangle is fixed and the line joining 
it to the middle point of the opposite side is constrained to describe a circular cone 
of semi-angle a with uniform angular velocity. The rectangle being otherwise free, 
find the positions of steady motion and prove that the time of a vibration about the 
position of stable steady motion is equal to the period of revolution divided by sin a. 

(Coll. Exam.) 


34. A solid of revolution, symmetrical about a plane through its centre of gravity 
perpendicular to its axis, is suspended from a fixed point by a string of length 6 which is 
attached to one end of the axis of the solid, this axis being of length 2a. The mass 
of the solid is M, and its principal moments of inertia at its centre of gravity are 
(A, A, (@). If the solid is slightly disturbed from the state of steady motion in which the 
string and axis are vertical, and the body is spinning on its axis with angular velocity x, 
shew that the periods of the normal vibrations are 27/p, and 2z/p., where p,? and p,2 are 
the roots of the equation 

Ma?gp* = (g — bp) (Mag + Cnp— Ap?). 


35. A symmetrical top spins with its axis vertical, the tip of the peg resting in 
a fixed socket. A second top, also spinning, is placed on the summit of the first, the tip 
of the peg resting in a small socket. Shew that the arrangement is stable provided the 
equation 
(Megu? + Cax+ A) {(M'c! + Mh) ga? + C'a'a +(A' + Mh) = Mh? 


has all its roots real; Q, Q’ being the spins of the upper and lower tops respectively, 
M, M’ their masses, C, C’ their moments of inertia about the axis of figure, 4, A’ about 
perpendiculars through the pegs, ¢, ¢’ the distances of the centroids from the pegs, and h 
the distance between the pegs. (Camb, Math. Tripos, Part I, 1898.) 


36. A homogeneous body spins on a smooth horizontal plane in stable steady motion, 
with angular velocity about the vertical through the point of contact and the centre of 
gravity. ‘The body is symmetrical about each of two perpendicular planes through the 
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vertical. The principal radii of curvature at the vertex on which it rests are p,, p,; the 
moments of inertia about the principal axes through the centre of gravity (parallel to the 
lines of curvature) are respectively A and B, and that about the vertical is GC, The 
height of the centre of gravity above the vertex is a=a,+p,=d,+p,; and Aw? is the 
weight of the body. 


Shew that the following conditions must be satisfied : 
(i) (a+A-—C)(Aa,+B-C)> 0, 
(ii) A(a,A+a,B) < AB+(A-C)(B-O), 
(iii) The value of A must not lie between the two values 
(A+ B-O)[WVB {a,A +a,(A- 0) 4/4 {a,B+a, (B- C)}72/(a,.4 — a,BY?, 


if the two radicals in the expression are both real. 
(Camb. Math. Tripos, Part I, 1897.) 


CHAPTER VIII. 
NON-HOLONOMIC SYSTEMS. DISSIPATIVE SYSTEMS. 


87. Lagrange’s equations with undetermined multipliers. 


We now proceed to the consideration of non-holonomic dynamical systems. 
In these systems, as was seen in § 25, the number of independent coordinates 
(G1) G2: +++» Yn) Fequired in order to specify the configuration of the system at 
any time is greater than the number of degrees of freedom of the system, 
owing to the fact that the system is subject to constraints which will be 
supposed to do no work, and which are expressed by a number of non- 
integrable* kinematical relations of the form 


Aydq, Se Ayydqs+ ete Andgn+ T,dt ==) (k ed Neate are m), 
where As, Ajs,c-55 Annas lusl oy vor my SLE. SIVEM 1ONCHONS. OF G, Ga ant, ieee 
The most familiar example of such a system is that of a body which is 
constrained to roll without sliding on a given fixed surface: the condition 


that no sliding takes place is expressed by two relations of the type given 
above. 


The number of kinematical relations being m, the system will have 
(n —m) degrees of freedom; it is not possible to apply Lagrange’s equations 
directly to such a system, but an extension of the Lagrangian equations will 
now be given which will enable us to discuss the motion of non-holonomic 
systems in a way analogous to that previously developed for holonomic 
systems. 

Consider then a non-holonomic system, whose configuration at any instant 
is completely specified by n coordinates q,, qo, -.-» gn; let the kinetic energy 
be 7, and let the kinematical conditions due to the non-holonomic constraints 
be expressed by the relations 


Ay,dq IF Ay,dqs =tos cise te Anpad,, +T7\,dt = () (c= Le 2; evey m). 


Now it is open to us either simply to regard the system as subject to 
these kinematical conditions, or in place of these to regard the system as 
acted on by certain additional external forces, namely the forces which have 
to be exerted by the constraints in order to compel the system to fulfil the 


* If these relations were integrable, it would be possible to express some of the coordinates 


(1) Ya» +++» Im) in terms of the others, and the m coordinates would therefore not be independent : 
which is contrary to our assumption. 
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kinematical conditions; we shall for the present take the latter point of 
view. Let 


Q, dq qe Qs’ Oqo + eee t Qn’ San 
be the work done on the system by these additional forces in an arbitrary 


displacement (6q,, dq2, ..., 6¢n) (which is now not restricted to satisfy the 
kinematical conditions), and let 


Q,5% tr Q254. up Su QnOdn 


be the work done on the system by the original external forces in this dis- 
placement. Since the substitution of additional forces for the kinematical 
relations has made the system holonomic, we can apply the Lagrangian 
equations ; we have therefore 
a/ot\ of ; 
ae Ges Q,+ Q, = 1.2 .4,N) 
as the equations of motion of the system. 

The forces Q,’, Q,’, ..., Qn’ are unknown: but they are such that, in any 
displacement consistent with the instantaneous constraints, they do no work. 
It follows that the quantity 


Q,'dq cP Q.'dqz +...4+ Qn'ddn 


is zero for all values of the ratios dq,:dq.:...: dq, which satisfy the 
equations 
Aydqi + Audg.t...+ Antddn =0; 


hence we must have 
QO, =MAnt mAmt --. t+ AmArm Gil 22 latin), 


where the quantities A,, As, ..., Am, are independent of r. We thus have 
altogether the (n+ m) equations 


BaD) aa 
dt\0qr/  04r 
Aynght Angst... + AntGnt+ Ti =0 (k=l) 2, ese ptt) 


= Oe NM Ag tAgAg t+.) tAmorm (= 1, 25 ..°,'2); 


and these are sufficient to determine the (n+m) unknown quantities 
a» Yar +++» Ym» Ary Ag, +++, Am The problem is thus reduced to the solution 
of this set of equations. 


88. Lquations of motion referred to axes moving in any manner. 


The method given in the preceding article depends essentially on the 
reduction of the non-holonomic system to a holonomic system by introducing 
the forces due to the non-holonomic constraints. In practice, this is often 
most conveniently done by forming separately the equations of motion of 
each of the bodies of the system. It is moreover frequently advantageous 

14—2 
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_to use axes of reference which are not fixed either in space or in the body, 
and we shall now find the equations of motion of a rigid body referred to 
axes which have their origin at the centre of gravity of the body, and are 
turning about it in any manner*. 


Let G be the centre of gravity of the body, and let Gayz be the moving 
axes. Let (u,v, w) be the components of velocity of the centre of gravity 
resolved parallel to these axes, and let (A, @, @,) be the components of 
angular velocity of the system of axes Gayz resolved along the axes them- 
selves; further let (@,, @,, @;) be the components of angular velocity of the 
body, resolved along the same axes. Then (§64) the motion of @ is the same 
as that of a particle of mass M, equal to that of the body, acted on by 
forces equal to the external forces which act on the body (including all 
forces of constraint, except the molecular reactions between the constituent 
particles of the body); let (X, Y, Z) be the components parallel to the axes 
Gayz of these external forces. 


The component of velocity of @ parallel to Gx is u, and consequently 
(§ 17) the component of its acceleration in this direction is i—v0,+ w6.; we 
have therefore the equation 
M (% — v0, + w0.)= X, 
which can be written 
d (ol CPM AOL 
at Gur) ~ 8p + 959 = © 
where T' denotes the kinetic energy of the body, expressed in terms of 


(U, ¥, W, @,, 2, @;); and similar equations can be obtained for the motion of 
G parallel to the axes Gy and Gz. 


Consider next the motion of the body relative to G, which (§ 64) is inde- 
pendent of the motion of G; from § 62, 63, we see that the angular momentum 
of the body about the axis (x is 07'/de,, so that the rate of increase of 
angular momentum about an axis fixed in space and instantaneously coin- 
ciding with Ga is 


ae + 0, 


* Ow. " 0@s ; 


EM Maw bi oT or 
(Fo) pei 
If LZ, M, N denote the moments of the external forces about the axes 
Gayz, we have therefore (§ 40) 
d (oT oT or 
FE (50,) Oa, * 50, = 


0m, = OWs 
and two similar equations. 
* In the applications of this method, the axes are usually chosen subject to the condition 
that the moments and products of inertia of the body with respect to them do not vary ; but this 
condition is not essential. 
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Hence finally the motion of the body is determined by the six equations 


Gh fost or oT oh VoaMtl oT al! 
we (Gu) 9 op + 82 5g = & Fi (Gen,) ~ Ge, * Ou = E 
dad /oT oT oT d /oT oT oT 
& (ap) ~ Oras +O 5 = Fi Gan) 7° do, t 5m. = 
ano or oT ad/or oT ait! 
a (ea) as ee a Ti (Fox) ~ otae, + Sam: ~ 2 


It will be observed that these are really Lagrangian equations of motion 
in terms of quasi-coordinates, and could have been derived by use of the 
theorem of § 30. 


Example. If the origin of the moving axes is not fixed in the body, let (u,, w,, us) 
be the components of velocity of the origin of coordinates, resolved parallel to the 
instantaneous position of the axes; let (4,, 6,, 63) be the components of angular velocity 
of the system of axes, resolved along themselves; let (v,, v2, v3) be the components of 
velocity of that point of the body which is instantaneously situated at the origin of 
coordinates; and let (w,, @,, 3) be the components of angular velocity of the body, also 
referred to the moving axes. Shew that the equations of motion can be written in 
the form 


d (OT\ , 07 , oF 
di i hie MES 


a Ss) ~ LN rn Ly 
dt \ ov, A Oue e100 lium 
Gi (Go) "bn, ta ~ bm tena Ls 
5: (Gon) ct 5p ~ 85a +855, =H 


DOT, et OT! eT. er 
di (ce) Boa en de eg 


where (X, Y, Z, Z, M, V) are the components and moments of the external forces with 
reference to the moving axes. 


89. Application to special non-holonomic problems. 


We shall now consider some examples illustrative of the theory of non- 


holonomic systems. 


Example 1. Sphere rolling on a fixed sphere. 


Let it be required to determine the motion of a perfectly rough sphere of radius a and 
mass m which rolls on a fixed sphere of radius 0, the only external force being gravity. 


Let (b, 6, @) be the polar coordinates of the point of contact, referred to the centre of 
the fixed sphere, the polar axis being vertical. We take moving axes GABC, where @ is 
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the centre of the moving sphere, GC is the prolongation of the line joining the centres of 
the spheres, GA is horizontal and perpendicular to GC, and GB is perpendicular to 
GA and GC, in the direction of @ increasing. 


With these axes we have, in the notation of the last article, 
6,= —4, 6,=—dsin 6, 6,=¢ cos 6, 
—(a+b) p sin 6, v=(a+b)6, w=0, 
T=$m {ut ott = (of +o,+0,)} , 
and if /, F’ denote the components of the force at the point of contact parallel to 
GA and GB respectively, we have 
| eens Y=mgsin 6+", 
Lia, M=-— Fa, Ny Ub 
The equations of motion of the last article become therefore 
m (i065) =F = — Zam (i,— 005+ 650), 
m (6+Ub,)—mgsind=f’= 2am (d,— 6302+ 4,03), 
63 — O20 + 0)02=0. 


Moreover, the components parallel to the axes GA, @B of the velocity of the point of 
contact are u—de, and v+a,, and consequently the kinematical equations which express 
the condition of no sliding at the point of contact are 


U—Ao,=0, v+deo,=0. 


Eliminating FP, '’, 0, 2, we have 
U— vO, —2 a6, o,=0, 
6+U0; —206,0,—%g sin d=0, 
éo,=0. 


The last equation gives o,=, where m is a constant; while substituting for w, v, 6,, 49, 
in the first two equations their values in terms of 6, 6, ¢, we have 


(a+b) (fsin 6)+(a+b) 6 cos 6—2and=0, 
(a+b) 6—(a+b) G2 cos Osin 6+ 2an¢ sin 6—$g sin 6=0. 


The former of these equations can be integrated at once after multiplying throughout 
by sin 6, and gives 
(a+b) p sin? 6+2an cos 6=4, 


where / is a constant. Moreover, multiplying the second equation throughout by 6 and 
the first equation by ¢sin 6, and adding, we obtain an equation which can be at once 
integrated, giving 


624g? sin? @ see — > 008 O= h, 


where / is a constant; this is really the equation of energy of the system. 
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Eliminating ¢ between these two integral equations, we have 
(a+b)? sin? 6. 62= —(k— — Fan cos 0)?—12.9 (a+b) sin? 6 cos6+h (a+b)? sin? 6; 
and on writing cos é=., this equation becomes 
(a+b)2=h(a+b)? (1 — %) —(k~#anx)?—-129 (a+b) # (1-2). 
The cubic polynomial in x on the right-hand side of this equation is positive when 
v= -++c, negative when #=1, positive for some real values of 6, i.e. for some values’of « 


between —1 and 1, and negative when w=—1; it has therefore one root greater than 
unity, and two roots between 1 and —1; we shall denote these roots by 


cosh y, cos, cosa, 


where cos8 >cosa; and we then have 


(7 nS 4) (t+e) = i {(@— cosh y) (#—cos 8) (a —cosa)}-? da, 


where e¢ is a constant of integration. 


Writing 
14 eal 14a4+b  Th(a+b)?+4a2n? 
=e +4 (cosh y+cos 8+cos a : peg GE 


the equation becomes 


tte [U(e-a) 2) (ee) Ads 


or z=@ (tte), 
where the function @ is formed with the roots 
ei _Th(a+b)+4a'n® 
ae Wer Pe sea 
peg _ Th (at+bP+tan? 
Dae oD) {cos B30g(aeb) Ss? 
ip 5g fe : _Th(atbyPt tan) 
314 (a+b) 30g (a+b) 3 


these quantities ¢,, é), ¢3, are all real, and satisfy the relations 
Qj teg+eg=0, b> ey > e3. 

Now 2 is real for real values of ¢ and (since # is real) lies between cosa and cos 8; 
so z is real and lies between e, and e,; hence the imaginary part of the constant ¢ in the 
argument of the @-function is the half-period corresponding to the root és, which we shall 
denote by w; the real part of « may be taken to be zero by suitably choosing the origin 
of time: and therefore we have finally 


ie aoe 


24 arn? 
ia Ola Age OCR ia aint 


30g (a+b) 
This equation gives the variable @ in terms of the time: the other coordinate ¢ of the 
centre of the moving sphere is then obtained by integrating the equation 
ha el 
os (a + b) sin? 6’ 
this integration can be effected by a procedure similar to that used (§ 72) to obtain the 
Eulerian angles which define the position of a top spinning on a perfectly rough plane. 


216 Non-holonomic Systems. Dissipative Systems [cH. VII 


Example 2. Sphere rolling on a moving sphere. 


Consider now the motion of a rough sphere of radius a and mass m which rolls under 
gravity on another sphere, of radius b and mass J, the latter sphere being free to turn 
about its centre O, which is fixed. 


Let (6, @) be the polar coordinates of the point of contact referred to axes fixed in 
space with the fixed centre as origin, the axis from which 6 is measured being vertical. 


To obtain the equations of motion of the sphere m, we take (as in the last example) 
moving axes G.ABO of which GC is the prolongation of the line O@ joining the centres of 
the spheres, and GA is horizontal. Let (6,, 6), 63) denote the components of angular 
velocity of the coordinate-system resolved along its own axes, and let (w;, #2, #3) denote the 
components of angular velocity of the sphere m along the same axes. Then, as in the last 
example, we have 


6,=—6, 6,= — d sin 8, 6,=¢ cos 6, 
u=—(at+b) dsin 6, v=(a+b)6, w=0, 
2 
T= 3m {ute a (of+af+o2)} , 


and if F, F’ be the components of the force acting on the sphere m at the point of contact 
parallel to GA and GB respectively, we have 


AGS Y=mg sin 6+ 4", 
ap M=-— Fa, Ni OF 
so the equations of motion become 
m (%—vO,) =F = — 2AM (@_— 4, @3 + Gy @1) ++. eceeeeeeres af Uw 
m(b+Uu03)—mg Sin O=F'= 2am (@,—O3@2+Oy@q) veeereerereeeerees (2), 
(a Og Gig. tO} Wg PaO wawanasd yonaissafqanes onde cedneuseendqaeeaeaanuees v0-(3) 


To determine the motion of the sphere W/, we take moving axes parallel to the axes 
GABC, but with their origin at O; let (Q,, 2,, 2,) denote the components of angular 
velocity of the sphere resolved along these axes. Then for the sphere Jf we have 


T=3M. 30° (2+ 0,?+ 25°), 


and its equations of motion are 


OME (Oey 8, Oy Py Oy) lO haan shaman ccavbesnseaverscanseee (4), 
FOM (G,— BOS 0, yeh iio ccaveencunes Setcteneee ee (5), 
Q3 — 0,2, + 6,2, ax () oak sannaintaren sucatsaseatnanone (6). 
The conditions of no sliding at the point of contact are 
U—Ceog= OQ, a) V-btidd, =e — DO BES taraccceceece reason eeeetens (7). 


In order to solve this set of equations we multiply equations (3) and (6) by a and 6 
respectively, and add; thus, using (7), we have 


Ad, + 605+ U0, + VO, =0, 
or Aa, +bQ2,=0. 
Integrating, we have 


aw +bQ,=an, where 2 is a constant. 
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Moreover, from equations (4) and (7) we have 
— 2M (U— aw, — b6,0,— 50 — 0,401) =F. 


Eliminating #’ and @,+ 6, between this and equations (1), we have 


7M+5m ,. 
a Cie (% — 0.) =an6,, 
Gh we 2Mané 
or = ‘eS = 
a (p sin 6)+4¢ cos 6 (7M +5m) (+8) Oye conch bosoteeoapbousae: (A). 


Similarly from equations (5) and (7), we have 
2M (—b—ae, —W3+00,0,+ 60,25) =F". 
Eliminating F’ and ,— 6,0, between this and equations (2), we have 


5n+7M .. 5(M+m : 
FCN es (6+ués)=anby + 9 sin 6, 


5(M+m)gsné@ an 2M 
(5m+7M)(a+b) a+b  bm+7H" 


an 6—¢2sin 6 cos 6 — Gain 6 aes (B). 


Now the equations (A) and (B), from which 6 and ¢ are to be determined in terms of ¢, 
are of essentially the same character as the equations found for the determination of 6 
and ¢ in the previous example: the former equations being in fact derivable from the 
present ones by making J very large compared with m. The integration therefore 
proceeds exactly as in the former case. 


Example 3. A uniform sphere rolls on a perfectly rough horizontal plane, under 
forces whose resultant passes through its centre. Shew that the motion of its centre 
is the same as that of a particle acted on by the same forces reduced in the ratio 5 : 7. 


Example 4. Form the equations of motion of a perfectly rough sphere rolling under 
gravity inside a fixed right circular cylinder, the axis of which is inclined to the vertical at 
an angle a; and shew that, if the sphere be such that /?=4a?, a being its radius and & 
the radius of gyration about any diameter, and if it be placed at rest with the axial plane 
through its centre making an angle 8 with the vertical axial plane, the velocity of 
the centre parallel to the axis, when this angle is 6, is 


Aces Bene’ : 
4 (*) {sin $6 cosh~1 (cos $6 sec $8) +cos $6 cos~1 (sin $6 cosec $)}, 


where 6+a is the radius of the cylinder. (Camb. Math. Tripos, Part I, 1895.) 


90. Vibrations of non-holonomic systems. 


We shall next consider the small vibratory motions of a non-holonomic 
system: it will appear that so far as vibrations about equilibrium are con- 
cerned, the difference between holonomic and non-holonomic systems is 
unimportant. 


For consider the vibrations about equilibrium of a non-holonomic system 
with n independent coordinates and (n—m) degrees of freedom, in which 
the constraints are independent of the time. Let 7’ be the kinetic and V the 
potential energy, so that for the vibrational problem 7’ will be supposed to be 
a homogeneous quadratic function of (q,, Go, +++) Yn); and V to be a homogeneous 
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quadratic function of (q%, qs, .--» Qn), the coefficients in both cases being 
constants. There are m equations of the type 
Agi t Accgs t+... + AnkGn =9 (Gel, 2: .22, ™), 

which express the non-holonomic constraints ; and the equations of motion 
are (§ 87) 

d (oT oV 
— (—-|=—-— 4 ntrAA ooo tAmA ped, 2. ancy BLS 
Baa ier aie afhgg + ae rm ( ) 


From these equations it is evident that A,, A», ..-, Am are in general small 
quantities of the order of the coordinates ; and therefore for the vibrational 
problem only the constant parts of Ay, Ais, ..., Anm need be considered. The 


vibrational motion is therefore the same as if the coefficients Ay, Ay, .-., Anm 
were constants independent of the coordinates; but in this case the equations 


Aung: + Angst... + AntGn = 0 (F=1, 2, ...; m) 
can be integrated; in fact, they give 
Aung t+ Ackg2+ --» + AnkGn = 0 (kK =1, 2, ..., m), 
the constants of integration being zero since the values 
G=0, w=0,..-, m=, 
represent a possible position of the system. 
It follows that the vibratory motion of the given non-holonomic system is 


the same as that of the holonomic system for which the equations of con- 
straint are expressible in the integrated form 


Aypgi t+ Angot ... + Antgn = 9 (eee EOD: es, Me) 


we can therefore determine the vibrations by using these equations to elimi- 
nate m of the coordinates (q;, qx, ---, Yn) from JZ’ and V; we shall then have 
a holonomic system with (n — m) degrees of freedom, the kinetic and potential 
energies being expressed in terms of (n—m) coordinates and the corre- 
sponding velocities: the vibrations of this system can be determined by the 
usual method described in the last chapter. 


As an example, we shall consider the following problem*. 


A heavy homogeneous hemisphere is resting in equilibrium on a perfectly rough horizontal 
plane with its spherical surface downwards. A second heavy homogeneous hemisphere is 
resting in the same way on the perfectly rough plane face of the first, the point of contact 
being in the centre of the face. The equilibrium being slightly disturbed, it is required 
to find the vibrations of the system. 


Take as axes of reference 


(1) A rectangular set of axes Z, xyz fixed in the upper hemisphere, the origin being 
its centre of gravity Z,. 


* Due to Madame Kerkhoven-Wythoff, Nieww Archief voor Wiskunde, Deel tv. (1899). 
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(2) A rectangular set of axes Z, &n¢, fixed in the lower hemisphere, the origin being 
its centre of gravity Z,. 


(3) A rectangular set of axes Rimn fixed in space, the origin R being the equi- 
librium position of the point of contact of the lower hemisphere and the plane. 


We further define these axes by supposing that in the equilibrium position the axes 
4,2, 4,¢, and Rn are vertical and therefore coincident, while the axes Z,x, Z,&, Rl, 
are parallel, the axes Z,y, Zn, and Rm being therefore also parallel. 


Suppose that at time ¢ the coordinates of a point referred to these different sets 
of axes are connected by the equations 


E& =a+a,e + ayy +32, 
1 =B8+B\x+ Boy +B,2, 
C Sy tnt +24 + 72% 
L =atay§ +a9n +56, 
M=b +b E + bon +f, 
N=C+OGE +0yn +656. 
The 24 coefficients in these transformation-formulae completely specify the position of 
the system at any instant. As however the system has only six degrees of freedom, there 


must be 18 equations connecting these coefficients or their differentials. Of these, 12 are 
the ordinary conditions of the types 


ay’ +ax?+ax?=1, 48, +48 +a38;=0, 
aP+ae+a72=1, ab, +a,b,.+a,b,=0, 
which express the orthogonal character of the axes; the remaining 6 are the conditions of 


contact and rolling, which we shall now find. 


Let #,, R, be the radii of the lower and upper hemispheres respectively, and 2,, , 
the distances of the centres of gravity from their plane faces, so /,=2R,,1,=2R,. The 
coordinates of the point of contact of the upper hemisphere with the lower are 


B= — Roy, Yo=—Royg, %=1,—Ryys 5 
the conditions that this point shall be at rest relative to the lower hemisphere are 
A + Gy%y +4gYo + As2_ =0, 
B+ By + BoY2+Bs%2=0, 
VHViL2t YoYo + Y9%2 = 0- 


The last of these equations gives 7+/,y,=0, which is the differentiated form of the 


equation 
Li-y—-Ysle= — fe, 


an equation which expresses the condition of contact of the two hemispheres: while 
the first two of the equations give 

d — a, Ryy, — dg Ryy, + ag (l,— Ryys)=0, 

B— By Ry — By Rey2+ Bs (lo — Ryys) =, 
and these express the condition of rolling of the upper on the lower hemisphere. 'These 
equations give as a first approximation 


a=4a, (Ry = ls), B = Bs (Ry 7; ls), 
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and therefore on integration 
a=a;(R,—1,), B=; (f,—1,). 
Similarly the condition of contact of the lower hemisphere and the horizontal plane is 
c+e.,=f,, 
and the conditions of rolling are 
a=a;(R,—-1,), b=b; (R\—4,). 


We have thus now obtained the 18 equations connecting the 24 coefficients: taking 
ag, B35 Yi) 4g, 53, ¢,, a8 the 6 independent coordinates of the system, and solving for 
the other 18 coefficients in terms of these, we find with the necessary approximation 


a =, (l,— 3), a =¢, (1,—f,), 
a, =1—3 (a,"+y,”), a,=1-3 (a?+¢,"), 
Og aay 40) oe 
B =B; (ft, —13), b =6; (R,—4,), 
Bi =—a,, b= — 4, 
By=1— 4% (a? +;?). by =1—4 (a_? +6”). 
be =hy+l,—l, {1-3 (v1? + Bs”)}; ce =h,—1, (1-3 (¢?+8,%)}, 
Ya= — Bsy C2 = —bs, 
ee 1-4 (y? +83"). C3 =1—$ (c,?+8,?). 


The potential energy of the system is 


V=My get Mog (c+eat+c8+¢sy), 
or, retaining only small quantities of the second order, 
Vig = be? (fq Ry, — 5 Ry My) — § My Rob 383 +-y5 By? MaRy +c (5 RLM, — ys RM) 
— $I, Ryeyy, + fe Rey’. 

If now we express the coordinates J, m, n of any particle of the upper or lower 
hemisphere in terms of its coordinates relative to the axes Z,ryz and Z,&n¢ respectively, 
and form the sum 43m (/?+m?+%?) for each hemisphere, neglecting terms above the second 
order of small quantities, and remembering that the principal moments of inertia of 


a hemisphere of mass M and radius # at its centre of gravity are 2/R2, S38, UR, 
5 2, we find for the kinetic energy of the system the value 7’, where 


Q2T= 24,7 (M,RP+1,R,?) + taga, MRE +2 62M,RY 
+b? B§ RPM, + My (33 Rye + $2 Ry + RY)} +2b,8, MR, (38 y+ R,)+ 3§8PM,R,? 
+6)? {33 RPM, + My (Fh RP + EL Ry + Ry’)} +207 MR, (SR, +43 Ry) +33 PIR, 
The equations of motion evidently separate into three distinct sets, consisting of 


(i) Equations for the coordinates a, and a,: these coordinates give rise to no terms 
in V, and do not correspond to vibrations in the stricter sense; in fact, the equilibrium 
is not disturbed if either of the hemispheres is turned through any angle about its axis of 
revolution. We can therefore neglect these equations. 


(ii) Equations involving the coordinates b, and ,. 


(iii) Equations for the coordinates c, and y,; these are exactly the same as the 
equations for 6, and 8,, so we only need consider the latter. 
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The equations for 6, and B, are, in extenso, 
BERPM, +My (R2+ ERR, +43 R,2)} 0, + MyRy (ER, +43 Ry) Bs 
+9 (§ RM, —§ RyMy) b;-§ 9M, RB,=0, 
(Ry +49 My) by+33 NaS — 95+ 898s =0. 
The corresponding determinantal equation for 4, where 27/4/X is a period, is 
Bo RUG + M, (Re t+ ER Ro +33 Ry)}A-g9 (BRM, -§ RM) MR, (§R,+43.Ry) A+ $gM_R, | =0. 
($2, +35 My) A+89 2b AA-SI 
This is a quadratic equation in \ : it is easily found that its roots are positive if 
IRM, > 402M, 
and this is the condition for stability of the equilibrium. 


The vibrations of non-holonomic systems about a state of steady motion 
are most conveniently discussed by use of the equations of motion given 
in § 88. The method will be illustrated by the following example. 


Example. A solid of revolution has an equatorial plane of symmetry, and is rolling 
with angular velocity n round its axis in steady motion on a perfectly rough horizontal 


plane, the equatorial plane of the solid being vertical. This motion being slightly disturbed, 
to find the period of a vibration. 


Let G@ be the centre of gravity of the solid, and let (C, A) be its moments of inertia 
about the axis and about a line through G perpendicular to the axis. Take as moving 
axes of reference Gayz, where Gz is the axis of the solid, Gy is perpendicular to the plane 
through Gz and the point of contact (so Gy is horizontal), and Gv is normal to the plane 
Gyz. Let F, Ff’, R be the components of the force acting on the solid at the point 
of contact, /” being in the plane Gz, F”’ being parallel to Gy, and & being normal to the 
plane. Let (6,, 65, 43) and (,, 2, 3) denote as usual the components of angular 
velocity of the axes and of the body respectively, and let (uw, v, w) be the components of 
the velocity of G, parallel to the moving axes. Further, let p be the radius of curvature 
of the meridian of the solid at the equator, a the radius of its equatorial circle, 6 the 
angle made by Gz with the vertical, and @ the angle between Gy and its undisturbed 
direction. Then we have 

6,=0,=- sind, 6,=0,=6, 0,=¢ 086, 
and the kinetic energy is 
TH=3M (2+ 02+ w) +44 (0,2 +0,?) +} 00,2. 


The equations of § 88 therefore give, if P is the point of contact, PA the perpendicular 
from this point on the axis, and GW the perpendicular from G@ on the horizontal plane, 


M(u—v6,+wb,) =F cos d—(k—Mg) sin 6, 
M(b—w6,+ud,) =F", 

} Af (w— 08, + 06;) = (R— Mq) cos 6+ sin 8, 
Ae, — Aw,63+ Co 6,= —f’. GK, 
Ad, — Cos6,+Ao,6,= -F.GN-k. NP, 
Oo, SIO TAK 

In these equations, GA and VP are measured positively parallel to the positive direction 
of the axis of z and the horizontal projection of this direction respectively. 
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The conditions of no sliding at P are 
(ucos6+wsin d—-GI. «,=0, 
eae ies =—(: 


and the condition of contact of the body and plane is 


4 cos 6-w sin 0=5,(-GKcos 6+PK sin 6). 


These equations determine the motion in the general case, when the disturbance from 
steady motion is not supposed to be small. When this latter assumption is made, 


we have 
O=F +x; @,=n+a, v=—an-+n, 


where x, w, 7 are small; and F, F’, u, w, a1, @2, 6,, 62, 4, are small, while & is nearly 
equal to Mg. Moreover we have VP=(p—a) x. The equations therefore become 
M (a+an6,)=—k+ Mg, 
My lies 
IM (w - an6,)=F, 
A@,+Cné, =0, 
Aa,—Cnb, =—Fa—WMg (p-a)x, 


Ca — us 
W— Abs, =0, 
naw (5 
where 0,=6=—, ,=6,=x, 6;=0. 


Eliminating /, 7’, R, and replacing 6,, 6,, 43, @,, 2, by their values, the equations 
become 


Ad—Cnx =0, 
AX + (C+ Ma?) n6+Mg (p —a) x+Maw=0, 

Ca = Man, 
w =ax, 

” =—aw. 


From the third and fifth of these equations we see that @ and 7 are zero, and therefore 
@ and 7 are constants. The other three equations give, on eliminating w, 


Ag — Cnx=0, 
Eat X+(C+ Ma?) np + Mg (p —a) x=0, 
and therefore the equation for the determination of y is 
A (A+Ma?*) ¥+{MgA (p — a) + Cn? (C+ Ma*)} y=0; 
this equation shews that the period of a vibration is 


_A(A+Ma®) A 
MgA (p—a) + Cn (C+ Ha?) 


a 
oa 


91. Dissipative systems ; frictional forces. 
We now proceed to the consideration of systems for which the principle of 
conservation of dynamical energy is not valid, the energy of the system being 
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continually changed into some other form (e.g. heat) which is not recognised 
in dynamics. We shall first consider frictional systems. 


If two rigid bodies which are not perfectly smooth are in contact, the 
reaction between them at the point of contact may be resolved into a com- 
ponent along the common normal to their surfaces at the point, which is 
called the normal pressure, and a component in the common tangent-plane, 
which is called the frictional force. The frictional force is determined by 
the following law, which has been established experimentally: The bodies 
will not slide on each other, provided the frictional force required for the 
prevention of sliding does not exceed yw times the normal pressure, where pu 
ws a constant called the “limiting coefficient of friction,’ which depends only 
on the material of which the surfaces in contact are composed. If on the 
other hand the frictional force required to prevent sliding is greater than jw 
times the normal pressure, there will be sliding at the point of contact, and 
the frictional force called into play will be p times the normal pressure. 


The following examples illustrate the motion of systems involving 
frictional forces. 


Example 1. Motion of a particle on a rough fixed plane curve. 


Consider the motion of a particle which is constrained to move on a rough fixed tube 
of small bore, in the form of a plane curve, under forces which depend solely on its 
_ position in the tube. Let f(s) and g(s) denote the components of force per unit mass 
acting on the particle in direction of the tangent and normal to the tube, where s is the 
distance of the particle from some fixed point of the tube, measured along the arc in the 
direction in which the particle is moving; and let & be the normal reaction per unit mass, 
and pu the coefficient of friction. 


Since the components of acceleration of the particle along the tangent and normal are 
vdv/ds and v?/p, where v is the velocity of the particle and p the radius of curvature of the 
tube, we have 


di 

vo = f (8)— ph, 
vy 
“=g(s) +R. 
p 


Eliminating 2, we have 


dv? 2p 2 
— 4 72 — +2, : 
Is" p v= 2f (8) + 2ug (8) 


Integrating, we have 
8 9 
v= co” HP 4.267 20 ) em? § F (s) + ng (8)} ds, 


ds P ‘ “Spt RO ee : 3 
where d= | oe and ¢ is a constant depending on the initial circumstances of the motion. 


The right-hand side of this equation is a known function Of sy say —' (3). Then 


we have ae 
Ss 
(Gi) =F (s), 
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so the relation between s and ¢ is 
t= t= [Uy bes 
This equation represents the solution of the problem. 


Example 2. A circular hoop of mass M stands on rough ground, and a particle of 
mass m 1s attached to the end of the horizontal diameter. To tind whether the hoop will roll 


or slide. 


Let us investigate the rolling motion, assumed possible, and so determine whether the 
friction required to produce this motion is, or is not, greater than the maximum friction 
actually available, i.e. » times the corresponding normal pressure. Let 6 be the angle 
turned through by the hoop from the commencement of the motion, and let x and y be 
the coordinates of the centre of gravity of the system, referred to horizontal and vertical 
(downward) axes through its own initial position, so that 


ma ma . 
a ea grins Namal 6), t= Fo 6, 


where a is the radius of the hoop. 
The kinetic and potential energies are 
T = Ma*6? + ma*6? (1 —sin 6), 
| V=—mgasin 6. 


The Lagrangian equation of motion is therefore 
i) 2026 {M+ m (1—sin 6)}]+ ma%6? cos 6=mga cos 6. 
dit g 


For the initial motion, this equation gives 
2a (M+m)=mgq, 
so initially we have 


mg mg 


%=ab= ja ee 
—— 9(M +m)? I~ Wem” ~2(L+m)" 


But if #’ be the frictional force and # the normal pressure, we have 


F=(M+m)é,  R=(M+m)(-¥+9), 
So initially we have 
F  #& —  m(H+m) 
Ro -¥+g 2M?+4Mn+m2* 
The hoop will therefore roll or slide according as the coefficient of friction is greater or 
less than 
m (M+m) 
2M?2+4Mm+m?° 


Example 3. A particle moves under gravity on a rough cycloid whose plane is 
vertical and whose base is horizontal: if @ be the inclination of the tangent at any point 
to the horizontal, so that the equation of the cycloid can be written 

s=4a sin d, 
and if tan e be the coefficient of friction, shew that the motion is given by the equation 
ap > tan € .* g t 
ce SIN (@ + €) =COSs a 
Cs a 2cose/’ 
where c is a constant. 
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92. Resisting forces depending on the velocity. 


A different type of dissipative system is illustrated by the motion of 
a projectile in the air, as the resistance of the air depends on the velocity of 
the projectile. No general rule can be formulated for the solution of prob- 
lems involving forces of this kind: a case of great practical interest, however, 
namely the motion of a projectile under the influence of gravity and of a 
resistance varying as some power of the projectile’s velocity, can be integrated 
in the following manner. 


At time ¢ let v be the velocity of the projectile, kv” the resistance per 
unit mass, @ the inclination of the path to the horizontal, and p the radius of 
curvature of the path. The components of acceleration of the projectile 
along the tangent and normal to its path are vdv/ds and v’/p; and hence the 
equations of motion are 


dv 


veg sin 6 — ko, 
y? 

—=g cos 0. 

p “i 


Dividing the first equation by the second, we obtain 


1 dv tand  &k 
Tad “a ~— gicos 0’ 


Cher oa | lad nk 
or vala)ta 1a (n log sec El citar aee 0. 


Integrating, we have 
k; 
a sec” @ + Constant = ——— | sect 6.40. 
oO g 
This equation gives v in terms of @. To obtain ¢, the equation v? = pg cos 0 
gives 


gi - |v sec dé, 


and as v is a known function of 6, this equation gives ¢ as a function of 0. 
The rectangular coordinates (a, y) of the particle can now be found from the 
equations 


a= |o cos @dt, y= [vsin bd 


The solution of the problem is thus reduced to quadratures. 


The motion of a particle in a resisting medium, when the resistance depends on 
the velocity only, can be solved in many other cases in addition to that discussed above. 


Ww. D. 15 
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D’Alembert* shewed that if gu denotes the ratio of the resistance to the mass of the - 
projectile, the integration can be effected in the four cases 

u=a+ bv", 

u=a+b log », 

u=a+R+bv-”, 

u=a (log v)"+ R log v+d, 
where a, b, n, are arbitrary constants and £# is another constant depending on them. 


Siaccit obtained many more integrable cases, of which the following may be mentioned: 


du du 
tog fodu=de | 40 [reer ay t © 
where a, b, c, C are arbitrary constants: this equation defines v in terms of u, the 
number of terms involved being finite when ¢ is rational. 

Example 1. A heavy particle falls vertically from rest at the origin in a medium 
whose resistance varies directly as the velocity. Shew that the distance traversed 
in time ¢ is 

ge = g + cs e-Ht, 
a a 
where pv is the resistance per unit mass. 


Example 2. A heavy particle falls vertically from rest at the origin in a medium 
whose resistance varies as the square of the velocity : shew that the distance traversed in 
time ¢ is 


: log cosh (4/911), 
where pv? denotes the resistance per unit mass. 


93. Rayleigh’s dissipation-function. 

When a system is subject to external resisting forces which are directly 
proportional to the velocities of their points of application, it is possible to 
express the equations of motion of the system in general coordinates in terms 
of the kinetic and potential energies and of a single new function. 

For let the energy lost to the system by the action of the resisting force 
which is applied to a particle m of the system, whose coordinates are (a, y, 2), 
in an arbitrary displacement (dz, dy, dz) be 

k,@da + ky ydy + k,282, 

where k,, ky, k, are functions of a, y, z only. The equations of motion of the 
typical particle m will therefore be 

mi = —kyt+ X, 

my =—kyy+ Y, 

mZ=—k,z+Z, 
where X, Y, Z are the components of the total force (external and molecular) 
on the particle, except the force of resistance. 


* Traité de Véquilibre et du mouvement des fluides, Paris, 1744. 
+ Comptes Rendus, oxxx1t. (1901), p. 1175. 
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Now let a function F’ be defined by the equations 
FH=hsd (kz a? + hyy + hz 2*), 

where the summation is extended over all the particles of the system; so 
that #, which is called the dissipation-function, represents half the rate at 
which energy is being lost to the system by the action of the resisting forces ; 
and let (Gq, q2, +», dn) be coordinates specifying the configuration of the 
system. 

Multiplying the equations of motion of the particle m by 0a/dq,, dy/dq,, 
0z/0q,, respectively, and summing for all the particles of the system, we have 


x ay dz . Ow oy Oz 
=m (# oe +950, 2x, )= — 3 (hate + kyaigt +k, isn) 


As in § 26, we have 
On. .. oY Oz Gol Vier 
ml ea Or a V 5a, #5.) = dt fe 79 
where 7’ is the kinetic energy; and 


hy oy 
yy 
& (Xe fg 42 == Q,., 
where Q,5q, + Q:6q2+ ...+Qn6qn denotes the work done by the external 


forces (excluding the resistances) in an arbitrary infinitesimal displacement ; 
while we have 


. Ox oy FOL AS Ox oy 04 
> (= Bu oa: thig”) =-2 (it ih +hyy <= “ip +k, ia | 
ao 
ama ae 
It follows that the equations of motion of the system in terms of the co- 
ordinates (q,, Jo, +--+, Yn) can be written in the form 
GOL aol Por 
dt a aes ar cou eae 


Example. If the resisting forces depend on the relative (as opposed to the absolute) 
velocity of their points of application, so that the forces acting on two particles (a, y,, %) 
and (#9, Yo; 22) have the components 


— hey (#1, — Hq); —ky (9, -Y2)) — kh, (4, — 2) 
— ky, (%_—4),  —ky Yo-)s — k, (g—%) 


respectively, shew that the equations in general coordinates can be formed with the 
expression 


and 


bole 


> th, (4, — Lo)" +h, (Yy- In)? +k, (4 - ~ y)"}, 


as a dissipation-function. 
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94. Vibrations of dissipative systems. 

If a dynamical system is specified by its kinetic energy function, potential 
energy function, and dissipation function, methods similar to those of 
Chapter VII. can be applied in order to determine the nature of the small 
vibrations of the system about an equilibrium-configuration. 

For simplicity we shall consider a system with two degrees of freedom. 
As in § 76, we find that for the vibrational problem the kinetic energy and 
dissipation function can be taken as homogeneous quadratic functions of the 
velocities, and the potential energy as a homogeneous quadratic function of 
the coordinates, the coefficients in these functions being constants. Taking 
as coordinates those variables which would be normal coordinates if there 
were no dissipation function, we can write these three functions in the form 


es 2 (qr a2 Gz), 
B=} (ag? + 2hqg, + 54,’), 
| V=3 Org? at re Ge’), 


where 2, and A, will be supposed positive, so that the equilibrium would be 
stable if there were no dissipative forces. 


The equations of motion are 
d (=) mo Teo ek 
dt \0G,)° 0G, 0d. Ode. @ 
or Git ag t+ hq. +uq = 9, 
Got hq, + bs + reqs = 0. 


0 (r= 1, 2), 


If we attempt to find a particular solution of these equations in the form 
gq. = Ae”, gq. = Be?, 
on substituting these values in the differential equations we have 
A(p?+ap+r,) + Bhp =0, 
Ahp + B(p* + bp + Ax) = 0, 
from which it follows that p must be a root of the equation 
(p? + ap +) (p* + bp + re) — hep? = 0. 


We shall suppose the dissipative forces to be comparatively small, so that 
squares of the quantities a, h, b can be neglected; on this supposition, the 
roots of the last equation are readily found to be 


p=tvy—ta, pr=ivr,—40. 


Corresponding to the root p, we have, from the second of the equations 
connecting A and B, 
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A particular solution of the differential equations is therefore given by 
{ = (Ay — Ap) e-# (cos VA, E +7 sin VA, A), 
Qo = h Vy e*¢ (4. cos Vt — sin Vt), 


and a second particular solution is obtained by changing 7 to —7 in these 
expressions. It follows that two independent real particular solutions of the 
differential equations are 


he = (Ai — Ay) e* cos VAyt if = (Ay — Ay) e-F sin VAGE, 
y= — hv, 7% sin VrGt q= hv, et cos Vt, 
and therefore the most general real solution involving e?%¢ is 


Qh = (Ay — Az) Ae sin (VAGE + 6), 


Qo = hv, Ae sin (Want +5 + e), 
where A and eare real arbitrary constants. This represents one of the normal 
modes of vibration of the system. Adding to this the corresponding solution 
in e?2', we have finally the general solution of the vibrational problem, namely 
Tv 


gh = (Ay — a) Ae sin (Wagt +e) +h Vig Be sin (vist +34 1) 


gx = hV/X, Ac sin (vant +5 + c) + (Ag — a) Be-Pt sin (Wat + 9), 
where A, B, ¢, y are four constants which must be determined from the 
initial circumstances of the motion. 


Now we suppose the dissipative forces such that energy is being con- 
tinually lost to the system, so that F is a positive definite form, and therefore 
a and b are positive. The last equations therefore shew that the vibration 
gradually dies away, on account of the presence of the factors e?” and e~#": 
the periods of the normal vibrations are (neglecting squares of a, h, 6) the 
same as if the dissipative forces were absent ; and in a normal vibration, the 
amplitude of oscillation of one of the coordinates is small compared with the 
amplitude of oscillation of the other coordinate, while the phases of the 
vibration in the two coordinates at any instant differ by a quarter-period. 


A similar analysis leads to corresponding results for systems with more 
than two degrees of freedom; supposing that the dissipative forces are small 
and that the dissipation function and potential energy are positive definite 
forms, we find that the periods of the normal vibrations are (neglecting 
squares of the coefficients in the dissipation function) unaltered by the 
presence of the dissipative forces, but that the vibration gradually dies away : 
and if (q,, qs; +++» Yn) are the normal coordinates of the system when the 
dissipative forces are absent, there is a normal vibration of the system when 
the dissipative forces are present, in which the amplitude of the vibrations in 
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Qo) Ys +++) Qn i8 small compared with the amplitude of the vibrations in q,, 
and the phase of the vibrations in q, qs, ---» Yn differs by a quarter-period 
from the phase of the vibration in q. 

Example. Discuss the vibrations of a system which is acted on by periodic external 


forces which have the same period as one of the normal modes of free vibration of the 
system ; shewing the importance of dissipative forces (even where small) in this case. 


95. Impact. 

Another mode in which energy may be lost* to a dynamical system is by 
the collision of bodies which belong to the system; a collision generally 
results in a decrease of dynamical energy. 


The analytical discussion of collisions is based on the following experi- 
mental law: When two bodies collide, the values of the relative velocity of the 
surfaces in contact (estimated normally to the surfaces) at instants immediately 
before and immediately after the impact bear a definite ratio to each other: 
this ratio depends only on the material of which the bodies are convposed. 


This ratio will in general be denoted by —e. When é¢ is zero, the bodies 
are said to be inelastic. 


The general problem of impact reduces therefore to a problem in impulsive 
motion in which the unknown impulsive force at the point of contact of the 
bodies is to be determined by the condition that the change in relative 
normal velocity of the bodies satisfies the above law. 


96. Loss of kinetic energy in impact. 


We shall now find the loss of kinetic energy when two perfectly smooth 
bodies impinge on each other. 


Let m typify the mass of a particle of either body, and let (uw, %, wp.) and 
(u, v, w) denote its components of velocity before and after the impact, and 
let (U, V, W) be the components of the total impulsive force (external and 
molecular) on this particle. The equations of impulsive motion (§ 35) give 
m (u— UW) = U, m(v—w%) = V, m(w—w)= W. 
Multiplying these equations by (w+ eu), (u+ er), (w+ ew) respectively, 
adding, and summing for all the particles of both bodies, we have 
dm {(w — UW) (U + etl) + (VU — %) (VU + ev) + (wW — Wy) (W + ew)} 
= {U (ut ew) + V (vu + en) + W (w+ ew)}. 
Now so far as molecular impulses are concerned, we have 
> (Uu+ Vu+ Ww)=0, and }(Um+ Vo+ Ww) =0, 
since the impulsive forces which correspond to each other in virtue of the law 
of Action and Reaction will give contributions to these sums which mutually 
destroy each other. 


* Le, lost to the system considered as a dynamical system : the energy is not annihilated, but 
appears in some other manifestation, e.g. heat. 
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Also, since the part of (w+ eu.) due to the normal component of velocity 
has the same value for each of the particles in contact at the point where the 
impact takes place (in virtue of the law of impact) it follows that the impul- 
sive force between the bodies does not contribute to the sum LU (ut ew), 
and similarly does not contribute to the sums =V (v + ey) and = W (w + ew). 


We have therefore . 
S({U (wt em) + Vi(vt en) + W (w+ ew,)} = 0, 
and consequently 


Lam {(U— Up) (UW + ety) + (V— %) (YU + e%) + (W— W) (W + ew,)} = 0, 
or_ 
=m (wu? + v? + w?) — Ym (ue? + ve + w,?) 
l-e 


ee San {(w— Up)? + (Y= %)? + (w — w)?}. 


This equation can be expressed by the statement that the kinetic energy 
lost in the impact is (1 —e)/(1 +e) times the kinetic energy of that motion 
which would have to be compounded with the motion at the instant before the 
impact in order to produce the motion at the instant after the impact. 


97. Examples of impact. 


The impulsive change of motion consequent on the collision of two free 
rigid bodies in space can be most simply determined by the following con- 
siderations. 


The motion of each body before or after impact is specified by six 
quantities (e.g. the three components of velocity of its centre of gravity and 
the three components of angular velocity of the body about axes through its 
centre of gravity). The total number of equations required to determine the 
impulsive change of motion is therefore twelve. Of these, six are immediately 
furnished by the condition that the angular momentum of each body about 
any axis through the point of contact is unchanged (since the impulsive forces 
act at this point); another equation is obtained from the condition that the 
momentum of the system in the direction normal to the surfaces in contact 
is unchanged (since the normal impulsive forces on the two bodies at the 
point of contact are equal and opposite), and another by the experimental 
law of impact. If the bodies are perfectly smooth, the remaining four equa- 
tions can be derived from the condition that the linear momentum of each 
body in any direction tangential to the surfaces in contact is unchanged 
(since there is no tangential impulse if the bodies are smooth): if on the 
other hand the bodies are perfectly or imperfectly rough, the condition that 
the linear momentum of the system in any direction tangential to the surfaces 
in contact is unchanged gives two equations; if the bodies are perfectly rough, 
the condition that the relative velocity of the bodies in any tangential direc- 
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tion after the impact is zero gives the other two: while if the bodies are 
imperfectly rough, the coefficient of friction between the surfaces in contact 
being », the remaining two equations are given by the conditions that 


(a) the relative velocity in any tangential direction is zero after the 
impact, provided the tangential component of the impulse required for this 
does not exceed w times the normal component of the impulse ; 


(8) if the last condition is not satisfied, there is a tangential impulse 
equal to u times the normal impulse between the bodies. 


In all cases, therefore, the required twelve equations can be found. 


If the motion takes place in a plane, or if one of the bodies is fixed, this 
procedure is still valid after making some obvious modifications. 


The following examples illustrate these principles: 


Example 1. An inelastic sphere of mass m falls with velocity V on a perfectly rough 
inelastic inclined plane of mass M and angle a, which rests on a smooth horizontal plane. 
Shew that the vertical velocity of the centre of the sphere immediately after the impact is 

5 (M+m) V sin?a 
7M+2m+5m sin? a” 


(Coll. Exam.) 
Let U be the velocity of the plane after impact, w the velocity of the sphere parallel to 
and relative to the plane, » the angular velocity of the sphere, and @ its radius. 
The equation of horizontal momentum gives 
m(ucosa—U)=MU. 
The kinematical condition at the point of contact is a#=u. 


The condition that the angular momentum of the sphere about the point of contact 
shall be the same before and after impact is 


m Va sin a=32 ma*e+ma (u—U cosa). 
These three equations give, on eliminating o and U, 


5 (M+m) Vsin® a 


sive = 
7M+2m-+5m sin? a’ 


which is the result stated. 

Example 2. A sphere of radius a rotating with angular velocity Q about an aais 
inclined at an angle a to the vertical and moving, in the vertical plane containing that aais, 
with velocity Vin a direction making an angle a with the horizon, strikes a perfectly rough 


horizontal plane. If the plane be tangentially inelastic, find the angle which the vertical 
plane containing the new direction of motion makes with the old. 


Take rectangular axes Oxyz, where O is the point of contact, Oz is vertical, and yOz is 
the initial plane of motion; and let ; and , be the components of angular velocity 
about Ox and Oy respectively after the impact, and V the mass of the sphere. 


Equating the initial and final angular momenta about Ow, we have 
MaV cosa={ Maa. 
Equating the initial and final angular momenta about Oy, we have 


2 Ma?Q sina= t Maroy. 
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The tangent of the inclination of the new plane of motion to the plane yOz is (on 
account of the perfect roughness of the plane) w,/@,, and this is therefore equal to 


2Ma?Q sina 
MaV cosa 


Q 
or 4q ptan a. 


Example 3. A perfectly rough circular disc of mass M and radius ¢ impinges upon a 
rod of mass m and length 2a capable of turning freely about a pivot at its centre. If 
the point of impact is distant b from the centre of the rod, and the direction of motion of the 
centre of the dise makes angles a, 8 with the rod before and after collision, shew that 


2 (31/6? + ma?) tan B=8 (ema? —3M0*) tana. (Coll. Exam.) 


Let V denote the initial velocity of the disc, and let v denote its final velocity and 2 
its final angular velocity. 


Since there is no sliding at the point of contact, we have 
v CoS B+cQ=0. 


Denoting by the final angular velocity of the rod, and by J the normal impulse 
between the rod and disc, the equation of motion of the rod is 


Lb=1 mao. 
The equation of impulsive motion of the disc in the direction normal to the rod is 
M (wsin8+ Vsina)=Z/, 
and the law of impact gives the relation 
v» sin B+bo=eV sina. 


Equating the initial and final angular momenta of the disc about the point of contact, 
we have 


V cos a=v cos B—$cQ. 
Eliminating v, Q, J, o from these equations, we have 
2 tan B (3b? + ma?) =3 tan a (mea? —3.Mb?), 


which is the result stated. 


Example 4. A circular hoop, in motion without rotation in its own plane, impinges on a 
rough fixed straight-edged obstacle in the plane. The velocity of the centre of the hoop 
before impact is V, in a direction making an angle a with the edge, and the coefficient 
of friction is p. To find the impulsive change of motion. 

Let w and v denote the components of velocity of the centre of the hoop after the 
impact, parallel and perpendicular to the edge, and let » be the angular velocity, WM the 


mass and a the radius of the hoop. 


Equating the angular momenta about the point of contact before and after the impact, 


we have 
— Ma?o+ Mau=MU Vacosa. 


The law of impact gives the equation 
v=eV sina. 


Since the plane is rough, w+ae is zero after the impact, provided the frictional 
impulse required for this does not exceed » times the normal impulse: but if this 
condition is not satisfied, the frictional impulse is » times the normal impulse. 
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Let F' be the frictional and & the normal impulse: then we have 
M(u—Vecosa)=—F, M(v+Vsina)=R, Ma*o=—-aF. 
We have therefore R=M (1+e) V sina, 


and if w+a is zero, we shall have 
'=4M V cosa. 


The quantity u+a will therefore be zero after the impact, provided 
p> cot a/2 (1+) ; 
and if » does not satisfy this inequality, we shall have 
F=pM (1+e) Vasina. 
Thus finally, if » > cot a/2 (1+), the motion is determined by the equations 
u=Vcosa+ao, v=eVsina, u+ao=0, 
while if « < cot a/2(1+e), the motion is determined by the equations 


w= Vcosa+ao, v=eVsina, aw=—p(1+e) Vsina. 


MISCELLANEOUS EXAMPLES. 


1. A perfectly rough sphere of radius a is made to rotate about a vertical diameter, 
which is fixed, with a constant angular velocity n. A uniform sphere of radius 6 is 
placed on it at a point distant aa from the highest point: investigate the motion 
and determine in any position the angular velocity of the sphere. Shew that the sphere 
will leave the rotating sphere when the point of contact is at an angular distance @ from 
the vertex, where 

10 4 an? sin? a 
cos = 77 08 atti Jada 
(Camb, Math. Tripos, Part I, 1889.) 


2. A rough sphere of radius a rolls under gravity on the surface of a cone of revolution 
which is compelled to turn about its vertical axis with uniform angular velocity x, 
its vertex being uppermost; if a be the semi-vertical angle of the cone, sina be the 
distance of the centre of the sphere from the axis of the cone, y be the angle turned 
through, relatively to the cone, by the vertical plane containing the centre of the sphere, 
and @, be the rate of rotation of the sphere about the common normal, prove that 
2+5sin*a G 


TP? + rr) a tnr+B) - 10gr cos a= C, 


_ 008 a (= ) 5 (2+5 sin?a)B 


@ (@3— ” Sin a) = —— ee 


7 l4cosa ” 
(TW —6n) =A, 
where A, B, C are determinate constants. (Camb. Math. Tripos, Part I, 1897.) 


3. A homogeneous solid of revolution of mass Af with a plane circular base of 
radius ¢ rolls without slipping with its edge in contact with a rough horizontal plane. 
Shew that 6, , Q are determined by the equations 


d 
Mace Wa (Q cos? 6) — Mc? cos* 6=(C+ Mc?) cos 6 = i 


{A (C+ Mc?) — M%a2o i (Q cos? 6) + C (C+ Mc*) w cos 6— Mac CQ cos? 6=0, 


(A + Mc?) 62+ 40? cos? 6 - 2Macw® cos 6+ (C+ Mc?) w* + 2Mg (a sin 6+¢ cos 6)=Constant, 
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where 6 is the inclination of the axis of the body to the horizon, @ the angular velocity of 
the vertical plane containing its axis, the angular velocity of the body about its axis, 
A the moment of inertia of the body about a diameter of its base, O the moment of 
inertia of the body about its axis and a the distance of the centre of gravity from the 
base. (Camb. Math. Tripos Part I, 1898.) 


4. A wheel with 4n spokes arranged symmetrically rolls with its axis horizontal on a 
perfectly rough horizontal plane. If the wheel and spokes be made of a fine heavy wire, 
prove that the condition for stability is 
3 2n+r 


72 = 
a gags Oo 


where @ is the radius of the wheel and V its velocity. (Coll. Exam.) 


5. A body rolls under gravity on a fixed horizontal plane. If this plane be taken as 
plane of yz, shew that 


=m {(y —y4) 2—(¢-24) y} =Constant, 


where (#, y, 2) are the coordinates of a particle m and (4, y4, 2) of the point of contact, 
and the summation is extended over all the particles of the body. (Neumann.) 


6. One portion of a horizontal plane is perfectly smooth and the other portion 
is perfectly rough. A uniform heavy ellipsoid of semi-axes (a, 6, c) has its b-axis vertical 
and moves with velocity v in the direction of its a-axis along the smooth portion 
of the plane towards the rough. Shew that, if 


b2 +h 
b2 
the ellipsoid will return to the smooth portion, 4 being the radius of gyration about 


the c-axis, and that the motion will then consist of an oscillation about a steady state of 
motion, 


vw < 2g 


(a- b), 


In the special case a=26, shew that after the return of the ellipsoid to the smooth 
portion, the b-axis can never make an angle with the vertical which is greater than 


tan-! 4/8, (Coll. Exam.) 


7. A shell in the form of a prolate spheroid whose centre of gravity is at its centre 
contains a symmetrical gyrostat, which rotates with angular velocity about its axis and 
whose centre and axis coincide with those of the spheroid. Shew that in the steady 
motion of the spheroid on a perfectly rough horizontal plane, when its centre describes a 
circle of radius ¢ with angular velocity Q, the inclination a of the axis to the vertical is 
given by 


{Mbe(acota+b)— Abcosa+C (asin a+c)} 0?+ O'bo® — Mgb (a—b cot a)=0, 


where IY is the mass of the shell and gyrostat, A the moment of inertia of the shell and 
gyrostat together about a line through their centre perpendicular to their axis, C, C’ 
those of the shell and gyrostat respectively about the axis, a the distance measured 
parallel to the axis of the point of contact of the shell and plane from the centre and 0 its 
distance from the axis. (Camb. Math. Tripos, Part I, 1899.) 


8. A uniform perfectly rough sphere of radius a starting from rest rolls down under 
gravity between two non-intersecting straight rods at right angles to each other whose 
shortest distance apart is 2c and which are equally inclined at an angle a to the vertical. 
If po, po are the original distances of the points of contact from the points where the 
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shortest distance intersects the rods and p, p’ their distances at a subsequent time when 
the velocity is V, shew that ; yn 
V2=16c2 {p?p? — a? (p? + p*)} oF 
16ct—(p?—p)? pp” 
and that 


28a? — 206? — 5 25 12 ' , ’ 1 , , 
Ve [eae \(p-potp — py) C08 a+7- (p? — po? — p'? + py) N — C08 zal 
(Camb. Math. Tripos, Part I, 1889.) 

9. A particle moves under gravity on a rough helix whose axis is vertical. If a be 
the radius and y the angle of the helix, shew that the velocity v and are described s 
can be expressed in terms of a parameter @ by the equations 

(1+ 6?) dé 

6 {u cos y+ (u cos y+2 sin y)}’ 


pra As _! 
4 ~ 2cosy (8 5) 


10. A particle is projected horizontally with velocity ~ so as to slide on a rough 
inclined plane. Investigate the motion. 


Prove that if 


ats aes 
a ae 


2>2ycota>1, 
the particle approaches asymptotically a line of greatest slope at distance 
uv Qu. COS a 
g | 4p? cos? a—sin? a’ 
where p is the coefficient of friction, and a is the inclination of the plane. 


(Coll. Exam.) 


11. A rough cycloidal tube has its axis vertical and vertex uppermost. If a be the 
radius of the generating circle and a particle be projected from the vertex with velocity 


\/4aq sin a, shew that it will reach the cusp with velocity equal to 
[4ag cos? a {1 —2sin ae G7- 9 tan yh, 


where a is the angle of friction. (Coll. Exam.) 


12. A heavy rod of length 2a is moving in a vertical plane so that one end is in 
contact with a rough vertical wall and the other end moves along the ground supposed to 
be equally rough ; and the coefficient of friction for each of the rough surfaces is tan e. 
Shew that the inclination of the rod to the vertical at any time is given by 


6 (k? + a cos 2e) — a6? sin 2e = ag sin (4 — 2c). (Coll. Exam.) 


13. A thin spherical shell rests upon a horizontal plane and contains a particle 
of finite mass which is initially at its lowest point. The coefficient of friction between the 
particle and the shell is given, that between the shell and the plane being practically 
infinite. Motion in two dimensions is set up by applying to the shell an impulse which 
gives it an angular velocity ®. Obtain an equation for the angle through which the shell 
has rolled when the particle begins to slip. (Coll. Exam.) 


14, A circular disc of radius a is placed in a vertical plane touching a uniform rough 
(#) board which can turn freely about a horizontal axis in the upper surface of the board 
through its centre of gravity, the point of contact of the dise being at a distance 6 from 
this axis. A string, parallel to the surface of the board, is attached to the point of 
the disc furthest from the board and to an arm perpendicular to the board at the axis, 
and rigidly connected to the board. The centre of gravity of the board and arm lies 


P 


CH. vu] Non-holonomic Systems. Dissipative Systems 237 


in the axis. The system starts from rest in that position in which the centre of the disc 
lies in the horizontal plane through the axis. Shew that slipping will take place between 
the disc and the board, when the board makes an angle 6 with the vertical given by 
A+a?+ 6yuab+ 3b? 

QnA + Tpa*+ Sab 2 
where A is the moment of inertia of the board about the axis divided by the mass of the 
disc. (Coll. Exam.) 


15. A hoop is projected with velocity V down a plane of inclination a, the coefficient 
of friction being p (> tana). It has initially such a backward spin Q that after a time 4, 
it starts moving uphill and continues to do so for a time ¢,, after which it once more 
descends. Shew that, if the motion take place in a vertical plane at right angles to the 
given inclined plane, then 


tan @= 


(¢,+¢,) gsina=aQ— V. (Coll. Exam.) 


16. A ring of radius a is fixed on a smooth horizontal table ; a second ring is placed 
on the table inside the first and in contact with it, and is projected with velocity V, 
but without rotation, in a direction parallel to the tangent at the point of contact. Find 
~ the time that elapses before slipping ceases between the rings if the coefficient of friction 
between them is p, and prove that the point of contact will in this time describe an arc of 
length (a log 2)/p. . 
Discuss the motion that will ensue if at the moment slipping ceases the fixed ring be 
released and left free to move, and prove that during the time that the inner ring rolls 
half round the outer one the centre of the latter will be displaced a distance 


ea CAs AYE 

em O-)+4}, 
where m, Mare the masses of the inner and outer rings and 6 is the radius of the inner 
ring. (Camb. Math. Tripos, Part I, 1900.) 


17. In the vertical motion of a heavy particle descending in a medium whose 
resistance varies as the square of the velocity, shew that the quantity 


Fi as ian 
where kv? is the resistance, and a and £8 are the distances described in two successive 
equal intervals r of time, depends only on r and is independent of the initial velocity. 
(Coll. Exam.) 
18. Prove that a heavy particle, let fall from rest in a medium in which the resistance 
varies as the square of the velocity, will acquire a velocity U tanh (gt/U), and describe a 
space U?logcosh(gt/U)/g in a time t, where U denotes the terminal velocity in the 
medium. 
Shew also that, for the complete trajectory of a projectile in such a medium, the angle 
6 between the asymptotes is given by 
U2/V2=sinh~! cot 6+ cot 6 cosec 0, 
where V is the velocity when the projectile moves horizontally. (Coll. Exam.) 
19. Shew that the horizontal and vertical coordinates (x, y) of a particle moving 
under gravity in a medium of which the resistance is & satisfy the equation 
3 
Py, hy 
da? v* cos* hb 
» being the velocity and ¢ the inclination of the tangent to the horizontal. 
(Coll, Exam.) 
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20. A particle is moving, under gravity, in a medium in which the resistance varies as 
the velocity. Shew that the equation of the trajectory referred to the vertical asymptote 
and a line parallel to the direction of motion when the velocity was infinite, can be 
written in the form 

y=b log (z/a). (Coll. Exam.) 

21. Prove that in the motion of a projectile through a resisting medium which causes 
a retardation kv’, where & is very small and the particle is projected horizontally with 
velocity V, the approximate eect of the path is (neglecting £7) 


kga? (, gx? 
=frt or (+ ior): 
the axis of x being in the direction of projection ahd the axis of y vertically downwards. 


(Coll. Exam.) 


22. A particle moves in a straight line under no forces in a medium whose resistance 
is (v?—¥v log s)/s; where v is the velocity and s the distance from a given point in the line. 
Shew that the connexion between s and ¢ is given by an equation of the form 


t=a+4ces?+5s log s, 
where a and ¢ are constants. 


23. <A particle is moving in a resisting medium under a central attraction ; shew that, 
if R be the retardation due to the resistance of the medium, and v the velocity, the rate of 
description of areas by the radius vector to the fixed centre of force varies as 


R 
ots %, (Coll. Exam.) 
24. Prove that in a resisting medium, a particle can describe a parabola under the 
action of a force to the focus which varies as the distance, provided the resistance at 
a point, where the velocity is v, be &{v(v—w)}?; where v is the velocity at the 
vertex. Determine /. (Coll. Exam.) 


25. A particle moves in a resisting medium under a force P tending to a fixed centre. 
If & be the resistance, shew that 


y being the radius vector and p the perpendicular on the tangent. 


If u=1/r, P=pu’, and R=kv*, and we neglect & and higher powers, shew that 
the differential equation to the path is 
dp _4 (2) pe 
du* du kh? (1—p2u2)?? 
h being a certain constant. (Coll. Exam.) 


26. A particle is moving under a central force ¢ (7) repelling it from the origin, in a 
resisting medium which imposes a retarding force equal to & times the velocity. Prove 
that the orbit is given by the equations 

Cy, ) ae es ° = 
ra=he-™, #+kr—h3r-8 e—*t—¢ (r), 
where / is a constant quantity. (Coll. Exam.) 


27. A particle is moving in a circle under a force of attraction to an interior point 
varying as the distance ; the resistance of the medium is equal to its density multiplied 
by the square of the velocity Shew that the density at any point is proportional to the 
tangent of the angle between the lines joining it to the centre of force and the centre 
of the circle. (Coll. Exam.) 
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28. A rod of length a is rotating about one extremity, which is fixed, under the 
action of no forces except the resistance of the atmosphere. Supposing the retarding 
effect of the resistance on a small element of length dx to be Adz. (velocity)?, shew that 
the angular velocity at the time ¢ is given by 


ples Agt é 
o 2 4h? - 
where MK? is the moment of inertia about the fixed extremity, and © is a constant. 
(Coll. Exam.) 


29. A smooth oval disc of mass J/, turning on a smooth horizontal table with 
angular velocity » but without any translational velocity, strikes a smooth horizontal rod 
of mass m at its middle point. Prove that the angular velocity is diminished in 
the ratio 

? (M+ m) k? — mex? : (M+m) hk? + mx, 
where e is the coefficient of elasticity, w the distance of the centre of gravity from the 
normal at the point of impact and & the radius of gyration about a vertical axis through 
the centre of gravity. (Coll. Exam.) 


30. Two rods, each of length a and mass m, are jointed together at their upper ends 
and the system falls symmetrically, with its plane vertical, on to a smooth inelastic 
plane. Just before impact the joint has a velocity V and each rod has an angular 
velocity ©, tending to increase its inclination a to the horizon. Shew that the impulse 
between each rod and the plane is 


m (k? + ¢? sin? a) (V+ aa cos a)/{k? +c? +a (a — 2c) cos? a}, 


where c is the distance of the centre of gravity of each rod from the joint and mk? is the 
moment of inertia of.each rod about its centre of gravity. (Coll. Exam.) 


31. Three equal uniform rods 4B, BC, OD, each of length 2a, and hinged at B and C, 
are in one straight line and moving with a given velocity in a horizontal plane at 
right angles to their lengths. The ends A and D meet simultaneously two fixed inelastic 
obstacles, reducing A and PD to rest. Determine when they will form an equilateral 


triangle, and shew that + of the original momentum is destroyed by the impacts. 
(Coll, Exam.) 


32. A smooth uniform cube is free to turn about a horizontal axis passing through 
the centres of two opposite faces and is at rest with two faces horizontal; an equal and 
similar cube is dropped with velocity w and without rotation so as to strike the former 
along a line parallel to the fixed axis and at a distance ¢ from the vertical plane containing 
it, prove that the angular velocity imparted to the lower cube is 


(1 +e) ew 
c+ k2+ a2 (1 —sin 2a)’ 


where a is the inclination to the horizon of the lower face of the falling cube, 2a is 
the length of an edge, & the radius of gyration and e the coefficient of restitution. 


Find also the motion of the upper cube immediately after the impact. 
(Coll. Exam.) 


33. A perfectly elastic circular disc of mass M and radius ¢ impinges without rotation 
upon a rod of mass m and length 2a which is free to turn about a pivot at its centre, the 
point of impact being at a distance 6 from the pivot. Prove that if the component of the 
velocity of the centre of the disc normal to the rod be halved by the impact, 1/b?=ma?*, the 
friction being sufficient to prevent sliding. (Coll. Exam.) 
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34. A perfectly rough sphere of radius @ is projected horizontally with a velocity V 
from a point at a height 4 above a horizontal plane. The sphere has also initially 
an angular velocity Q about its horizontal diameter perpendicular to the plane of its 
motion. Shew that before it ceases to bound on the plane it passes over a horizontal 


distance 
es ae e - (6V-+2a0), 


where ¢ is the coefficient of elasticity, and the distance is reckoned from the first point of 
contact. 


Compare the final with the initial kinetic energy. (Coll. Exam.) 


35. A homogeneous elastic sphere (coefficient of elasticity e) is projected against 
a perfectly rough vertical wall so that its centre moves in a vertical plane at right angles 
to the wall. If the initial components of the velocity of its centre are uw and v, and 
its initial angular velocity (Q) is about an axis perpendicular to the vertical plane, find 
the subsequent motion after impinging on the wall, and shew that if its centre returns 
to its original position the coordinates of the point of impact referred to this point are 


Qeu (7e+5)v+2aQ2 


g° 7+10e+7e tes 


2e _(7e+5) 0+ 2a} tv (7+5e) — sa 


ape Ta (7+ 10e+ 722 


where a is the radius of the sphere. (Coll. Exam.) 


— 


CHAPTER IX. 
THE PRINCIPLES OF HAMILTON AND GAUSS. 


98. The trajectories of a dynamical system. 


The chief object of investigation in Dynamics is the gradual change in 
time of the coordinates (q, q2, -.-, @m) which specify the configuration of a 
dynamical system. When the system has three (or less than three) degrees 
of freedom, there is often a gain in clearness when we avail ourselves of a 
geometrical representation of the problem: if a point be taken whose rect- 
angular coordinates referred to fixed axes are the coordinates (q,, q2, q3) of 
the given dynamical system, the path of this point im space can be regarded 
as illustrating the successive states of the system. In the same way when 
n > 3 we can still regard the motion of the system as represented by the path 
of a point whose coordinates are (q;, dz, --., Yn) mm space of n dimensions; this 
path is called the trajectory of the system, and its introduction makes it 
natural to use geometrical terms such as “intersection,” “adjacent,” etc., 
when speaking of the relations of different states or types of motion in the 
system. 


99. Hamilton’s principle, for conservative holonomic systems. 


Consider any conservative holonomic dynamical system whose configur- 
ation at any instant is specified by n independent coordinates (q, gz, .-.; Yn); 
and let LZ be the kinetic potential which characterises its motion. Let a 
given are AB in space of n dimensions represent part of a trajectory of the 
system, and let CD be part of an adjacent arc which is not necessarily a 
trajectory: it would however of course be possible to make CD a trajectory 
by subjecting the system to additional constraints. Let t be the time at 
which the representative point (q@, G2, -.+, Yn) occupies any position P on AB: 
we shall suppose each point on CD correlated to some value of the time, so 
that there will be a point Q on CD (or on the are of which CD is a portion) 
which corresponds to the same value ¢ as P does. As the are CD is 
described, the correlated value of ¢ will be supposed to vary continuously 
in the same sense. A moving point which describes the are CD will 
therefore pass through positions corresponding to a continuous sequence of 
values of G4, G2, ---, Yn, #, and consequently to each point on CD there will 
correspond a set of values of q,, qo, -.+) Gn 


WwW. D. 16 
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We shall denote by 6 the variation by which we pass from a point of AB 
to that point of CD which is correlated to the same value of the time, and 
shall denote by t, 4, f& + At, t+ At, the values of ¢ which correspond to the 
terminal points A, B, CO, D respectively, and by Lz the value of the function 
L at any point R of either are. 


If now we form the difference of the values of the integral | 


[2G qa, ees Qn> Gi» Yar +++ Ino t) dt, 


taken along the arcs AB and CD respectively, we have 


tt 
dg alee 1 Ape Ane | SLdt 
to 


oD AB 
= L,At, — Ly At +f Py € ogy + Sqr] dt 
ae bar 7 (aa) bart os 
by Lagrange’s equations, 
Ee (3 aS ear) e 


RT Aare i S 


t r=1 


= DpAt, — L,At+ [’ 


Pe Ae TATE + (3 5 oy ye - (3 53 8a) 
r r= r A 


But if (Aq,)z denote the increment of g, in passing from B to D, we have 
(Agr)p = (Ogr)p + (Gr)z At, 


and similarly if (Aq,), denote the increment of gq, in passing from A to C, 
we have 


(Agr) = (O4r)a + Gra Ato, 
and consequently 


nr B 
Tae = | PaDoe | 3 Se: (u- 3 ak ir) ar| . 
CD AB rat 09x r=1 OGr , 


Suppose now that CO coincides with A, and D coincides with B, and that 
the times correlated to C and D are ¢, and # respectively, so that Aq, 
Aq, ..», Adn, At, are zero at A and B: then the last equation becomes 


| feted peed meer) 
CD AB 


which shews that the integral [Lat has a stationary value for any part of an 


actual trajectory AB, as compared with neighbouring paths CD which have 
the same terminal points as the actual trajectory and for which the time has 
the same terminal values. This result is called Hamilton’s principle. 
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If the kinetic potential Z does not contain the time explicitly, we can 
evidently replace the condition that the time is to have the same terminal 
values by the condition that the total time of description is to be the same 


for AB as for CD, since > deg — IL, which represents the total BeOS, of 
r=1 r 


the system, is in this case constant. 


100. The principle of Least Action for conservative holonomic systems. 


_ Suppose now that the dynamical system considered is such that the 
kinetic potential does not involve the time explicitly, so that the integral of 
energy 


exists. Taking as before AB to be part of a trajectory and CD to be part of 
any adjacent arc, to the successive points of which values of the time are so 
correlated as to satisfy an equation of the form 


DOL 
2» Gra-—L=h+Ah, 
r=1 1 0g, 


where Ah is a small constant, we have 
fon | i ile Saat 
a e Sie. )at 
I, (3 5G, AB 4 04, 


=[_ (i+ Anyae— [ tate { Dat-[ Lat 
CD AB CD 


AB 


n B 
r=1 r A 
OL 
t -|3 7 Ag, ttl | 


| If therefore we suppose that OC coincides with A and D coincides with B, 
and that Ah is zero, we shall have 


n ol Leas on b 
> dt 2 ( > if | dt, 
if (2, Ye i) AB \r=1 q 0g; 


L 
which shews that the integr al |( = ZO, 5a ) dt has a stationary value for any 


A 


part of an actual trajectory, as ee ed with neighbouring paths between the 
same termini for which the time is correlated to the coordinates in such a way 
as to satisfy the same equation of energy. This is called the principle of 
Least Action, the integral 


being called the Action. 
iG 


bo 
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In natural problems, for which Z is the difference of a kinetic energy T, 
homogeneous of the second degree in the velocities, and a potential energy 
V, independent of the velocities, we have (§ 41) 


BOL 
ba t —— yah he 
ae Og 
and the stationary integral can therefore in this case be written | T dt. 


Example 1. Shew that the principle of Least Action can be extended to systems for 
which the integral of energy does not exist, in the following form. Let the expression 


2 be oa ~L be denoted by h; then the integral 
= r 


ie ing tt) dt 


has a stationary value for any part of an actual trajectory, as compared with other paths 
between the same terminal points for which / has the same terminal values. 


Example 2. Ifa dynamical system which possesses an integral of energy is reduced to 
a system of lower order as in § 42, shew that the principle of Least Action for the 
original system is identical with Hamilton’s principle for the reduced system. 


101. Luwxtension of Hamilton’s principle to non-conservative dynamical 
systems, 

We shall now extend Hamilton’s principle to holonomic dynamical 
systems in which the forces are no longer supposed to be conservative. 


Let 7 denote the kinetic energy of such a system, and let 5S Q,.69, 
1 


denote the work done on the system by the external forces in an arbitrary 
displacement (841, dqs, .--, 6@n); the equations of motion of the system are 
therefore 

hal (od eons 9 

Ge (e= 1] 2 Aa) 

Let a denote a part of a trajectory of the system, and let 8 be an adjacent 

arc having the same terminals, the times correlated to the path 8 at the 
terminals being the same as the values ¢, and ¢, of the time at the terminals 
in the trajectory a; then if 6 denotes the variation by which we pass from a 
position on a to the contemporaneous position on 8, we have 


or 
ii (r+ 0. 84, : dt = [3 4 es bq, + 04> og, + 84, dt 


. i : ss {5 Se 4 S (a) Bu, dt 


hd (ear 
net HESS 
J ty dt eats 4 ) eb 
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This result 
t, n 
[' (or + 3 @,84,) ae=0 
to r=1 


is (like the theorem of § 99, which is really a particular case of it) known as 
Hamuilton’s principle. 


102. Laxtension of Hamilton's principle and the principle of Least Action 
to non-holonomic systems. 


We shall now shew that Hamilton’s principle, when suitably formulated, 
is true even for dynamical systems which are not holonomic. 


Consider a non-holonomic conservative system, in which the variations 


of the n coordinates (q,, q2, .--, Gn) are connected by m non-integrable 
kinematical equations 


Aydg + Axdgs+...+ Anzdgqn+ Ty,dt=0 (eae L, 25 cnn) 

where A,,, Au, .-.,Anm, Ty, «:.; Tm, are given functions. of 9;, ga«:., Qn: 80 
that if Z denotes the kinetic potential, the motion is determined (§ 87) by 
the n equations 

d /foL\ oL 
aaa.) — Fen thadn tet Adm =I, 2 0000), 
together with the above kinematical equations; the unknown quantities 
being ; 

n> qa, erent dn> Aa) Aes OOS) Xm: 


Let AB be part of a trajectory of the system, and let CD be a path 
derived from AB by displacements consistent with the instantaneous kine- 
matical equations, Le. the above kinematical equations with the terms 7;,dé 
omitted; this path CD will not in general be itself a path whose continuous 
description would satisfy the kinematical conditions, so CD is really a kine- 
matically impossible path. 


It may naturally be asked why we do not take CD to be a kinematically possible path: 
the answer to which is, that in that case the displacements from AB to CD would not be 
displacements consistent with the kinematical equations : for in non-holonomic systems, 
if two adjacent possible configurations are given, the displacement from one to the other 
is not in general a possible displacement ; there are infinitely more possible adjacent 
positions than there are possible displacements from the given position. 


Proceeding as in the proof of Hamilton’s principle given in § 99, 6 denoting 
as usual a displacement from a point of AB to the contemporaneous point on 
CD, we have 


tt, OL OL 
Ldt—[  Ldt=LpAt,—L,At+]' 3 (2 84,457 Bae) dt 
CD AB a é I, Pe ee d 0dr d 
rh om (OL a OL 
= be ph cealy aes Pee A...) ; dt. 
LzAt Ly dty+ | ay, (dq, OFS dt Ge 5g, ( = af ) qd 
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Since the displacements obey the relations 
Aybn an Anx84o SP ans Se Anz®Gn = 0, 
it follows that the terms of the type A,A,,6g, in the integral annul each 
other, so we have 


‘ n (OL d /oL 
= = D,At,— L At, 6g, + bart dt 
es Ldt ifs Ldt Bah A Aly + *, 3 lag, °4 a \ ag ‘) q 


From this point the proof proceeds as in § 99. We thus obtain the result 
that Hamulton’s principle applies to every dynamical system, whether holonomic 
or not. In every case the varied path considered is to be derived from the 
actual orbit by displacements which do not violate the kinematical equations 
representing the constraints; but it 1s only for holonomic systems that the 
varied motion 1s a possible motion ; so that if we compare the actual motion 
with adjacent motions which obey the kinematical equations of constraint, 
Hamilton’s principle is true only for holonomic systems. 

The same remarks obviously apply to the principle of Least Action, and 
to Hamilton’s principle as applied to non-conservative systems. 


103. Are the stationary integrals actual minima? Kinetic foct. 

So far we have only shewn that the integrals which occur in Hamilton’s 
principle and the principle of Least Action are stationary for the trajectories 
as compared with adjacent paths. The question now arises, whether they 
are actually maxima or minima. - 


We shall select for consideration the principle of Least Action, and for 
convenience of exposition shall suppose the number of degrees of freedom 
in the dynamical system to be two, the motion being defined by a kinetic 
energy 

LP = tay (Gry G2) G? + Gas (Gas Yo) GaGa + $ M22 (Gay Yo) Ge", 
and a potential energy 
V=v(G %). 

The discussion can be extended without difficulty to Hamilton’s principle, 
and to systems with any number of degrees of freedom. The principle of 
Least Action, as applied to the above system, is (§ 100) that the integral 


[eng Te ZaieG qo “hs Qos”) dt 


has a stationary value for an actual trajectory as compared with other paths 
between the same termini for which dt is connected with the differentials of 
the coordinates by the same equation of energy 
Ta.V=h. 
This latter equation gives 
Aug’ + 2 Gigo + A Ga? = 2 (h = W), 
or dt = {2 (h—wW)}4 (andg? + 2a dqdqs + Gndq,")}, 
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so the stationary integral can be taken to be 


T=[( ‘ wy)? (@n + 2a. qo + Ars qo) dq, 


where q,’ stands for dq,/dq,; this integral is to be taken between terminals, 
at each of which the values of q and q are given. 
Writing this equation 
t= [Fa qe, @) IM, 


we shall discuss the discrimination of its maxima and minima (which was 
first effected by Jacobi) by a method suggested by Culverwell*. 


Consider any number of paths adjacent to the actual trajectory. These 
paths will be supposed to have the same terminals, and to be continuous, 
but their directions may have abrupt changes at any finite number of 
points. For such a path let (q, q+ Sq.) be a point corresponding to a 
point (q,, q2) on the actual trajectory; we shall frequently write af for 8q,, 
where @ is a small constant the order of which determines the order of 
magnitude of the quantities we are dealing with, and ¢ is zero at the terminal 


points. 
Let the expansion of the function 
Fh, Bt 4h, Gi + 2") 
in ascending powers of be 
Fd: @ &)+4(Uib + Vid’) + $0 (Und? + 2U nbd’ + Und?) + ...5 


let 6Z denote the terms involving « in the first degree in 


[7a e+ ab, af +28) dq, 


and let 627 denote the terms in a’. 


When the range of integration is small, and its terminals are fixed, the 
value of ¢’ at any point is large compared with the value of ¢. For since 
is zero at the terminals, we have 


p= Peea, 
P 


where P and R denote the terminals. If therefore 8 be the numerically 
greatest value of ¢’ between P and R, it follows that @ can never exceed 
(qr) — Gip)) 8, and consequently by taking the range sufficiently small the 
ratio of @ to ¢’ can be diminished indefinitely. 


* Proc. Lond, Math. Soc. xxut. (1892), p. 241. 
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Thus if the range is very small, the most important term in 6°J is | 
L | U,,6dq,; and as the sign of this is always the same as that of U, (the sign 


of dq, is taken to be positive), we see that for small ranges, J is a maximum 
or minimum according as Uj, is negative or positive. Now 
of 


Us > aga” = (h al wv)? (ae + 2dr. qa ate Anos ”)4 (Ay Go = ys"), 


and this is positive, since the kinetic energy is a positive definite form and 
therefore dd.,— 4,2 1s positive. We thus have the result that for small 
ranges the Action is a mimmum for the actual trajectory. 

Now consider any point A on an actual trajectory, and let another actual 
trajectory be drawn through A making a very small angle with the first. If 
this intersects the first trajectory again, say at a point B, then the limiting 
position of the point B when the angle between the trajectories diminishes 
indefinitely is called the kinetic focus of A on the first trajectory, or the 
point conjugate to A. 


We shall now shew that for finite ranges the Action is a minimum, 
provided the final point is not beyond the kinetic focus of the initial point. 


For let P and @ be the terminals; we have seen that if Q is very near 
to P, the quantity 5°J is always positive and of order a? compared with the 
value of J for the limits P and Q. It is therefore evident that as we remove 
Q further from P, the quantity 8°J cannot become capable of a negative 
value until after Q has passed through the point for which 6JZ can vanish 
for a suitably chosen value of ad. 


Suppose then that PBQ is an arc of an actual trajectory, Q being the first 
point for which it is possible to draw a varied curve PHQ for which 6J is zero; 
we shall shew that the varied curve PHQ must itself be a trajectory. For if 
it is not a trajectory between two of its own points A and CU (supposed near 
each other), let a trajectory ADC be drawn between these points. Then the 
integral taken along ADO is less than that taken along 4 HC, so the integral 
taken along PADCQ is less than that along PHQ, which by hypothesis is 
equal to that along PBQ. Hence 6J along PADCQ is negative, and there- 
fore Q cannot be the first point for which, as we proceed from P, the variation 
ceases to be positive; which is contrary to what has been proved. It follows 
that PAHCQ is a trajectory, and Q is the kinetic focus of P. Hence the 
Action is a true minimum, provided that in passing along the trajectory the 
final point is reached before the kinetic focus of the initial point. 

Lastly we shall consider the case in which the kinetic focus of the initial 
point is reached before we arrive at the final point. Suppose, with the notation 
just used, that the initial and final points are P and &; and let two points # 
and #’ be taken, the former on the curve PHQ and the latter on the are QR; 
these points being taken so close together that the trajectory HGF joining 
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them gives a true minimum. Since the integral taken along EGF is less 
than that along HQF, it follows that the integral taken along PEGFR is less 
than that along PEQR; but the latter is equal to that along PBQR, since 
both integrals are equal from P to Q; and therefore the integral along PBQR 
is not a minimum; but it is not a maximum, since the integral taken along 
any small part of it isa minimum. Hence when the kinetic focus of the initial 
point is reached before we arrive ut the final point, the Action is neither a 
maximum nor a minimum. 


A simple example illustrative of the results obtained in this article is furnished by the 
motion of a particle under no forces on a smooth sphere. The trajectories are great- 
circles on the sphere, and the Action taken along any path (whether a trajectory or not) 
is proportional to the length of the path. The kinetic focus of any point A is the 
diametrically opposite point A’ on the sphere, since any two great-circles through A 
intersect again at A’. The theorems of this article amount therefore in this case to the 
statement that an are of a great-circle joining any two points 4 and B on the sphere is 
the shortest distance from A to B when (and only when) the point A’ diametrically 
opposite to A does not lie on the arc, i.e. when the are in question is less than half © 
a great-circle. 


104. Representation of the motion of dynamical systems by means of 
geodesics. 


The principle of Least Action leads to an interesting transformation of 
the motion of natural dynamical systems with two degrees of freedom. 


Let the kinetic energy of such a system be 


$ (Ca (Hi, qo) qe + 2d» (hs qo) Ne + Ane (hs qo) Gas 


and let its potential energy be W(q, q.). By § 100, the orbits corresponding 
to that family of solutions for which the total energy is A are given by the 
condition that 


ars ae 2A yohe == Axo") dt 


is stationary for any part of an actual orbit, as compared with any other are 
between the same terminals for which dt is connected with the differentials 
of the coordinates by the relation 


$ (Ang? + 202i G2 + Coo’) + (qi; qz) =h, 
The integral 
[o —W)! (aydq? + 2a.dq,dq. + dndq.*)? 
is therefore stationary. But this integral expresses the principle of Least 


Action for the motion of a particle under no forces on any surface whose 


linear element is given by the equation 


ds? = (h — Wr) (ayndq? + 2a2.dq,dqz + Axndq;"), 
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and is therefore the defining condition of the geodesics on this surface. 
Consequently the equations of the orbits in the given dynamical system are the 
same as the equations of the geodesics on this surface. 

Example 1. Shew that the parabolic orbits of a free heavy projectile correspond 
to the geodesics on a certain surface of revolution. 


Example 2. Shew that the orbits described under a central attractive force ¢’ (r) in a 
plane correspond to geodesics on a surface of revolution, the equation of whose meridian- 


curve is z=f(p), where 
Ff’ (p)={(padr/r dp)— 14 
and where 7 and p are connected by the relation p?=7? {—  (r) +h}. 


105. The least-curvature principle of Gauss and Hertz. 

We shall now discuss a principle which, like Hamilton’s principle, can be 
used to define the orbits of a dynamical system, but which does not involve 
the sign of integration. 

In any dynamical system (whether holonomic or non-holonomic) let 
(a+, Yr) 2) be the coordinates of a typical particle m, at time ¢, and 
(X,, Y,, Z,) the components of the external force which acts on the particle. 
Consider the function 


sa 0-2) +22 


where the summation is extended over all the particles of the system, and 
where (#,, #,, 2,) refer to any kinematically possible path for which the 
coordinates and velocities at the instant considered are the same as in some 
actual trajectory. This function substantially represents what was called by 
Gauss the constraint and by Hertz (who however considered primarily the 
case in which the external forces are zero) the curvature* of the kinematically 
possible path considered. In what follows Hertz’s terminology will be used. 


We shall shew that of all paths consistent with the constraints (which are 
supposed to do no work), the actual trajectory ts that which has the least curvature. 


In the simple case of a single particle moving on a smooth surface under no external 
forces, this result clearly reduces to the statement that the curvature in space (in the 
ordinary sense of the term) of the orbit is the least which is consistent with the condition 
that the particle is to remain on the surface. 

To establish this result, let the equations which express the constraints 
(using «, to typify any one of the three coordinates of any particle) be 


Lap, dx, = 0 (ese 12, x. x, mM), 
a 


where the coefficients a, are given functions of the coordinates. Differ- 
entiating these relations, we have 


te < OXny . , , 
LH, ¥, + TS — ce) (612 


* Strictly speaking, the square root of this function, and not the function itself, was called 
the curvature by Hertz. 
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Let #%, be a typical component of acceleration in the path considered 
(which is supposed to be kinematically possible, but is not necessarily the 
actual trajectory), and let 4,. be the corresponding component of acceleration 
in the actual trajectory. Subtracting the preceding equation, considered as 
relating to the actual trajectory, frorh the same equation, considered as 
relating to the kinematically possible path, we have (since the velocities are 
the same in the two paths) 
oir (G — Hy) = 0 Chee ly) Oi. yt): 


7 


This equation shews that a small displacement of the system, in which 
the displacement 82, of the coordinate 2, is proportional to (#, — 4), 1s con- 
sistent with the equations of constraint, i.e. is a possible displacement. 


The components of the forces exercised by the constraints are typified by 


(m,#,. — X,): and in any possible displacement the forces of constraint do no 
work. We have therefore 


X (MH — Xp) (Fp — Fo) = 0, 
: 
an equation which can be written in the form 
X,\? A,\? 
SS € LOW eee SS x r se 
LM, | #-— — | = Dm, | Ho ——) + 2m, (&, — ayo)? 
5 r \ tr m,/ mE | 70 a . r( r 0) ? 


or (reverting to the use of y’s and 2’s) 


ee AG 2% 5 ee 2 ae Z, | 
le \(% ee | 


ys se Doak x Vey i Zy\? 
a oat \( a = ah (dn a ma) ae (zn F =) 
+ =m, (bp = ioeye oF (y;, as Vro)? Ar (2, a Bro) ts 


Since the terms in the last summation on the right-hand side are all 
positive, it follows that 


SS *. nue 2 + es . ZL, 3 
LZMy (#,— ) =f (i = =| Si (2— =) 
My My M> 


which establishes the result stated. 


106. Expression of the curvature of a path in terms of generalised 
coordinates. 

Lipschitz has shewn* that the curvature of a kinematically possible path 
in a holonomic dynamical system with n degrees of freedom can be expressed 
in terms of the derivates of the n independent coordinates which define the 
position of the system. 


* Journal fiir Math. uxxxu, p. 323. 
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Let (G1 Y2) «+> Qn) be the coordinates; let (G1, G2, .--, Yn) be the accelera- 
tions of these coordinates in any kinematically possible path, and let 
(Gros Gar +++» Gno) be the accelerations in the actual trajectory which corre- 
sponds to the same values of (q, qo, +++) Uns Gav Gar «++» Gn)» Using a, to typify 
any one of the three rectangular coordinates of any particle m,, and X, to typify 
the corresponding component of force, the Gauss-Hertz curvature of the path 
is Xm, (%,— X,/m,)?; and it has been shewn in the last article that this can 


be written in the form 


=m, (Fp) — X,/m,)? + XM, (¥,— Zo). 
a r 


The first of these summations is the same for all the paths considered, since 
it depends only on the actual trajectory: we can therefore omit it without 
causing the whole expression to lose its minimum-property, and we can call 
the remaining summation 2m, (#,— %,,)* the curvature of the path. 

a 


Let the kinetic energy be 
T= a2 Zo TEN 


where the quantities a, are given functions of (Gi, Yo, +++» Yn); let D denote 
the determinant formed of the quantities a,;, and let Aj, denote the minor of 
@,, 1n this determinant. 


From the equation 
LM by? => Lap qe nN 
r kl 


we have Ay = &M, cal ae , 
r | 09% ON 
Ox 02a, 
Now i= 2—G+=U> — Oe; 
D00¢ gh kt Ogre qed 


and consequently, since the coordinates and velocities are the same for all the 
paths considered, we have 


te 


fl Olas le ane 
Ly —~ Log = = 00; (Gx — Qko) 
) ) & 09% 
But if we write 


3-2 mee x a 


= — a ey i 9) 
ce a0, eth ee >. (4 = 1,2) 25, 8), 


since this expression is zero for the actual trajectory, we have 


S;, =the difference of the values of sd (5) for the path considered and 
k/ 


the actual trajectory, 


or = 2a (Gi — Go) Cae ee Rhy 


Aare 1 
whence we have Gt — Gro = DVAwS; (hh 2 ees 


ds" 
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and consequently 


< 1 0x, 
Ly — Lay = Dx io, 2H 
The curvature, =m, (#,— ,,)*, is therefore 
1 Oa, da 
see Sm eee 
presse F en de 04: AyAySS;, 
or pees ; 2a A nA ySiS;. 


But by a well-known property of determinants, we have 


= Lap AwAy = DAy, 
ik 


and therefore finally the curvature can be expressed in terms of the coordinates 
(Gi, a» +++) Qn) and their derivates in the form 


i 
D > Ay SiS : 


107. Appell’s equations. 


The Gauss-Hertz law of Least Curvature is the basis of a form in which 
Appell has proposed* to write the general differential equations of dynamics. 
This form, as will be seen, is equally applicable to holonomic and non- 
holonomic systems. 


Consider any dynamical system ; let 
Aydn +Axdq. =to oles) The Anddn a T,,dt =) (k= 1, De Bor) m) 


be the non-integrable equations connecting the variations of the generalised 
coordinates q:, gz, --», Yn; mM holonomic systems these equations will of course 
be non-existent. 


Let S denote the function 43m, (#7 + 9 + 22), where m;, typifies the mass 
k 


of a particle of the system, whose rectangular coordinates at time ¢ are 
(%:, Yx, Ze). By means of the equations which define the position of the 
particles at any time in terms of the coordinates (q, q2, .-., Qn), 1b 1s possible 
to express S in terms of (%, gz, ---, Gn) and the first and second derivates of 
these variables with respect to the time. Moreover, by use of the equations 
of constraint we can express m of the velocities (qj, qe, «++, dn) im terms of the 
others: let the coordinates corresponding to these latter be denoted by (p,, 
Po, +++» Pn—m). By differentiating these relations we can express qj, qo, «++; 
Gn, in terms of the quantities p,, Ps, ..-, Pn—ms Pir Pay +++) Pn—ms Dy Yar ++0s Ins 
and hence S can be expressed in terms of this last set of variables. ; 


* Journal fiir Math. oxx1. (1900). 
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Now any small displacement which is consistent with the constraints 
can be defined by the changes (6p,, dp., ..., O6Pn—m) in the quantities 


CDi Pas <29, Dawa) eu 7s) P,,6p, denote the work done by the external forces 
r=1 


in such a displacement. As in § 26, we have 


On, 0 0 
Zang (ang tie + Zr om = P,. 


Let the equation which expresses the change in «, in terms of the changes 
IN (1, Po, +++) Pn—m) be 
n—-m™ 
bt, = 2 7,6p,, 
r=1 


where (74, 72, +++, 7m—m) are known functions of the coordinates: the 
equations of this type are of course non-integrable. From this we have 
0a,/0p, = 7,, and so the equation which expresses 4, in terms of 


e ny . (pr, Pa, sees ae) 
will be of the form 
ay = = Tp hs 


where a denotes some function of the coordinates. Differentiating this 
equation, we have 


x n-—m n-m - y 
iip= Spit & FP ies 
hence gs ae 
ey Op,” OP, 
It follows that 
OX, 02 OZ, 
Pa Sy (: 2m Yk +4") 
UP aah. Ly Op, ae Ue Op, * Op, 
Ox}, Ot OZ 
=a) sede k k 
ei (te Op, + Ye Op, + 2k = 
_ as 
Op,’ 


and therefore the equations of a dynamical system, whether holonomic or not, 
can be expressed in the form 

as 

— =P, lS _— 

an : (r=1, 2,...,%—m), 
where S denotes the function 4 Sm, (a2 + 2+ 3,2), and (Pri Dos 0.05 Dim) OPS 
coordinates equal in number to the degrees of freedom of the system. 


It is evident that the result is valid even if the quantities p,, ..., Dn—m 
are not true coordinates, but are quasi-coordinates, 
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Example. Obtain from Appell’s equations the equations 
Ad, -(B-C) o,0;=L, 
Big —(O— A) @30,=, 
C63—(A - B) o,0,=W, 
for the motion of a rigid body one of whose points is fixed; where (o,, @,, 3) are 
the components of angular velocity of the body resolved along its own principal axes 


of inertia at the fixed point, (A, B, C) are the principal moments of inertia, and (LZ, /, V) 
are the moments of the external forces about the principal axes. 


108. Bertrand’s theorem. 


A theorem in impulsive motion, which belongs to the same group of 
results as the least-curvature principle of Gauss and Hertz, is due to 
Bertrand* and may be stated thus: Ifa given set of impulses are applied to 
different points of a system (whether holonomic or non-holonomic) in motion, 
the kinetic energy of the resulting motion ws greater than the kinetic energy 
of the motion which the system would acquire under the action of the same 
impulses and constraints and of any additional constraints due to the reactions 
of perfectly smooth or perfectly rough fixed surfaces, or rigid connexions 
between particles of the system. 


For let m be the mass of a typical particle of the system, and let (wu, v, w), 
(u’, v’, w’), (ta, ¥,, W,) denote the components of velocity of this particle before 
the application of the impulses, after the application of the impulses, and in 
the comparison motion, respectively. 


Let (X, Y, Z) denote the components of the external impulse acting on 
the particle: (X’, Y’, Z’) the components of the impulse due to the con- 
straints of the system: and (X’+ X,, Y’+ Y,, Z’+ Z) the components of 
the impulse due to the constraints in the comparison motion. 


The equations of impulsive motion are 
m(u —u)= X + X’, m(v—v)=V+Y’, m(w'—-wy=Z4+2’, 
m (um —uy=X+X'+X,, m(y—-—v=V+V'+Y,, m(w—w)=2Z4+ 4+, 
Subtracting, we have 
m(u—w)=X,, m(v,—-v)=Y¥,, m(w,—-w')= Z,. 
Multiply these last equations by u,, 1, w,, respectively, add, and sum for 
all the particles of the system; we thus have 
Dm f(y — wv’) uy + (1-0) 1+ (U1 — w') wy} == (Xu + Viv, + Zw). 
Now from the nature of the constraints, it follows that finite forces 
acting on all the particles of the system and proportional to the impulsive 
forces (X,, Y,, 4), would on the whole do no work in a displacement whose 


* Bertrand’s notes to Lagrange’s Méc, Anal. 


256 The Principles of Hamilton and Gauss (CH. IX 


components are proportional to the quantities (%,%, w,); and therefore we 
have 


> (Xm + Y,x,+ Aw) =9, 
or Im {uy —v') uy + (1 -v') 4 + (Ww, — wv’) wi} = 0; 
this equation can be written in the form 
Sm (u? + v? + w?) — Dm (u? + v2 + we) = 2m {(w — wy + (v' = 1) + (w’ — wi}, 
which shews that 
430m (uw? + v? + w?) > 42m (u? + v2 + wy), 
and so establishes Bertrand’s theorem. 


The following result, due to Lord Kelvin and generally known as Thomson’s theorem, 
can easily be established by a proof of the same character as the above : [f any number of 
points of a dynamical system are suddenly set in motion with prescribed velocities, the 
kinetic energy of the resulting motion is less than that of any other kinematically possible 
motion which the system can take with the prescribed velocities, the excess being the energy of 
the motion which must be compounded with either to produce the other. 


Example. A framework of (n—1) equal rhombuses, each with one diagonal in the 
same continuous straight line, and two open ends, each of which is half of a rhombus, is 
formed by 2n equal rods which are freely jointed in pairs at the corners of all the 
rhombuses. Impulses P perpendicular to and towards the line of the diagonals are 
applied to the two free extremities of one open end; shew that the initial velocity, 
parallel to the diagonal, of the extremities of the other open end is 

3P _ sinacosa 
m cos*a+n? sin? a’ 


where m is the mass of each rod, and 2a is the angle between each pair of rods at 
the points of crossing. (Camb. Math. Tripos, Part I, 1896.) 


MiscELLANEOUS EXAMPLES. 


1. If the problem of determining the motion of a particle on a surface whose linear 
element is given by the equation 
ds? = Edu? +2Fdu dv + Gdv?, 
under the action of forces such that the potential energy is V(w, v), can be solved, shew 
that the problem of determining the motion of a particle on a surface whose linear 
element is given by 
ds*= V (u, v) (Edu? +2Fdudv+ Gdv), 
under forces derivable from a potential energy 1/V(u, v), can also be solved. 
(Darboux. ) 
a If in two dy namical systems in which the kinetic energies are respectively 
[in GiGe and 2by.4iqe, and the potential energies are respectively U and V, the trajectories 
are the same curves } eSCrl i iffer relociti : i 
e seosiea though described with different velocities, so that the relations 
etween the coordinates (9), go, ...) Yn) ave the same in the two problems, shew that 
, a+ 
y Gian 8 b] 
where a, 8, y, 6, are constants, and that 


2dindqidqy=(yU +8) Zan.dg,dq,. (Painlevé.) 
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3. If all the trajectories of a particle in a plane, described under forces such that the: 


potential energy of the particle is V (#, y), with a value 4 of the constant of energy, are 
subjected to a transformation 


r=(X, Y), y=WV(X, Y), 


where ¢ and y are conjugate functions of (x, y), shew that the new curves so obtained are 
the trajectories of a particle acted on by forces derivable from the potential energy 


ab\2 /Odh\2 
[V(X Y), vO PY-H1{(56) + (5h) fo 
with a zero value of the constant of energy. (Goursat. ) 
4. If Zand V denote respectively the kinetic and potential energies of a dynamical 
system, shew that 


Vv eee 
2a tem (x +77+27) 


il AON 5 SUA POL ANe 
>in (met ae) + (m+ wy) + (mise) f 


by a quantity which does not involve the accelerations ; and hence that 


differs from 


2 


2 


ae = $3 (+9? +27) 


is a maximum when the accelerations have the values corresponding to the actual motion, 
as compared with all motions which are consistent with the constraints and satisfy 
the same integral of energy, and which have the same values of the coordinates and 
velocities at the instant considered. (Forster. ) 


CHAPTER X. 
HAMILTONIAN SYSTEMS AND THEIR INTEGRAL-INVARIANTS. 


109. Hamilton’s form of the equations of motion. 


We shall now obtain for the differential equations of motion of a con- 
servative holonomic dynamical system a form which was introduced by 
Hamilton* in 1835, and which constitutes the basis of most of the advanced 
theory of Dynamics. 

Tet (0:52, ---5 Gn) b© the coordinates and L) (qi, qs, +++» Yn» Gis Gao +++ Gn, t)’ 
the kinetic potential of the system, so that the equations of motion in the 
Lagrangian form are 


d /oL oL 
eae (r=1, 2, ..., n). 
: oL 
Write ag, (r= ik re Sates n), 
ety 
so that Naas (to bo ah 


From the former of these sets of equations we can regard either of the 
sets of quantities (q,, qo, +--+, Qn) OF (1, Ps, -.-, Pn) as functions of the other set. 
If 6 denote the increment in any function of the variables 
(Qu Qos +++ Yn» Drs Par ++) Pn) OF (Gry Gas +++ Qn» Gis Go» +++2 Gn) 
due to small changes in these arguments, we have 
" ie OL 


SS re SE: . 
2s er en a4.) 


I 


bL 


> (prdqr + prdqr) 

r=1 

=8 3 pede + © (6,84 — 45pn) 
r=1 r=1 


or 5 PrQr — r\ a 3 (4,8) — DvOdy). 
r=1 


* Phil, Trans. 1835, p. 95. 


109, 110] Hamiltonian Systems, ete. 259 


Thus if the quantity = p,g,—Z, when expressed in terms of 
r=1 


: (M5 Q2y HOC Yn» Pr» P25 CHOICES Pns t), 
be denoted by H, we have 


oH = = Gebpr — pr8qr); 
dq 0H dp, oH 


or eee ee es ee 

di Op,’ dt OF 

The motion of the dynamical system may be regarded as defined by these 

equations, which are said to be in the Hamiltonian or canonical form; the 

dependent variables are (q,, qs, ...; Qn» Pry Pa» +++» Pn), and the system consists 

of 2n equations, each of the first order; whereas the Lagrangian system 
consists of n equations, each of the second order. 


(rely. Sn). 


When the kinetic potential Z does not involve ¢ explicitly, the Hamiltonian 
function H will evidently likewise not involve ¢ explicitly, and the system 
will possess (§ 41) an integral of energy, namely 


Me OE 
> 1. a ae L = h, 
r=1 q Ogr 


where f is a constant. This equation can be written 


H (qn, Ya, +++» Iny Pry Pr» see) Pn) =h, 
and this is the integral of energy, which 1s possessed by the dynamical system 
when the function H does not involve the time explicitly. For natural problems, 
it follows at once from § 41 that H is the sum of the kinetic and potential 
energies of the system. 


Example. Shew that the equations of motion of the simple pendulum are 
dq_ 0H dp oH 
Ais Cpe trai age 


where 
H=sp’— gl cos q, 


and where g denotes the angle made by the pendulum with the vertical at time ¢, 7 is the 
length of the pendulum, and the mass of the bob is taken as unity. 


110. Jacoli’s theorem on equations arising from the Calculus of Varia- 
tions. 


From the preceding chapter it appears that the whole science of Dynamics 
can be based on the stationary character of certain integrals, namely those 
which occur in Hamilton’s principle and the principle of Least Action: 
similarly the differential equations of most physical problems can be regarded 
as arising in problems of the Calculus of Variations. 

Thus, the problem of finding the state of thermal equilibrium in an_ isotropic 
conducting body, when the points of its surface are kept at given temperatures, can be 


17—2 
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formulated as follows: to find, among all functions V having given values at the surface, 
that one which makes the value of the integral 


[Gy +@) + Ey} eres 


integrated throughout the surface, a minimum. 

Jacobi has shewn that all the differential equations which arise from 
problems in the Calculus of Variations, with one independent variable, can be 
expressed in the Hamiltonian form. 

Suppose, for clearness, that there are two dependent variables; the proof 
is equally applicable to any number of variables. 


(m) (n) 
Let L (t, y, J, 9, «++, Y, % 4% %, ..-, 2) be a function of the independent 
variable ¢, the dependent variables y, z, and their derivates up to orders m, n, 
respectively. 


The conditions that the integral 
(m) (n) 
[ews a ee ae 


may be stationary, can, by the ordinary procedure of the Calculus of Varia- 
tions, be written in the form 


oy dt™ \dy 
(0-2 _ ¢ (22) +...4(- ie . 
dz dt\0z dt” \oz 
Now write 
( aL d /oL dm (ol 
a eT 
| y i dem \ay 
| 
OL a (eb d™ ol 
Do = -5( ) eee +( ib 5 (=) ’ 
oy dt oy dtm ay 
oL 
Pru = <o 
oy 
OL di /oL a” /oL 
Pm = ar (5) an FOG OI +(- if —— (=) > 
0z dt \ Oz di? \ dz 
OL an 
Dm+2 = F =) ANG EION COG IOLIOS + ( 15% sui 3) > 
4 dt? Oz 
OL 
| Pm+n = oo? 
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and write 
(m-1) (n—1) 


i y; Fa = Y; CIOS | Um — y; Um-+1 = a, AUm+2 at z, Cs) Am+n Eh, 
Then if 
(m) 

H=—L + pigs + pads + +++ + Pm-aGn + Pm Y + Pm meet ++ i 

+ Pm+n—1Im+n + Pm+n 2; 
(where H is supposed expressed as a function of (t, Gi, «+; Ymans Pts +++» Pmtn)s 
; °;4 (m) () . . . m 
the quantities y and z being eliminated by use of the equations Dm = OL/Oy, 

(n) 
Pm+n=0L/0z) and if § denote an increment due to small changes in the 
arguments 9), Yo, -++» mtn» Pry Pa» +++) Pmen, We have 


m-190L OL @™ "10 DL 
OH =— & 5 Sgr — wm OY — % oF Bamana — om 88 
r=0 Oy oy r=0 Oz Oz 


ate (m) m-1 (m) 
+S Prddrint PmdY + % drsiSPr + YOPm 
a T= 


mtn-1 (n) mtn-1 (n) 
wee Pr Orit Pminds + = Gr+18Pr + ZOPman: 
r=m+ 


r=m+ 


Using the relations 


ol =7 ol =7),+ OL _ Y OL _ iN, 
oy SONG oy? Pi; ay Ps + po, COC) Be eae C., 
; F m+n m+n 
this becomes 6H =— > p-Oqr+ D Grdpr- 
r=1 r=1 


Thus, if H is expressed in terms of the variables 


(L, Pry Pay +15 Pmens Gus G2» +++» Im+n)s 
dy, 0H dpy__ OH 
yn) oa he GS 

and the differential equations of the problem are thus eapressed in the Hamil- 

tonian form. 
The systems of differential equations which arise in the problems of the 

Calculus of Variations are often called isoperimetrical systems. 


(r= 1,2,...,m-+n), 


we have 


111. Lntegral-invariants. 

The nature of Hamiltonian systems of differential equations is funda- 
mentally connected with the properties of certain expressions to which 
Poincaré has given the name integral-invariants. 


Consider any system of ordinary differential equations 


da, y di, Y Ain, _ Y 
= = Ag eee arop iy eck 
dt a dt - dt ‘i 
where X,, Xo,..., Xn, are given functions of 2, &,..., @n,t We may regard 


these equations as defining the motion of a point whose coordinates are 
(a1, %, ..., Ln) in space of n dimensions. 
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If now we consider a group of such points, which occupy a p-dimensional 
region ¢, at the beginning of the motion, they will at any subsequent time ¢ 
occupy another p-dimensional region ¢. A p-tuple integral taken over € is 
called an integral-invariant, if it has the same value at all times ¢; the 
number p is called the order of the integral-invariant. 


Thus, in the motion of an incompressible fluid, the integral which repre- 
sents the volume of the fluid, when the integration is extended over all the 
elements of fluid which were contained initially in any given region, is an 
integral-invariant; since the total volume occupied by these elements does 
not vary with the time. 

Example 1. Consider the dynamical problem of determining the motion of a particle 


in a plane under no forces: let (7, y) be the coordinates of the particle, and (u, v) its 
components of velocity. The equations of motion may be written 


=u, g=v, u=0, v=0. 
The quantity 


T= {(e- tu), 


where the integration is taken, in the four-dimensional space in which (2, y, u, ¥) 
are coordinates, along the curvilinear are which is the locus at time ¢ of points which were 
initially on some given curvilinear arc in the space, is an integral-invyariant. For the 
solution of the dynamical problem is given by the equations 


u=a, v=b, w=at+c, y=bt+d, 
where a, 6, c, d are constants: and therefore we have 


I= [(eba+20- t6a) 


= [oe 


Example 2. In the plane motion of a particle whose coordinates are (x, y) and whose 
velocity-components are (uw, v), under the influence of a centre of force at the origin whose 
attraction is directly proportional to the distance, shew that 


[nse — x §u) 


and this is independent of ¢. 


is an integral-invariant, 
112. The variational equations. 


The integral-invariants of a given system of differential equations furnish 
integrals of another system of differential equations which can be derived 
from these. 


For let the given system of equations be 


dz,. y 
arse Ky (Oy, By, s00) Bn;.b) ‘Coe e-Reeree ) 8 

Let (a, 3, ..., &) and (a, +62,, @ + da, ..., &, +62,) be the values of 
the dependent variables at time ¢ in two neighbouring solutions of this set of 
equations ; where (6a, a, ..., dv,) are infinitesimal quantities. Then we have 


d : 
aig er + 8x,) =X, (ay + Say, Ly + 8H, ..., n+ Oa, t) (r=1,2,..., 2), 
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and consequently 


d OX, OX, OX, 
ee Gre Om +a at ha Oty (Ce yp Sante 1) 
These last n equations together with the original n equations, can be 
regarded as a set of 2n equations in which (a,, a, ..., @p, 5a, Say, ..., San) 
are the dependent variables. 


Now if 
fare, Hy vee, in) bx, 


denotes an integral-invariant of the original system, the quantity 


a , 
dt iF (x, Hay 005 Ln) br, 


must, since the path of integration is quite arbitrary, be zero in virtue of 
precisely this extended system of differential equations ; and therefore 


DF, (&,, Way »++, @n) 6%, = constant, 
“fe 


must be an integral of these equations: so that to an integral-invariant of 
order one of the original system of equations there corresponds an integral of 
the extended system of equations, and vice versa. 


If a particular solution (a, 7, ..., 2,) of the original equations is known, 
we can substitute the corresponding values (a, #, -.., #,) in the extended 
differential equations, and so obtain n linear differential equations to deter- 
mine (62, a, ..., 64), i.e. to determine the solutions of the original equations 
which are adjacent to the known particular solution. These n equations are 
called the variational equations. 


113. Integral-invariants of order one. 


Let us now find the conditions to be satisfied in order that 


| (M, 80, + M, 8a, +... + M,dxn), 


where (M,, M,, ..., My) are functions of (a,, #, ..., @n, t), may be an integral- 
invariant of order one of the system of differential equations 

1a, 

a CE seey Xp, t) (r=1, 2h ctu, %)s 


We must have 
- (M, 8a, + M,8a, +... + Mn den) = 9, 


where the derivates of (8z,, da, ..., da) are to be determined by the ex- 
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tended system of differential equations introduced in the last article; and 
therefore 
dM, d. da, 
2 (ai Be a a) 
or 3 (Grae + 3 ex, b0,4 M, Et 8m) <0 
r=1 kak Ow. 147 k=1 On. X 
Since (62, da, ..., 54,) are independent, the coefficient of each quantity 


dz, in this equation must be zero: and consequently the conditions for 
integral-invariancy are 
Ole eo, ze k 
Ot ° yay Oty 


z=) (r =I, 2, ..., 2). 


Corollary 1. If an integral of the differential equations, say 
Ef (&, We, «««5. En; t) = constant, 
is known, we can at once determine an integral-invariant. 
For we have 


a(aF\ 3 2 OF n OF aX, 2 e 2 OF ) 
Fae) Za rbaes oa Ob, Le ee 


and therefore the expression 
n OF 
Maes 
ie 02, Sa, 


Corollary 2. The converse of Corollary 1 is also true, namely that if 


is an integral-invariant. 


U : : ! aa 
| ( 2 i Sa, ws an integral-invariant of the differential equations, where U is 
r=1 


a gwen Mn OHOn of the variables, then an integral of the system can be found. 


For we have 


O= @ = (50) + $ ese (5) bs oU OX; 


4Lk | 0s god + & 7 
chy Ox, 02, k=1 Oa, Ox, 
nr 
Be Cie 4 
— si + “~ rare Rl» 
0x, h=1 OLE 
and consequently the expression 
. OU pe OU 
— Xx 
ot k= a Ox, 
which is a given function of (a, @, ..., Up, t), is independent of (a, , ..., 2»); 


let its value be $(¢): this is a known quantity. 
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Then we have 


aU 
Ga PO: 


or U — | ¢ (t) dt = constant ; 


and this is an integral of the system. 


114. Relative integral-invariants. 


Hitherto we have only considered those integral-invariants which have 
the invariantive property when the domain of the initial values, over which 
the integration is taken, is quite arbitrary; these are sometimes called 
absolute integral-invariants. We shall now consider integrals which have the 
invariantive property only when the domain over which the integration is 
taken is a closed manifold (using the language of n-dimensional geometry) ; 
these are called relative mtegral-invariants. 


The theory of relative integral-invariants can be reduced to that of 
absolute integral-invariants in the following way. 


hee | (Mion) iL Se EME, Son) 
be a relative integral-invariant of the equations 
Ax, 
TE = X, (= 152 ot), 


Wilevon Mails, a, ,, Ary Aaron, Ay) ALC LUNCHIONS Of (a), 23, .+1, Lunt) 3, 80 
that this expression is invariable with respect to ¢ when the integration is 
taken, in the space in which (2, #4, ..., £,) are coordinates, round the closed 
curve which is the locus at time ¢ of points which were initially situated on 
some definite closed curve in the space. 


By Stokes’ theorem, this integral is equivalent to the integral 
M, oM; 

[fs (= = =) On; bx;, 

IS i,j Chi On; 
where the integration is now taken over a diaphragm bounded by the curve ; 
this diaphragm can be taken to be the locus at time ¢ of points which were 
originally situated on a definite diaphragm bounded by the initial position of 
the closed curve: and since the diaphragm is not a closed surface, this integral 
is an absolute integral-invariant of order two of the equations. 


Similarly, by a generalisation of Stokes’ theorem, any relative integral- 
invariant of order p is equivalent to an absolute integral-invariant of 
order (p +1). 
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115. A relative integral-invariant which is possessed by all Hamiltonian 
systems. 


Consider now the case in which the system of differential equations is a 
Hamiltonian system, so that it can be written 


ddp) el dp oH 
i ae E = = 1 z, eens > 
dt ~ dp,’ dt 5g, Cae ae 


where # is a given function of (qi, Go, +++) Un» Pr Pas «++» Po b)- 


For this system let 
O= [Lat 


denote Hamilton’s integral, so that Z is the kinetic potential ; let 


(m4, Ae, CO) any Bi Bs; were B,) 


be the initial values of the variables 


(h, Qo, ey Yn» Pris Pe, Pee ey 
respectively, and let 6 denote the variation from a point of one orbit to the 
contemporaneous point of an adjacent orbit. By § 99, we have 


60) = S POG — = B, Ott, 
r=1 r=1 


Let C,-denote any closed curve in the space of 2p dimensions in which 
is Gave eon Dis Do, .++, Py) are coordinates, and let C denote the closed 
curve which is the locus at time t of the points which are initially on CO). 
Integrating the last equation round the set of trajectories which pass from 
C, to C, we have 


n 
and this equation shews that the quantity | = p,8q, ts a relative integral- 
r=1 


moarrant of any Hamiltonian system of differential equations. 


116. On systems which possess the relative integral-invariant [2p dq. 


We shall next study the converse problem suggested by the result of 
the last article, namely that of determining all the systems of differential 


n 
equations which possess the relative integral-invariant [ x p,dg,, Where 
=1 


(Gis Ya) «++» Yn) are half the dependent variables, and (p,, ps, ..., Py) are the 
other half. 


Consider then a system of ordinary differential equations of order 2n in 
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which the variables can be separated into two sets, (q), Go) +++) Jn) and 
(Pi; Pas +++) Pn), Such that 


[mda + p8qa+ -- + Pn OGn) 


is a relative integral-invariant of the equations, and consequently by Stokes’ 
theorem 


| | (i, S00 e boi anck se + DeKoe.) 


is an absolute integral-invariant. 


- Let the system of differential equations be 


dq, _ Ap, _ Sy 
Ora ete 


where (Q,, Q:, ---; Q», Pi, Ps, ..., P,») are given functions of 


(Gi, VED wee n> Pi; P2, se0y Dns t). 
As the domain of integration of the absolute integral-invariant is of two 
dimensions, we can suppose that each point in it is specified by two quantities 
® and yw, which do not vary with the time but are characteristic of the tra- 
jectory on which the point in question lies. The absolute integral-invariant 
can therefore be written in the form 


G. eee aed dnd, 


and as X and uw do not vary with the time, we must have 


d 3 0 (gi Pi) _ 9, 


Gtqei_e (A, ) . 
& (8(Qi mi), 2G, Pi) _ 
< Pa dae 1) 80, Dia 


or 


3 {20 Hic), 20.9 (pe pi) , OP: 0 (Gis qe) , OP: 0 Gs Ba} 
a apes 1 (0g, OA, #) ° Op, OA, H) " Ogqr OA, HB) § OGe AA, MH) 


Owing to the complete arbitrariness of the domain of integration and 
O”K Opi Ogi O"K nd Opk Opi 


the choice of and y, the coefficients of Dr Bu? Bd De’ and ~~ au in this 
equation must vanish separately. We thus obtain 
004 OE 
Og, Opi 
or mr = 0 Comey *208.., 1): 
Ode Gi 
OQ: _ OW, 


OPE Opi 
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These equations shew that a function H (qj, G2, «++, Yn» Pir Par «++ Pns t) | 


exists such that 


oH oH 
=> =—z,— a ier Sarre | 
Q, Op, ? Ee 09r (r t, > n) 
and thus we have the result that 7f a system of equations 
Aqr _ Apr _ ahs s 
Es di = P, (raat, 2, .-1, 2) 


possesses the relative integral-invariant 


|(rdq +p.bae + +. + P6840) 


then the equations have the Hamiltonian form 
dq, 0H dp, off ei é 
i eae naar ae ep peop 
this is the converse of the theorem of the last article. 
Corollary. If 


Joba + p26qo+ ..» + Pn OGn) 


is a relative integral-invariant of a system of equations 
dq dp 
pare titi = SES — eee k 
dt Q,-, dt Hae (r i; 2, ? ), 
where & is greater than n, it follows in the same way that the equations for 
(as Yar +++ Qn» Pr» Pa» ---, Py) form a Hamiltonian system 
dq, oH dp, oH 


(r= [2,22 m), 


dt Op,’ dt —-0r 
where H is a function of (q), qo, --+) Qn» Pi» P2» +++» Pn» t) only, not involving 
Oras Qnt2. +++> Vk» Pntir «+> Dx)» 


117. The expression of integral-invariants in terms of integrals. 


If the solution of a system of differential equations 
~o = A a ( Dy, Syy wars Cay 0) (n=1)2)... ws 


is known, the absolute and relative integral-invariants of the system can 
easily be constructed. 


Thus, let 
“n (a, Xo, very Un, t) —- Cy, Yr (2, Vy, v0) Ln, t) = Cay eves Yn (2, Dy, +00, By, t) =Cn, 
where ¢,, Cz, ..., Cn are constants, be n integrals of the system; the absolute 


integral-invariants of order one are evidently given by the formula 


[Oran + aby, + + Nun) 
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where (N,, N,, ..., V,) are any functions of (Ya, Yor +++) Yn) Which do not 
involve ¢: and the relative integral-invariants of order one are given by the 
formula 


| (,8y, + Ny8y2-+ ... + NnSyn+8P), 


where F is any function of (a, a, ..., @,¢), since the term [ df vanishes 


when the domain of integration is closed. 


It follows from this that any system of differential equations possesses an 
infinite number of absolute and relative integral-invariants of the first order. 


118. The theorem of Ine and Koenigs. 


The preceding results enable us to establish a theorem due to Lie* and 
Koenigst on the reduction of any system of ordinary differential equations to 
the Hamiltonian form. 


da, 
dt 


be the given system of equations, and let 


| Gee, ey eee oa) 


Let 


56. Gale 


be any relative or absolute integral-invariant of order one of this system, 
where &, &, ..., &, are given functions of the variables: we have seen in 
the last article that an infinite number of such integral-invariants exist. 


Now let the differential form 
E, 0a, + E,0a +... + Ebay, 
be reduced to the canonical form 
D1 9G + P26Go + «+ PnOGn — 6Q, 
where (Pry Pas +++ Ps Py Gar +009 Iny D) 


are independent functions of (a, #2, ..., %), in number not greater than &, 
and where 0 may be zero}. Let (1%, Us, ..-, Ur—an) be a set of other functions 
of (a, a, -.-, %), Such that (ty, Us, -.-) Uk—ans Gr» Yar +++ Yn» Pr» Pa» +++) Pn) are 
a set of k independent functions of (a, #, ..., ej); and suppose that the 


* Archiv for Math. og Natur., 1877. 

+ Comptes Rendus, Cxx1. 

+ The proof of the possibility of this reduction (which however requires in general the 
solution of a number of ordinary differential equations) will be found in any treatise on Pfafi’s 
problem. 
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system of differential equations, when expressed in terms of these k functions 
as independent variables, becomes 


ddr dp, 
a = Q,, i =P, (r=1, 2, ..., ), 
tie 3 (s=1, 2, 222, h— 2), 


wherée-(Q), Qis +25 Vn» Pas Pe, 0-5 Pay Us, Ua; 4+, Upim) ave finehions of the 


new variables. 


The expression 
[oes + p.8qe +... + Pn&dn) 


is an integral-invariant (relative or absolute) of this system, since integral- 
invariancy is a property unaffected by such transformations as have been 
performed: and consequently it follows (§ 116) that the first 2n equations 
have the form 

dq, 0H dp, oH * 

dt op,’ di. oa, tet 
where H is a function of (91, Qo, »:+5 Gms Pir Pay --»» Pn, t) only. The given 
system of differential equations is thus reduced to a Hamiltonian system of 
order 2n, together with the (k — 2n) additional equations 


du, 
aoe = 2 —- 
i U, (s=1, 2, ..., k—2n). 


119. The Last Multiplier. 


Before proceeding to discuss integral-invariants of higher order than those 
hitherto considered, we shall introduce the conception, due to Jacobi, of the 
Last Multiplier of a system of equations. 
da, da, _ _ da, da 
aA he A 
where (X,, X2,..., Xn, X) are given functions of the variables (a, 2, ..., &p, 2), 
be a given system of equations: and suppose that (n—1) integrals of this 
system are known, say 


Let 


Fp (Gi, Say 05.5 Ons 2) BO, (r=1, 2, ...,n—1). 
From these equations let (a, %, ..., @1) be expressed as functions of z, 
and w: then there remains only the solution of the equation of the first 
order 


din dx 
A 
to be effected; in which accents are used to denote that (a, &, ..., Lp) 


have been replaced in X,, and X by the values thus obtained. 
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We shall shew that the integral of this equation 4s | 
| a (X’ da, — X,' dx) = constant, 
where M denotes any solution of the pes open equation 
_ (MX,) + a (MX,) + ou. + 2 (MX) +2 (MX)=0, 


and A denotes the Jacobian 
0 Gre Mee eincs) 


ONDE Waving tn 4) 


_ The function M is called the Last Multiplier of the system of differential 
equations. 


For the proof of this theorem, we shall require the following lemma : 


If a system of differential equations 


Wily, 

de Or Cire (eto tei): 
is transformed by change of variables into another system 

LY y _ a 

aes GS, ih), 


$ Cay el < 0(DY,.) 
r=1 02, JB rere OY, ; 
where D denotes the Jacobian 


then 


OO eames) 
0(%; Yo; OUT) Une 


To prove this, we have 


AOR -3 2 (2 Yas) 


r=1 Ox, ral 0%, \p=1 Oye 
_% 3 n OYs a) (= Ye 02, == 
r=1s= a Oar, OYs ke ® Ove 


da oy aa OY, OF 
ses "(Y, ‘). 
ie aa al OE rr 


: : : ee aot Odin Eady. 
In this expression the coefficient of 0Y;/oy; is = Ca which is zero 
y=1 0x, O"UK 


er unity according as s is different from, or equal to, k. Also dy,/0x, = A,./D, 
where A,,denotes the minor of d,/dy, in the determinant D: so the coefficient 
of Y; in the above expression, which is 


3 2 OY, Ox, 


r=1 s= aa OYsOYE’ 
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can be written 


hee 0x, 12 0 Gr, Wy, 1s ee a OO Nes tries -2n'g Seat 
jes se OO oa D cs ) (1, Yas v0e5 Yn) , 
1 oD 
or Dey 
We have therefore 
UA EO ee pe 10D 
vas Oxy = a OY a = Ai D OYE 
Beh, $ 0(DY;,) 
Lp Ole 
which establishes the lemma. 
Now in the original problem write 
de, dey den ey 


Dt eh Dies 
and consider the change of variables from 
(a, D2, VOOy) Dn» iH) to (a3 As, ernie) An-1 Zn) £): 


by the lemma, we have 


CAG OAS ona 0X A 0 (a) + 0 (=) 
Tse Ci Wai Oaks one ee re Oe 


so the quantity M, which is a solution of the equation 


LdM 0X, aX, OX, 0X _ 
Meg Ga pee SS a 


satisfies the equation 


Ld Mew Shae ©) =0 
AMedi ution ( d’ a ety 
f 0 a 0 ae) =0 
or 02, ( A! Ox ( iN = BI 
which shews that the expression 
M' 


A’ (X' dx, — X,'dx) 
is the perfect differential of some function of x, and #; this establishes the 
theorem of the Last Multiplier. 


Boltzmann and Larmor’s hydrodynamical representation of the Last Multiplier. 


The theorem of the Last Multiplier can also be made apparent by physical con- 
siderations, or simplicity we shall take the number of variables to be three, so that the 
differential equations can be written 

da dy _ dz 


U v w? 
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where (u, ¥, w) are given functions of (w, y, 2); and the last multiplier W satisfies 
the equation 


0 0 0 


This equation shews that in the hydrodynamical problem of the steady motion of 
a fluid in which (w, v, w) are the velocity-components at the point (a, y, z), the equation of 
continuity is satisfied when J/ is taken as the density of the fluid at the point (a, y, 2). 


Now let OCG VA DSC 


be an integral of the differential equations ; then the flow will take place between the 
surfaces represented by this equation ; thus we can consider separately the flow in the 
two-dimensional sheet between consecutive surfaces Cand (+80. The flow through the 
gap between any two given points P and @ on C must be the same whatever be the 
arc joining P and Q across which it is estimated : and since the flow across arcs PR and RY 
together is the same as that across PQ, we see that the flow across an arc joining P and Q 
must be expressible in the form f(@)—f(P). So if ds denote an element of this arc, and 
r the (variable) thickness of the sheet, so that r={(0p/0x)2 + (Op/dy)? + (O/0z)?}_* . 6C, and 
if € denotes the velocity-component perpendicular to ds, we have 


Q 
[(Meras=7(@-7P) 
so that Mérds is the perfect differential of a function of position. But it is easily seen 
that this expression can be written in the form M8C (v dx —u dy)/ogp/ez; and consequently 
M (vw dx —udy) 
0p /0z 


is a perfect differential: this is the theorem of the last multiplier for the case con- 
sidered. 


120. Derivation of an integral from two multipliers. 


Suppose now that two distinct solutions M and WN of the partial differential 
equation of the last multiplier have been obtained, so that 


0 0 a) 0 OAgm Oar vik. li AE 
(Xi ga + Xagy tet Kage 20) Bion ag aang a 
and 

) @ ,) Oe Oa avGe DOG 
(Zs. + Xa +. + Xn “+X 2) log gN+a +a t. Aberin ® 0. 


ee these equations, we have 


a , a OC ae 
(Sige tXeget: wostthegs 4: X =) log p= 0 


but this is the condition that the equation 
log (M/N) = constant 
shall be an integral of the system 
dx, dx, dit, dx 


nu R cr ap cad 
and we have therefore the theorem that the quotient of two last multipliers of 


a system of differential equations is an integral of the system. 


o2) 


WaEEDS : 1 
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The reader who is acquainted with the theory of infinitesimal transformations will be 
able to prove without difficulty that if the equation 


x fa ragle.. ad Aly eee 


X15 Ot, Or 
admits the infinitesimal transformations 
€i E+ tag! Ee. thine tee ot (i 2, wees N), 
then the reciprocal of the determinant 
XG Xo esaces AREA | 


is a last multiplier. 


121. Application of the last multiplier to Hamiltonian systems: Liou- 
ville’s theorem. 

If the system of differential equations considered is a Hamiltonian system, 
we have evidently 20X,/d”,=0, and consequently M =1 is a solution of the 


partial differential equation which determines the last multiplier; so the last 
multiplier of a Hamiltonian system of equations is unity. 

From this result we can deduce a theorem due to Liouville*, which 
enables us to integrate completely any conservative holonomic dynamical 
system with two degrees of freedom when one integral is known in addition 
to the integral of energy. 

Let the system be 


Opy Ops Oh Ogs 
and in addition to the integral of energy H (q, q2, Pi, po) =h, let an integral 
V (qi; Gs Pr, P2) =c be known. From the theorem of the last multiplier it 
follows that 


0(V, H) (dps 
0 ( Pr» Pe) 
is another integral; where, in the integrand, p, and p, are supposed to be 
replaced by their values in terms of g, and q. obtained from the known 
integrals H and JV. 
But if we suppose that the result of solving the equations H=h and 
V =c for p, and p, is represented by the equations 
{ Pr a7, (Gi, Yo, h, c), 
La=hG & by 0), 


* Journal de Math. vy. (1840), p. 351. 


1 oH Gly a] P 
[ram er dq. — an, ge = constant 


. 
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then we have identically 


oH of, i OH Of, _ 0 
Ono0n On, oo. 
oVg OV fy 
Op, OC Op, dc” 
and therefore ; 
all _ oH 
dis gel Ten Pe 
oe O(V FH)” Core. 
0 (Pr, Ps) 0 (Pr, D2) 
so the theorem of the last multiplier can be expressed by the statement that 
of Of ) 
| (2 dq, ae aC dqs 


is an integral. 


This result leads directly to the theorem of Liouville already mentioned, 
which may be thus stated: If in the dynamical system defined by the equations 


dq, 0H Wp. Of 

dt Op,’ di aes og, 
the integral of energy 1s H (qh, qo, Pi, Pr) =h, and if Vig, Qe, Pir P2) =¢ 
denotes any other integral not involving the time, then the expression 
pidq, + podqs,, where p, and p, have the values found from these integrals, 
is the exact differential of a function O(q%, qe, h, c); and the remaining 
integrals of the system are 


(r=1, 2), 


ag = constant, and a =t-+ constant. 


oc oh 
This amounts to saying that if any singly-infinite family of orbits is 
selected (e.g. the orbits which issue from a point qq, =a, ¢2= 4.) which have 
the same energy, so that to any point (q, q.) there correspond definite values 
of p, and p, (namely the values of p, and p, corresponding to the orbit which 
passes through the point q, q and belongs to the family), then the value of 


the integral i pidq + podq, taken along any are joining two definite points 
(qr0> Yoo) 20d (Gu, Yn) 18 independent of the are chosen. 
To complete the proof of Liouville’s result, we have on differentiating the 
equations H=h and V=c, 
aH all af , aH fs _ 
0g. OP OG. | OP, OG. ~~ 
aV aV a, W_y 
Og, Op, 0G, OP, OG, 


? 


? 
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and consequently 
0(V, H) 0(V, H) 
Ofe _ 9 (hs Pr) pr ofr _ 0 (Pr, q) 
ee (VY and similarly vn - 5(V-H) Y" 
0 (Pi, P2) O (Pi; P2) 
But since V =c is an integral, we have 
6 Vie OV tomes OVE NOY ae 
oq, ope aq22 * ap,” =(), 
7a O(V,H) OC, #) 
OCG, Pr) 9 (Ga, Px)” 
and therefore puiotlie. 0. 
Og O92 


This equation shews that fidq,+f.dq is the perfect differential of some 
function 0(q,, 2, h, c): and the result derived above from the theory of the 
last multiplier shews that 0@/dc = constant is an integral. - 


Moreover, we have 


ripper 
and therefore 
OV eee VS 
shes Op. Op, ce 
(Vi ) 
0 (po, Pr) 


But obtaining of,/ch and df,/oh in the same way as 0f,/dc and 0f,/dc were 


found, we have 


oV ov 
Ueno ‘and Ofs_ __ OP 
oh O(V,H) oh 0(V, H)’ 
0 (pa, Pr) 0 (pr, Ps) 
Consequently dt= fe dq + Ze dqo, 
or t= + constant, 


which completes the proof of Liouville’s theorem. 


Example. In the problem of two centres of gravitation (§ 53), if (7, 7’) denote the 
radii vectores to the centres of force, and (6, 6’) the angles formed by 7, » with the 
line joining the centres of force, obtain the integral 


7°y'266’ — 2c (cos 6+! cos 6’)=constant, 


and hence complete the solution by Liouville’s theorem. 
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122. Integral-invariants whose order is equal to the order of the 
system. 


The theory of the last multiplier of a system of differential equations is 
connected with that of the integral-invariants whose order is equal to the 
order of the system. 


da, 
Let hae (f= 1h 2.43) b), 


where (X,, X5,..., X;) are given functions of (a, &, ..., #, t), be a system 
of ordinary differential equations; and let us find the condition which must 


be satisfied in order that 
[[[--- [area de. vas OL 


may be an integral-invariant, where Wis a function of the variables. 


Let (¢, Cs, ..., C) be any set of constants of integration of these equations, 
so that, by solving the equations, (a, 7, ..., 7) can be expressed in terms 
of (C,, Co, ..-, C, t). Then we have 


[ff [areesde. re dx = [|]... far’ Ce UC a a 
CG (Cae e,) 


and therefore the condition of integral-invariancy 1s 


d 0 (x, Ho; i) — 
rate Ble mcees, at = 0, 


OM OX G5 Wa ,%2 1) oS $ OG Wah, ep i aIA pA Orage ols ts) 9, 


oa GE OMG) Gas ae ek) eae O (Cie: Capes ieee) 
GM 0 (p;, We, .-., ¥E) BORO! (Raha 1 ee) 
% GEO (Co Cee. rh tas a Ox, O (Cr; Os) ages On) = 
dM Ox, 
or t= a, = 0, 


which shews that M must be a last multiplier of the system of equations. 
This result gives immediately the theorem that for a dynamical system 
whose motion is determined by the equations 
age Oli dp oH 
Lf = LS Ey PY one's ’ 
dis 40D dt OFr « n) 


where H is any function of (qr, Ya) «++> Yny Pr» Pay +++) Pns t), the expression 


es [éq.3¢. ses OGn OP; ODs «+2 OPn 


is an integral-invariant ; since in this case unity is a last multiplier. This 
theorem is of importance in the applications of dynamics to thermodynamics 
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Example. For a system with two degrees of freedom, let the energy-integral when 

solved for p, take the form | 
B' (dy) I Pv Px» h)+P1=0. 

Shew that, for trajectories which correspond to the same value of the constant of 

energy, the quantity 
OH’ 
aie 89; 892 OP» 

“is independent of ¢ and also of the choice of coordinates: and hence shew that the 
trajectories of the problem can be represented as the stream-lines in the steady motion 
of a fluid whose density is 0H’/oh. 

123. Reduction of differential equations to the Lagrangian form. 


Another question to which the theory of the last multiplier can be 
applied is the following: To find under what conditions a given system of 
ordinary differential equations of the second order 

Gu=Sulh, qe, eeey qn, U5 q2, eery qn) (k= 1, 2, orey n) 
is equivalent to a Lagrangian system 
a 7 / 
where Lisa funetion of (41,5, -.5-Gn; Grn Qa =-49 Ons Ob 


(r= 1,52, 4-788), 


If these two systems are equivalent, the equations 

Sec Le OL CL ob 

> (sar \ + soar a = 1, 2... 

k=1 \0Gr0Gx G +o 0Gr0k cL OgGrot Gr ae ire rr | 
must evidently reduce to identities when the quantities g, are replaced by 
the expressions /,; and therefore the required condition is that a function L 
shall exist satisfying the simultaneous partial differential equations 

OL ogi es. Gp Te) F 

(span ag-ags aj,0t Oqr 
QNEV EO Gin On; cnn On Oa Qamteeyigmae Mere regarded as the independent variables. 


n 
> 
k=1 


(r= 1, 2, 2." 


When x=1, the question can be solved in terms of the last multiplier. 
For the equation satisfied by Z is then 
iat OL F OL ob 
agoq? * agate dq 


from which we have 
d (Le. OP OL Oy wigs 
~ aq Gs ~ Og Gees. rs =a) 
oy A ee 
~ agiag 1 age 
and therefore if we write hae = M, the function M satisfies the equation 


gf) +x a Et n= 0; 
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but this is the equation defining the last multiplier M of the system of 
equations 
maad  Xdq 
Gq S(%4 t)’ 
and therefore when n=1, the determination of the function L reduces to the 
determination of the last multiplier of the system. 


124. Case in which the kinetic energy is quadratic in the velocities. 


When x>1, the most important case is that in which each of the functions Wf, 
consists of a part 7, which is homogeneous and of the second degree in (g,, ga, ---, Jn) and 
a part G, which does not involve (¢,, go, ..-, Gn), and it is required to determine whether 
the equations 
r= Fi, + Gy ; (r=1, 2, ..., 2), 


aH a7 Oe (r=1, 25 445 n), 


where 7’ is homogeneous and of the second degree in (4,, ga, «-+) Jn) and also involves the 
variables (91, Yo) «++» Yn)» aNd (Q, Yo, ..., Yn) are functions of (91, Ga, --+> Yn) only. 

The value of 7’ is clearly not dependent on (G4, Go, ..., G,), and therefore we can 
consider the problem in which (G,, Gy, ..., G,) are zero, ie. the problem of finding 
a function 7’ such that the equations 


are equivalent to a system 


Opa, (Py 2 sooy Wh 
are equivalent to the system 
of HORN — Ol! 
a \ba aa @asis Phe cor 4D 


The condition for this is the existence of a function 7’ satisfying the partial differential 
equations 


ee PaE ee oT 

> =. | > = G- = = (OS sean 

a 0g, 09x ay 0G, 09% Tk Og, ( ne 5) ) 

Since F;, is homogeneous, we have $ Gs 0OL,/0g,=2F;,, and therefore 
s=1 : 

or um of, ef 
a d,s el, Qe ny tt 
Pde OE. oe nat bat 4 09s 99r 04x ( oer ) 


EE sat ai.) eee er Or eC ey 
— 2 D} = > : = +o. = 7 ae Tig 

we - Ody (42, 0G OG) s=1 Z “4=1 09s Gr Oe 
But since d//dg, is homogeneous, we have 


am , OF, 


and therefore 


nm ey : CPG tO, OLN @ Ol, oF 
2 ae aes 2 eee 32 a5 AS 3) ie rae 
h=1 Or OFe Ody \“h=1 Fa Fe h=1 O9r Fk 
The equations to be satisfied by 7’ may consequently be written 
3g 0 (3 S of, 5) L n OF, oT n ore ee on (r=1, 2, te n), 
s=1 4 9G, “4=1 09s Oy “4=1 Gr Ogx s=1 09, Ge Or 
” 0 n OW, 01 of € n OF, oT 5 ) 
4 SS ee pile 2, nN 
ca ‘ 2 ds Og, (3, =I 04s Ogu . sa) “4=1 Gr 99% OG ( 
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and evidently these can be replaced by the equations 


n OF, 07 07 


$= 


shed Fy, A lice Ps =, 2, <sa5 1%): 
cs, 0g, adn * 80: (r AP eS b] 2) 


Thus, writing f, for (F.+G,), we have the theorem that <f the system of equations 


aes (rel, 2, ...5 2); 
where f, consists of a part which is homogeneous of degree two in the velocities and a 
part which does not involve the velocities, is reducible to the form 
ad jor. er 
a (a) agi (¢=4 2 agth)s 
then T' must be an integral of the system 
RO OL. Ol 0 


2 a a = 
7 Cl Ode’ Od 


MISCELLANEOUS EXAMPLES. 


1. In the problem of two centres of gravitation, the distance between the centres of 
force is 2c, and the semi-major axes of the two conics which pass through the moving 
particle and have their foci at the centres of force are (9,, g,). Writing 


nn - a aq, _h'— 9" 192 
Pi e-@ dt? Po c?— q,? dt? 
shew that the equations of motion are 
dg, 0H, dp,__OH, 
di 0p. 7 “de * 0g. 


(r=1, 2), 


ae: eer 
where ier OEE 244 = Ter ent ee i Se 
M1 — 92" U-G Ut 


and p, and p, are constants. 


2. Shew that 


| [ [ [2 eceriea Op; 


where the summation is extended over the $n (n—1) combinations of the indices 7 and j, 
is an integral-invariant of any Hamiltonian system in which (9,, go, ---5 ns Diy Pay oy Mea) 
‘are the variables. (Poincaré.) 


3. In the problem defined by the equations 
dq, OH dp, 0H 


dt Op,’ dt 09, (r=I1, 2), 
where A=, Py — J. Po — 219i? + 692°, 
shew that Pn 2— constant 
val 


is an integral; and hence by Liouville’s theorem (§ 121) obtain the two remaining 
integrals 
Be = constant, 


log g, =¢+ constant. 
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4. If Mis a last multiplier of a system of differential equations 
dio, diy _dity _ de 
yee RX ANY 
of which the equation 
UE (Bist Le cee eny 2) — Constant 
is a known integral, and if an accent annexed to a function of #, 9, ..., Zn) Z iS used to 


indicate that x, has been replaced in the function by its values found from this integral, 
shew that J/’/(0f/ex,)' is a last multiplier of the reduced system 


Jeni aia eae (iaceet ais (Jacobi.) 


5. Let (1, Ug, +.) Up) be m dependent variables, and let J,, J,, ..., J, be a set of 
linear differential expressions defined by the equations 


n 
,= oe {Pre (t) Unt Ore (t) Met re (2) a} (7=1, 2, «+5 2). 


If (v1, Ve, .--) Un) are functions of ¢ such that 
VL, Alot ..e + Unly 


is an exact differential, shew that the functions (7, v, ...) Up) Satisfy a set of nm linear 
differential equations, which will be called the system adjoint to the system of linear 
differential equations 


Hh-=s0) (PSM, Py ones WD) 
If /, denotes the expression 
d (0 OL 
Hea) a (fee en) 


where Z is any given function of (9,, Go) ---» Yn» U1» Ya» +**9 Yn» #), Shew that the system of 
linear differential equations 


oF, oF, Ok... 
us ru “ti. )= =1, 2, ... 
(oak Get tnt aa te) 0 (7 be) ) 2) 


is adjoint to itself. 


Shew that the converse of this latter theorem is also true. (Hirsch.) 


CHAPTER XI. 


THE TRANSFORMATION-THEORY OF DYNAMICS. 


125. Contact-transformations. 


We have seen in Chapter III. (§§ 38, 42) that the integration of a 
dynamical system which is soluble by quadratures can generally be effected 
by transforming it into another dynamical system with fewer degrees of 
freedom. We shall in the present chapter investigate the general theory 
which underlies this procedure, and, indeed, underlies the solution of all 
dynamical systems. 


Let (91, Gas «+> Qn» Pir Par -++> Pn) be a set of 2n variables, and let 
(Q1, Qe, =++» Qn» Pi, Po, .-., Pn) be 2n other variables which are defined in 
terms of them by 2n equations. If the equations connecting the two sets of 
variables are such that the differential form 


P,dQ; a6 P,dQs+ see + P,,dQ, —pidq — pds eee — Prd, 


is, when expressed in terms of (qi, qo, +++ Uns Pry Po» +++» Pn) and their differ- 
entials, the perfect differential of a function of (q;, do, -++5 Yn» Pir Pas «++» Dn)» 
then the change from the set of variables (q, Go, --+5 Un» Pi» Po» «++» Pn) to the 
other set (Q;, Qs, ---, Qn, Pi, Po, ..., Pn) is called a contact-transformation. 


The contact-transformations thus defined (which are the only kind used in Dynamics) 
are a special class of Lie’s general contact-transformations, which are transformations from 
a set of (2n+1) variables (91, Go, --». Yn» P1y «++» Puy 2) to another set (Q,, Qo, ...» Qa; 
P,, Po, ...5 Pn, Z), for which the equation 

aZ— P,dQ, — PydQ,—... — PydQn=p (dz—p, dq, — pydqo— ... —PnAn) 


is satisfied, where p denotes some function of (91, Go) -+-) Yn» Pt» Pay ++sy Pao 2 


If the n variables (Q:, Qs, ..-, Qn) are functions of (qi, ga, ---» Gn) only, 
the contact-transformation from the variables (q), ..., Qn» Pry +++» Pn) to the 
variables (Q1, Qo, +++, Qn, Pi, -.., Py) is called an extended point-transformation, 
the equations which connect (q, da, +++) Gn) With (Q;, Qs, .--, Qn) being in this 
case said to define a point-transformation. 
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The definition of contact-transformations may be thus expressed: a con- 
tact-transformation leaves the differential form >.p,8q, invariant, to the modulus 
of an exact differential. 

From the definition it is clear that the result of performing two contact- 
transformations in succession is to obtain a change of variables which is itself 
a contact-transformation ; this is generally expressed by the statement that 
contact-transformations possess the group-property. It is also evident that if 
BCR UEOMSOrmMavion trom (9. dg, <-+).Gns Bis s+esPad O° Wis Qanests Ons Lay «ee Len) 
is a contact-transformation, then the transformation from (Q:, Qo, ..-, Qu 
Py, P55 ---> Pp) tO (Qi; 9s; -+*3 Ins Pir +++) Yn) 18 also a contact-transformation ; 
this is generally expressed by saying that the inverse of a contact-transforma- 
tion is a contact-transformation. 


Example 1. Shew that the transformation defined by the equations 
eon COS p, 


al 5 
P=(2q)? e-* sin p, 
is a contact-transformation. 


In this case we have 
PdQ-pdq=(2q)' sin p {(2q)* cos pdq— (29) sin pdp} — pdq 
=d(qsin pcos p—qp), 


which is a perfect differential. 


Example 2. Shew that the transformation 
sla 
( =log e sin P) 5 
P= q cot p, 


is a contact-transformation. 


Example 3. Shew that the transformation 
Q =log (1+q? cos p), 
150 2(1 +¢ COS /)) ri sin p, 


is a contact-transformation. 


126. The explicit expression of contact-transformations. 


Let the transformation from variables (q,, qo, «++» Un» Pir «++» Pn) to variables 
(Qi, Qs, «+», Qu, Pi, ---, Pn) be a contact-transformation, so that 


= (P,dQ, — p,dqr) = dW, 
r=1 


where dW is a complete differential. 


From the equations which define (Q,, .--, Qu, Pi, -.., P,) in terms of 
(Gigs 6685 ny Pry +++) Pn) it may be possible to eliminate (P,, De ng ies <<) Dn) 


completely, so as to obtain one or more relations between the variables 


(Qi, Qs; OR ACLS Qn; fh; be Cl On); 
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let the number of such relations be k, and let them be denoted by 
OMG Gp bs Gas Viv ee Qa) = 2 (peed, 25502) 8) Ay 
Since the variations (dq, dqs, ..., Uqn, AQ;, .-., TQn) in the equation 


S (P,dQ, P,dq,) =dW 
r=1 


are conditioned only by the relations 


00 00, Hee ee 
—— =— dq.+ . “fa stand ee 1D. | =0 
0g: at qe n+ 0Q, Q, + +e Q 
it ikon Pe te pes 3» 
we must have 
peal 0, 00% 
Hehe Oe eee + Maa | 
(r=1, 2,...,)b ...(B), 
OW) 2% a | 
Ene Rd mneeg, og 


where (Aj, Ae, ..., Az) are undetermined multipliers and where W is a function 
Of (G1, Gos +++» Ins Qi, Qe, ---» Qn). The equations (A) and (B) are (2n +k) 
equations to determine the (2n + &) quantities 


(OF erasing Ons fee. anata sg rot M1; eeey Xx) 


in terms of (q), «++; Yn» Pty +++) Pn). These equations may therefore be regarded 
as explicitly formulating the contact-transformation, in terms of the functions 
(W, Oy, Os, ..., 4) which characterise the transformation. 


Conversely, if (W, 0,, Qs, ..., Oz) are any (k + 1) functions of the variables 
(G15 Qa» --*> Gn> Qrs --2> Qn). Where k <n, and if 


(Q:; Oo eeey Ee te eeey Eas Ay, eeey Ax) 


are defined in terms of (q), qo, +++, Qn» Pr» «++» Pn) by the equations 


On CG eas ee Oars Cee Oa) ee (r=1, 2, ..., &), 

Pym Sot goth ot Sot (Patan), 

Pea — Fea Gat mo Gt (r=1, 2, ..., n), 
then the transformation from (41, Go, +++» Qu» Pir «++» Pn) to (Qi, Qe, ..., Qn; 


P,, ..., Pn) is w contact-transformation ; for the expression 
n 
X (P,.dQ, — p,dq,.) 
r=1 


becomes, in virtue of these equations, dW, and so is a perfect differential. 
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Example. If Q=(29)' k-} cos p, P=(29' sin D, 
ow ow 
shew that aa P= ~q? 
where W=}Q (2gk — h2Q?)} — ¢ cos~1 {48Q/(2q)4, 


so that the transformation from (gq, p) to (Q, P) is a contact-transformation. 


127. The bilinear covariant of a general differential form. 


Now let (2, @,...,@,) be any set of n variables, and consider a differential 
form 


; X, da, + Xda, + ... + Xpdxp, 
where (X,, X,, ..., X,) denote any functions of (2, @, ..., 2»); a form of this 
kind is called a Pfaff’s expression in the variables (a, #2, ..., 2). Let this 
expression be denoted by 6, and write 
03 = Xba, + X,8a+... + Xn ban 
where 6 is the symbol of an independent set of increments. Then we have 
56q — d0s=6 (Xda, + X,da,+ ... + Xndx_)— d (Xba, + Xba, + ... + XnbHy) 
= 6X,da,+...+6X,dax, + X,8da,+...+X,5dz, 
—dX,64,—...—aX, dx, — X, db", —... — X,d6x,. 


Using the relations édx, = déx,, which exist since the variations d and 6 
are independent, and replacing dX,, 6X, by 


OX;,. OX, OX, 0X, : : 
aa, da,+...+ ae AL » 2, 02, +...+ 2a, dx, respectively, 


we have 664 —dés => ve oa ayda,Ox,;, 
i=1 
where a; denotes the quantity 0X ;/dx; — 0X;/0m;. 


Let (4, Yo) --»» Yn) be a new set of variables derived from (a, a, ..., #,) 
by some transformation ; let the differential form when expressed in terms of 


these variables be 
Yidy,+ Yody,+...+ Yrdyn, 


and let the quantity dY;/dy;-—0Yj/0y; be denoted by by. Then since the 
expression 60;—d63 has obviously the same value whatever be the variables 
in terms of which it is expressed, we have 
n n n n 
Pe as ayda; dx; = Pe te by dyidy;- 
The expression Yayda;dx; is, on account of this equation, called the 


nm 
bilinear covariant of the form = X,.dz,. 
r=1 
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128. The conditions for a contact-transformation expressed by means of 
the bilinear covariant. 


Lettie Q en SGU e eee be variables connected with (q%, qo, +; 
Yn> Pry +++) Pn) by a contact-transformation, so that S P,dQ, differs from 
r=1 


S Prd, by an exact differential. 
r=1 


It is clear from the last article that the bilinear covariant of a differential 
form is not affected by the addition of an exact differential to the form, since 
it depends only on the quantities 0X ;/da;— 0X,/dx;, which are all zero when 
the form is an exact differential: and we have shewn that the bilinear 
covariant of a form is transformed by any transformation into the bilinear 
covariant of the transformed form. It follows that the bilinear covariants of 


the forms S P,.dQ,. and p,dq, are equal, i.e. that 
r=1 r=1 


> (8P,dQ, — dP,8Q,)= > (Sp,dq,—89,dp,) 
r=1 r=1 * 


so that 7f the transformation from 
(is Gos One Dinctes, Dal 00m Qin Vagtwls haa k uabae okeae 


ws a contact-transformation, the expression 
nv 
= (dp,dq, — 6q,dp,) 
r=1 
is invariant under the transformation. 


Example. For the transformation defined by the equations 
Q=(29)? k-* cos D, Wee (29) * sin Ps 
we have : 
adP=(29q) 3 yh sin p dq + (29)? & cos p dp, 
8Q =(2q)~*k-? cos p dq — (2g)? k-* sin p dp, 
oP = (29)7? H sin p 8q¢+(2q)? & cos p dp, 
dQ=(29)* k-? cos p dg — (2q)' k~* sin p dp. 
By multiplication we have 
APSQ—5PdQ= —sin® p (dq dp — Sqdp)+cos? p (dp dq — dpdq) 
=dpdq — dpdq, 


and consequently the transformation is a contact-transformation. 


129. The condations for a contact-transformation in terms of Lagrange’s 
bracket-expressions. 


We shall now give another form to the conditions that a transformation 
from variables (91, Qs) «:+>'Qn» Dir +++) Mn) vO Variables (Q,, Qa, »»», Qa; Pr, «++, Ln) 


may be a contact-transformation. 
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Tf (Gi; Yas +++) Yn» Pry «++» Py) ave any functions of two variables (uw, v) (and 
possibly of any number of other variables), the expression 


3 (Se BPs _ 2p, a9 
ou ov dw ov 


is called a Lagrange’s tj een and is usually denoted by the 
symbol [w, v]. 


If now (G1; Qa, +++) Yn» Pr» ++) Pn) are any functions of 2n variables 
(Q1, Qe, -++> Qn» Pi, -.., Pn), then in the expression 


ih Ms 


EP. dq, — dp,dq,) 


we can replace dp, by 


Op, a 4 Oe fe Op, 
aQ, dQ, + Q, 1% +. +50- dQ, + oe ae yar. dP» 
and similarly for the other quantities; we thus Jin on collecting terms, 


n 


= (dp,6q,— Sp,dq,) = > [uz, wl] (dujdu;, — Sudup), 
r=1 k,l 


where the summation on the right-hand side is taken over all pairs of 
Worle bles! (iz. wu). therseti (QQ, :., Oy, Ls =.) Ln) 


But if the transformation from the variables (q, q2; ---; Gn> Pir «*+> Pn) tO 
the variables (Q,, Q2, -.-, Q,, Pi, ..-, P,) 18 a contact-transformation, we 
have 


z (dp, OF a op, dq,) a 2 (dP,.6Q, ca oP, dQ),,), 


and this holds for all types of variation 6 and d of the quantities ; comparing 
with the above equation, we have therefore 


ce Py \=0, [Q;, 9.) =0 Ce a erneeed 
[Q;, Px] =9 Cia = 2. rien teen), 
| [Q:;, Pi] =1 (@=1,2,..., 7). 


These may be regarded as partial differential equations which must be 
satisfied by (qi, Ya) +++) Inv Pir «++» Pn)» considered as functions of 


(Oe, Os ON Q,; Vis eer) Ts p9) 


in order that the transformation from one set of variables to the other may be 
a contact-transformation. These equations represent in an explicit form the 
conditions implied in the invariance of the expression 


S (dp,.dq, — 5p,dq,). 
ral 
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130. Poisson's bracket-expressions. 


We shall next introduce another class of bracket-expressions which are 
intimately connected with those of Lagrange. 


If w and v are any two functions of a set of variables (q,, G2, ---; Yn» 
Pry +++) Dn), the expression 


a (= ov Ou ae 

r=1 0g, OP Op, 0q, 

is called the Potsson’s bracket-expression of the functions w and v, and is 
denoted by the symbol (uw, v). 


Suppose now that (uw, we, ..., Un) are 2n independent functions of the 


variables (@,, a) +++ Qn» Pir «--1 Pn)» 80 that conversely (¢;, Ge, ---2 Gps Dis ---5 Pn) 
are functions of (t, Us, ..., Ue). There will evidently be some connexion 
between the Poisson-brackets (u,, us) and the Lagrange- -brackets [u,, us]: 
this connexion we shall now y investigate. 


We have 


Z OU, OU, Ue Ou,\ (OG; Op; _ Op; Og; 
2 Me EE Ns =1 2 3 = Ce Opi Opi aa.) (Ge Cus Oy au) 


Now multiply out the eit side, remembering that 


2 OUz 0G; 2m Out OD; 
and & ~~’ 
t=1 qi ue t=1 Opi Out 
are each zero if 7 Sj and unity if¢=7; and that 
2n Out OD; , S Out 09; 
ta Ogi Ou oa i=1 Sa Our 
are each zero; the equation becomes 


a % (OU, OP; | OU, ay 
S =F “|= > v r v 
oe tr) [ey ts] i=1 a OUs 5 Ogi OUs/’ 


and consequently 
= n 
> (ue, Up) (Ue, Ue] =O when r Zs, 
t= 1 


while = (ty, Up) [Mey Up] = 1. 


But these are the conditions which must be satisfied in order that the 
two determinants 


[t, Ua] [t, de]... [ttr, Ahon]| amd | (a, a) (2g, ty) ... (thon, Uy) 


[ag Uy] [tea, to} <<» (2h, Clea! (Uy, Ug) (tg, Ua) »»+ (Ulan, Ue) 


Ce CCH SCC SCO C VES Aeeacmee | | | Tt meee ele 
O10" 0re A ecerensmee i) 9 | cape) O 6 ibif0\e ie 6) eee) bene WSIeLAh eiale Glee, Sie 


OC a aay 
000.6. 0086 a e.:e OO eeeereeee! i — = | © fl Wiwaeleiee bc 6 ae te ea 6h 6 bite WINS ele ble 
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may be conjugate, ie. that any element in the one should be equal to the 
minor of the corresponding element in the other, divided by this latter deter- 
minant; the product of the two determinants being unity; and thus the 
connexion between the Lagrange-brackets and the Poisson-brackets is expressed 
by the fact that the determinants formed from them are conjugate. 


Example 1. If f, o, ~ are any three functions of (1s Jao +2) Iny P15 +++) Pn) Show that 
(A o) H+, W) SD) SF), $)=0. 
Example 2. If F, & are functions of (f,, f2, ..., f,), which in turn are functions 
Of (915 Yoo -«+> Yn Pry o**> Pa), Shew that 
_, (OF 0& dF oe 
(F, ®) oo, (F ye ear a) (Sry Fs), 


where the summation is taken over all combinations f,, f,. 


131. The conditions for a contact-transformation expressed by means of 
Poisson’s bracket-expressions. 


Now let (Q,, Q2, ---, Q,, Pi, -.-, P,) denote 2n functions of 2n variables 
(Gis Yar +++) Inv Pry +++) Pn); We Shall shew that the conditions which must be 
satisfied in order that the transformation from one set of variables to the other 
may be a contact-transformation may be written in the form 


(P;, P;))=9, (Q:, Q;) =9 Cong 2 cart): 
Rae SOM GG H1 wis =, 
(Q;, Pi) =1 (Gayl 2p, aap): 


For we have seen in § 129 that the conditions for a contact-transformation 
are expressed by the equations 


[ee P=), [09] =0 (4,9 =; 2,..., 2), 
) [@:, Pj] =0 @j =1, 2, ...,m; 059), 
| [Q;, DP Week (ose 1,2, sonia) 


Hence the relations 


2n 
> (UH, U,) [ue, Use] =O (rae) 
t=1 


ll 


of the last article become 
(Qi; Q;) = 0, Cee Pj)=0 (4,7=1, 2, see m), 


P;, Q:)=0 (1,9 = ln 2, wx te 1), 
while the relations 


My 


(lz, Uy) [ty ; Up == 1 
t=1 


give (Of .P)=1 eke. st) 1): 


the theorem is thus established. 


ll 


W. D. 19 
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Example 1. Tf (Q1, Qa5 e+) Ons Pry ++) Pn) are connected with (q), Yo, +++) Yns Pry +++ Pn) 
by a contact-transformation, shew that 


3 (56, ah, oF; Bs) ~ 3 Be fe Bs Be) 


r=1\0Gr Opp Pr 09x)’ 
so that the Poisson-brackets of any two functions ¢ and with respect to the two sets of 
variables are equal. 


r=1 


Example 2. If (Q1, Qe, ---) Qn) are given functions of (¢1, a5 «++5 Yny P1y +++9 Pn), and 
satisfy the partial differential equations 


(Q@r, Qs) =0 (7, s=1, 2, ..., 2), 


shew that n other functions (P,, P., ..., P,) can be found such that the transformation 


from (M> Ya +99 In» Pir so Pn) to (%) Qe, oe) Qn P, eens Py) is a contact-trans- 
formation. (Lie.) 


132. The sub-groups of Mathieu transformations and extended point- 
transformations. 


If within a group of transformations there exists a set of transformations 
such that the result of performing in succession two transformations of the 
set is always equivalent to a transformation which also belongs to the set, this 
set of transformations is said to form a sub-group of the group. 


A sub-group of the general group of contact-transformations is evidently 
constituted by those transformations for which the equation 


= P,dQ,= = p,dq, 
m=) r=1 


is satisfied.’ These transformations have been studied by Mathieu*. 


They are essentially the same as the transformations called “homogeneous contact- 
transformations in (91, Yo) +--+) Yny Pi) --+) Pn)” by Lie. 


In this case, we see from § 126 that (Qy, Qe, ---» Qn, Pi, ---, Py) are to be 
obtained by eliminating (Ay, A», ..., Ax) from the (2n +) equations 


De (Gis: Gas: #3 ty Gar Gaysass Ua) = 0 (w= 4, 2. ...5 &} 


—\ 0Q, 0Q, 00, ‘ 

a ee = INT aQ, “fb ING aQ,. + + A‘ AQ, (? i ie 4, . n), 
= 00, 00, Cie os 

i xe ante xe 20, NE 20, (y= 1.2, cst Oh 


From the form of these equations it is evident that if (py, po, -.., p,) are 
each multiplied by any quantity pw, the effect is to multiply (P,, Ps, ..., P,) 


each by w; and therefore (P,, P,, ..., P,) must be homogeneous of the first 
degree (though not necessarily integral) in (pj, Po, ..+) Pn) 


A sub-group within the group of Mathieu transformations is constituted 
by those transformations for which (P;, P;,...,.P,,) are not only homogeneous 


* Journal de Math. xix, (1874). 
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of the first degree in (p;, Po, ..., Pn) but also integral, i.e. linear, in them ; so 
that we have equations of the form 


n 
P,= & Pefve (Gs Gay +9 In) (r=I, 2,..., n). 
Substituting in the equation 
x P,dQ, a S Pr AY, =0, 
t= r=1 


and equating to zero the coefficient of p,, we have 


fd Ges os Gn IQ= dg, (1,2 
SO (9), G2, ++» Yn) are functions of (Q,, Q., ..., Q,) only, and 
0 
fn =50, (rn, kel: Een GON 


It follows that transformations of this kind are obtained by assigning 
n arbitrary relations connecting the variables (q,, qo; ---, Un) with the variables 
(Qi, Qo, ---5 Qn), and then deternuning (P,, Ps, ..., Pn) from the equations 


a, 
P,= > py st Ge IA NE) 
‘. pu 0, ( ve , ) 
These transformations are extended point-transformations (§ 125). 
Example. If 3 P.dQ,= 3 p,ddp, 
r=1 r=1 
n 0Q, n OP, _ 
shew that sat Dr Sule 0, oe Di ope ee 


133. Infinitesimal contact-transformations. 


We shall now consider transformations in which the new variables 
(Q:, Qe, ---» Qn» Pi, ---, Pn) differ from the original variables (q,, q2, ..-, Yn; 
Pry +++) Pn) by quantities which are infinitesimal. Let these differences be 
denoted by (Aq, Aq, ..-, Agn, Api, ---, Apn), where 


WN Ot Grate 29 Fn Dastescy on) Ot 
Apr = Wr (Gas Gas v++y Uns Pay ve+y Pn) At 
and At is an arbitrary infinitesimal constant; so that 
Qr = Gr + Ader = Gr + pr At 
P= pr + Apy = Pr + Vr re 
and the transformation is specified by the functions 
(hrs bay -0) Pns Vrs Wa vers Wn) 


Now suppose that the transformation is a contact-transformation. Then 


(all No ny 


we have 


5 (P,dQ, — p»dq,) = aW, 
=1 


r 
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where W is some function of (;, qo, «++» Uns Pry +++» Pn); OF 
a {(pr + WrAt) (dq, + dy. At) — prdq,} =a W, 


or At = (b,dq,-+ ppdo,) = dW. 


r=1 

“It is evident that the function W must contain At as a factor: writing 

W = UAt, where U is some function of (q,, q2, --+» Yn) Pr» «++» Pn) the equation 
becomes 


= (Wrdq, + prdgr) = aU. 


Hence we have 
= (vrdgr— brdpr) =d (u- p pre) 
FH=1 r=) 


=-—dK(h, qa, eeey Yn» Pi eery Pn) Say, 
and therefore 


ok oK 
Pa ae v= Gr 


Thus the most general infinitesimal contact-transformation is defined by the 
equations 


(r=1, 2, ..., n). 


ok oK 
= 9,+ — At, PL=p,— Ai (1. Sone 
SESE Sa ( ) 


Y 


where K is an arbitrary function of (qi; G2) +++) Un» Pr» «++» Pn), and At ts an 
arbitrary mfinitesimal quantity independent of (qi, Qo, +++» Yn» Pry «++» Pn) 
The increment in any function f (qj, 2, -.., Yn» Pry +++) Pn) When its argu- 
ments (Gi, Yo, +++» Qn» Pry +++» Pn) are subjected to this transformation is 
$ (z OK .)) At, 
r=1 \09,0p, Op, 0, 
or Cf, £) At; 
on this account the Poisson-bracket (f, A’) is said to be the symbol of the 


most general infinitesimal transformation of the infinite group which consists 
of all contact-transformations of the 2n variables (q,, G2, ++» Yn» Pas «++ Pn)- 


134. The resulting new view of dynamics. 


The theorem established in the last article leads to an entirely new 
conception of the nature of the motion in a conservative holonomic dynamical 
system. For the motion is expressed (§ 109) by equations of the type 

dq, 0H dp, . 0H 
dt dp,’ o. 0". 
and from the last article it follows that we can interpret these equations as 
implying that the transformation from the values of the variables at time ¢ 
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to their values at time ¢+ dt is an infinitesimal contact-transformation. The 
whole course of a dynamical system can thus be regarded as the gradual self- 
unfolding of a contact-transformation. This result, taken in conjunction with 
the group-property of contact-transformations, is the foundation of the 
transformation-theory of dynamical systems. 


From this it is evident that if (q, qs, ...) Yn) Pr» +++) Pn) are the variables 
in a dynamical system, and (%, a, ..., 4, Bi, ..., Bn) are their respective 
values at some selected epoch t = ¢,, the equations which express (1, gz, «++ Yn» 
Pr» +++) Pn) in terms of (a, a, ..., An, Bi, ---» Bn; #), (and which constitute the 
solution of the differential equations of motion) express a contact-transforma- 
SUMIEMMOLa( My Cas easy Sn, (Sys e ess Fp,) tO" Gi, Garieisy-Gns Vis ese) Pn) 3 ID bs 18 
regarded merely as a parameter occurring in the equations which define the 
transformation. 


135. Helmholtz’s reciprocal theorem. 


Since the values of the variables (q,, qo, ---, Yay Piy «++» Pn) of a dynamical 
system at time ¢ are derivable by a contact-transformation from their values 
(@,, %, .»+, Qn, Bi, ---, Bn) at time t,, we have (§ 128) 


S (Apidqi — dpi Aq) = S (AB; Sa; = 58; Aa,), 
t=1 t=1 
where the symbols A and 6 refer to increments arrived at by passages from 
a given orbit to two different adjacent orbits respectively. 
Now suppose that 6 refers to the increments obtained in passing to that 


orbit which is defined by the values 
(a a, sieves An, Pa; Bs; sisiey Bras Br + 6B,, [ese OTS) Bn) 


at time ¢,; and let A refer to the increment obtained in passing to that orbit 
which is defined by the values 
(Yas Gos +++ Uns Pry +++) Psas Ps + ADs, Pstry +++) Pn) 
at time t,; then the above equation becomes 
Ap;6qs=— 68,4, 


so the increment in g, due to an increment in 8, (when q, a, ..., Qn, 
By, «++) Bra, Brats +++» Bn are not varied) is equal to the increment (with sign 
reversed) in a, corresponding to an increment in p, (when q, 2; «++, Yn» Pry «+5 


Ds—1» Pst1> «++» Pn ave not varied) equal to the previous increment in £,. 


This result can for many systems be physically interpreted, as was 
observed by Helmholtz* ; for a small impulse applied to a system can be 
conveniently measured by the resulting change in one of the momenta 
(p1, --+» Pn), and the change in a, due to a change in p,; can be realised in the 
reversed motion, i.e. the motion which starts from some given position with 


* Journal fiir Math, oc. (1886). 
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each of the velocities corresponding to that position changed in sign, so that 
the subsequent history of the system is the same as its previous history, but 
performed in reverse order. We can therefore state the theorem broadly 
thus: the change produced in any interval by a small initial impulse of any 
type in the coordinate of any other (or of the same) type, in the direct motion, 
as equal to the change produced in the same interval of the reversed motion in 
the coordinate of the first type by an equal small initial wmpulse of the 
second type*. 


Example. In elliptic motion under a centre of force in the centre, if a small velocity 
dv in the direction of the normal be communicated to the particle as it is passing through 
either extremity of the major axis, shew that the tangential deviation produced after 


a quarter-period is 1? 8v, where p is the constant of force. Shew also that a tangential 
velocity 6v, communicated at the extremity of the minor axis, produces after a quarter- 


period an equal normal deviation p~? dv. (Lamb.) 


136. The transformation of a given dynamical system into another 
dynamical system. 


It appears from § 116 that if a Hamiltonian system of differential 
equations 
dq, 0H dp, 0H ms 
dé ene pre a (r=1, 2, ...,%), 
is transformed by change of variables, the system of differential equations so 
obtained will still have the Hamiltonian form 


dQ, 0K dee Uk oye 
Ain BEES di 4.00. (r= 15%, <M), 


provided the new variables (Q,, Qo, .--; Qn, Pi, .--, Pn) are such that 
[P80.+ P.dQ.+ ... + PrdQn 


is an integral-invariant (relative or absolute) of the original system. 


A transformation of this kind is, in general, special to the problem 
considered, i.e. it transforms the given Hamiltonian system into another 
Hamiltonian system, but it will not necessarily transform any other arbitrarily 
chosen Hamiltonian system into a Hamiltonian system. Among these 
transformations however are included transformations which have the pro- 
perty of conserving the Hamiltonian form of any dynamical system to which 
they may be applied: these may be obtained in the following way. 


We have seen (§ 115) that 
> prOq, 
r=1 


* Cf. Lamb, Proc. Lond. Math. Soc. xx. (1898), p. 144. 
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is a relative integral-invariant of any Hamiltonian system. Let (Q,, Q, .--, Qn; 
P,, ..., Pn) be a set of 2n variables obtained from (GusGana-0, Gar iicam ea) 
by a contact-transformation, so that 


> P.dQ,- > p,dg,= dW, 
r=1 r=1 


where dW denotes an exact differential. The equations which define the 
transformation may involve the time, so that (Q,, Qs, ..., Qn, Pi, .--, P,,) are 
functions of (1, qo, -»-5 Gn» Diy «++» Pay t); but in the variation denoted by d 
in this equation the time is not supposed to be varied: if t is supposed to 
vary, the equation becomes 


SP dQ. = p.do. dW + Udi, 
r=1 r=1 


where U denotes some function of the variables. 


Now the variation denoted by 6 in the integral-invariant is a variation 
from a point of one orbit to the contemporaneous point of an adjacent orbit ; 
if therefore we regard the variables as functions of (a, de, ..., Gen, t), where 


(1, M, ..-, dn) are the constants of integration which occur in the solution of 
the equations of motion, the variation 6 is one in which (aq, ds», ..., Gyn) are 
varied but ¢ is not varied: we have consequently, as a special case of the last 
equation, 
n n 

> P,dQ,—- = p,d9,=6W, 

r=1 r=1 
and therefore i] bP. 00; 

r=1 


is a relative integral-invariant; so the transformed system of differential 
equations, in which (Q;, Q», ..., Qn, Pi, .--, Pn) are taken as dependent 
variables, will have the Hamiltonian form and can be written 


dQ), 0K dP, 0K 
Ue Te. ai 0G: 
where A is some function of (Q,; Qs; .<«, Qn, Li, -->, Pn, t). 


Hence a contact-transformation of the variables (qi, Jay +++) Uns Pry +++» Pn) 
of any dynamical system conserves the Hamaltonian form of the equations of 
the system. In the case of an ordinary “change of variables” in the dynamical 
system, in which (Q;, Q, ..-, Qn) are functions of (1, q, +++, Qn) only, the 
contact-transformation is merely an extended point-transformation. 


Cale oosien nh): 


Example. Shew that the contact-transformation defined by the equations 
q=(2Q)' k-* cos iP; p=(2Q)' kt sin P, 

hanges the system 

aii : dO ty ae 

di Gp? dt Og? 
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where H=}(p? +9"), 


into the system 
Co ae 
G Gl ate 00" 
where K=kQ. 


137. Representation of a dynamical problem by a differential form. 


The reason for the importance of contact-transformations in connexion 
with dynamical problems is more clearly seen by the introduction of a certain 
differential form which is invariantively related to the problem. 


Let any differential form with (2n +1) independent variables (a, £., .. 
Bont1) be 


ah 


Xda, + X,da,+ ... + XonisAhonss 5 
we have seen (§ 127)*that its bilinear covariant 


2n+12n+1 
= aydx,dx;, 
i=1 j=1 
where ay denotes the quantity (0.X;/0x; —0.X,/0x;), is invariantively related to 
the form. If we equate to zero the coefficients of 82,, da, ..., d%nu1, We 
obtain the system of (2n+ 1) equations 


2n+1 2n+1 2n+1 

= ay, da; — 0, > Aja; => 0, eee, > a; ony 0%; => 0. 

i=1 i=1 i=l 
Since the determinant of the quantities a; 1s skew-symmetric and of odd 
order, it is zero, and these equations are therefore mutually compatible. 


They are known as the first Pfaff’s system of equations corresponding to the 


2n-+1 
differential form = X,da,, and from the mode of their formation are in- 


r=1 
variantively connected with it; that is to say, if any change of variables is 
made, the new variables (7, Yo, ..., Yoni) being given functions of (2,, , ..., 


Lon4i), and if the differential form be changed by this transformation to 


2n+1 
x Y,dy,; 
r=1 
1 2n+1 29 
; bady:=9, 2 binady; = 0, cee 


t=1 *=1 


: 2n+ 
and if Ps 


4= 


v1 
~_ 


Ds ong dy = 0, 


be the first Pfaff’s system derived from the differential form 


2n+1 
y ° 
= Y,.dy,, 


a 
then this system is equivalent to the system 
2nt+1 2n+1 Qn+1 


> anda; = 0, Sy nilbjy Oe Onan cg Gs nit = 0. 
i=1 hed Seat 
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Consider now the special differential form 
pidqr + pogo + ... + pndqn — Hat 
in the (2n +1) variables (q, qs, -.., Gnas Piy +++» Pn; t), where H is any function 
Of (G1, Yas +++) Yn» Pry ++» Pn» ). Forming the corresponding quantities ay, we 
find that the first Pfaff’s system of differential equations of this differential 
form is 


oH 
Seis OL=( (== U2, ean) 
0H 
dq,—), dt=0 (r=1, 2, ..., 2), 
oH 


Of these the last equation is a consequence of the others: and therefore the 
system of equations can be written 

dq, 0H dp, . of 

eect eds me cor 
but these are the equations of motion of a dynamical system in which the 
Hamiltonian function is H. It follows that the dynamical system whose 
Hamiltonian function is H is invariantively connected with the differential 
form 


et Deana 


pidq, + podqa+ ... + pndqn — Hat, 


imasmuch as the equations of motion of the dynamical system, in terms of any 
variables (1, &o, ++, Lon, T) Whatever, are the first Pfaff’s system of the 


differential form 
X,da,+ Xda, + ... + XondXon, + Tdr 


which is derived from the form 
pid + p.dqs a oon Sr Pnldn — Hadt 


by the transformation from the variables (qi, qa, +++» ny Pir +++» Pns t) to the 
VOTLOIOLEE (Hy, Hi), ---) Lon, T)- 


138. The Hamiltonian function of the transformed equations. 


The result of the last article furnishes another proof of the theorem that 
the equations of dynamics 


He 0H dp, __ off (r=1, 2, ..., 0), 
dt Op, dt 0”, 
conserve the Hamiltonian form under all contact-transformations of (q,, qo, «++; 
Yn» Pry +++» Pn), and moreover it enables us to find the Hamiltonian function 


K of the system thus obtained, 
aQ,_0K dP,__ aK 
apne or, dt 00, 
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For let the contact-transformation be defined by the equations 


(O, =0 (r=1, 2,.2..5 © 
ow 00, 00; 
= Ba ae ah Pe See 4 5 
aW 40) 50.4 204 
=— -—-X ft Pers eeey , 


where (Q,, OQ», ..., Q,, W) are any functions of the variables (q, g, -.-; Yns 
Q:, Q:; ULIOe) Qs; t). 


From these aes we have peg 
‘OW 0D 

de 7 dQ,) — 2ny2 (SF dg, +57  dQ,), 
ene Chas 50. Q 20, 50, Q 


=1 r=1 


3 a 2 1s dQ), — 


aS hence ae ann d denoting a variation in which all the variables, 
including ¢, are changed) 


> p,dq,= = P,AQ, +r u-aws 5 2a, oe at 
r=1 
n k 
or > p,dq,— Hdt = = P,dQ,-(H- ao = 2, Se) dt— dW. 
r=1 r=1 


The perfect differential dW on the aan NY side can be neglected, 
since it does not affect the first Pfaff’s system of the differential form: and 
hence the contact-transformation transforms the system of equations 


dq, 0 dp, oH 


a Are 5 See a — 9 
dt dp,’ dt 0, Sem ti? 
to the system 
dQ, @K dP, 2K "i 
dE oP, ce ee are) 
ek REE 8 1 
where K=H- es Ma 


K being supposed expressed in terms of (Qi, Qa, »--; Qny Pi, -.+; Pn, t). 


139. Transformations in which the independent variable is changed. 


The result of § 137 also enables us to determine those transformations of 
the whole set of (2n +1) variables (1, qa) -+-5 Gas Pis +++» Pa» €) to new variables 
(Qi; Qe, 006s Qn, Pa, ++) Py, 7) by which any Hamiltonian system 

dq, _ 0H dp, _ _ 0H 
dj op.” (at. dg. 
is transformed into a system of the Hamiltonian form 
COL Ok dP. Ok 
= ae ees ee nen Bo 
df oP? “at. 80, iat 


(meted, Scotts 
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For this is the same thing as finding the transformations which change the 
differential form 


pidqr + prods tae + Dn Addn + hdt, 
where the variables (4, qo, +++, Qn> Div +++) Pn» t, h) are connected by the 
equation 
H (hs Qo) ENON] Yn> Pr» eee) Dn» t) +h=0, 
into the differential form 


P,dQ, + P,dQ + ... + P,dQ, + kdT +a perfect differential, 
where the variables (Q1, Qa, -»», Qn, Pi, Po, ..., Pn, T, &) are connected by 


the relation 


KE (Qi, Qos 005 Ons Pr, 05 Pa, LP) +h =0. 


But any contact-transformations of the (2n + 2) variables (q,, q2, ---5 Yn» t 
Pix es Py, 1) tO new variables (Q,;.Q,; .:.; Q,, Ty Py, Pap :..3 Py, &) will satisfy 
this condition; when the transformation has been assigned, the function K 
is obtained by substituting in the equation 


Ne Qo, OOS) Qn» Pr» s2+y Dn» t)+h=0 
thoervaiues Of (0;,-Gs, --+;' Os, by Dist---9 Da, &) ae functions of (Q,, ..., Q,, 2) 
P,,..., Pn, k), and then solving this equation for k, so that it takes the form 
Pee 0; OOM) OF ie CE Oss) ee T)+k=0; 


the required transformations are thereby completely determined. 


140. New formulation of the integration-problem. 


We have seen (§ 137) that if any change of variables is made in the 
dynamical system 


dq, 0H dp, _ _ 0 


Ae ee RS 04» (r=1, 2, ..., n), 


the new differential equations will be the first Pfaff’s system of the form 
which is derived from 


pidqi + pogo t ».» + Pn@q, — Hat 
by the transformation. 


Suppose that a transformation is found, defined by a set of equations 


Yr = Pr (Q; Qe, tery Qn Py, wees Pas t)) 


' [pi lhe aeoeene) 
p=, (Q,, Oa 50)0).9) On Hee CT WF } WB t)J ( 


which is such that the above differential form, when expressed in terms of 
the new variables, becomes 


PidQ,+ P,dQ,+...+P,dQ, — dF; 
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where dZ' is the perfect differential of some function of the variables 
(Q1, Qe, +++) Qn> Pi, ---, Pn, t); the corresponding first Pfaff’s system of 
equations is 
dQ, =0, dPl=0 cea ba ieeret 
and the integrals of these equations are 
Q,.= Constant, P,= Constant (r=1, 2, ...., %); 
so the equations 
Gp-= oO; (Q:, q; EC | 0.5 5 aa Hk tie) fans t) 
Pr=Wr(Q:, Gs; oa sOy Gas iG CS | (cae t) 


constitute the solution of the dynamical system, when the quantities (Q;, Qo, -.-, 
Qn, Pi, ..., Pn) are regarded as 2n arbitrary constants of integration. 


(r =1, 2, ..., 2) 


The integration-problem ts thus reduced to the determination of a trans- 
formation for which the last term of the differential form becomes a perfect 
differential. 


MISCELLANEOUS EXAMPLES. 


1. Shew that the transformation defined by the equations 


Q=q7 +p’, Q2= Go? +0? p2”, 


P,=tan=1 (2) —tan-! () ,» P,=Atan=! (2) ; 
; Apr AP» ‘i Aps 


is a contact-transformation, and that it reduces the dynamical system whose Hamiltonian 
function is }$(p,?+p?+A~?q2+A-2q.”) to the dynamical system whose Hamiltonian 
function is Qs. 


2. If (a1, ag, ..., Zon) denote any functions of (91, Go) --+) Yn» Pry +++) Pn)» and if 
pydg, t+ poddyt...+pndn= AX, dx, + Xydvy+ ...+Xon Aron} 


if moreover Gm, denotes dX,,/0x,—0X,/0x,,, D denotes the determinant formed of the 
quantities Gm,, Aj denotes the minor of a, in D, divided by D, and uw and v denote 
arbitrary functions of the variables, shew that 


y (24 du) 3g 4d Ow 
0g OD» Op» Ody i=1 k=1 Se 0x; 02}, 


(Clebsch.) 


r=1 


3. Shew that for any Hamiltonian system the integral-invariants 


[[ [-~foard00---dandrs 10s OMY 
[[ [2 erd@s-. 208%... 82m 


extended over corresponding domains, are equal if (1, Qo) --+) Yn» Piy +++) Pn) and 
(Qi, Gey se0) Vn» Py, ...5 Pn) are connected by a contact-transformation. 
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4. Prove that the contact-transformation defined by the equations 
G1 =A, * (2Q,)* cos P+. # (2Q,)4 cos Py, 
qo= Ay *(20,)F cos P, +A3~4 (2Q,)? cos Ps, 
Pix (2A1Q,)* sin P, +4 (22Q)* sin Pp, 


Pa= —¥ (2A,Q,)" sin P,+4 (2d.Q,)" sin Pa, 
changes the system 
dq, OH dp, _ 0H 
dt - Op» : OT 0g, 


where 


H= py? + prt Bry? (G1 - Yo)? + 3A? (G1 + Ge)’s 
into the system 


dQ, 0K dP, —aK 
dt oP,’ dt 00, 


K=),Q,+)Qp- 


Integrate this system, and hence integrate the original system. 


where 
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; (r= 1, 2), 


(r=1, 2), 


CHAPTER XII. 
PROPERTIES OF THE INTEGRALS OF DYNAMICAL SYSTEMS. 


141. Reduction of the order of a Hamiltonian system by use of the 
integral of energy. 


We have shewn in § 42 how the Lagrangian equations of motion of a 
conservative holonomic system can be reduced in order by use of the integral 
of energy of the system. We shall require the corresponding theorem for the 
equations of motion in their Hamiltonian form; this may be obtained as 
follows. 


Consider a dynamical system with n degrees of freedom for which the 
Hamiltonian function’H does not involve the time explicitly, so that 


) H+h=0, 
where h is a constant, is the integral of energy of the system. 
Let this equation be solved for the variable p,, so that it.can be written 
Ks; Des 2+ Day Garaoes Gar te) ap ae 
The differential form associated with the system is 
prdqy + podgst -.. + Pndgn + hdt, 
where the variables (q1, qs, -++» Uns Pi» Pa» +++» Pn» 2, t) are connected by the 
last equation: the differential form can therefore be written 
Poot pPsdgs +... + Pnddn +hdt —K (ps, ps, +++) Pao Qs «++» Qn» 2) dq, 
where we can regard (qi, Ya) +++» Yns Par +++» Pn» h, t) as the (2n +1) variables. 
But the differential equations corresponding to this form are (§ 137) 
Tip rs en 
dq Op,’ da 0¢r 
dt _ Ok dh 
dq, oh’ dq, 


ook te ais Epess ) S 


The last pair of equations can be separated from the rest of the system, 
since the first (2n —2) equations do not involve ¢, and hk is a constant. 
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The original differential equations can therefore be replaced by the reduced 


system 
dq, 0K dp, 0K 


dq Op,’ dn 0g, 
which has only (n—1) degrees of freedom. 


(r= 2, 3, 2.5%), 


This result is equivalent to that obtained in § 42, as can be shewn by 
direct transformation. 


Example. Consider the system 


Chips. Taal al oH 
Be aa (r=1, 2), 
where 


1 Bh 
H=apl te are ae oe ’ 
p being a constant; these are easily seen to be the equations of motion of a particle 
which is attracted to a fixed point with a force varying as the inverse cube of the distance: 


J2 and q, are respectively the radius vector and vectorial angle of the particle referred to 
the centre of force. 


Writing H=-—h, and applying the theorem given above, the equations reduce to the 


system 
dq, 0K dp, 0K 


dq, Op,’ dq, ge’ 


where 
K= —(u- 99? p? - 2hq.?)*, 
Since A does not involve qg,, the equation A=Constant is an integral of this last 
system, and we can therefore perform the same process again: writing K=—4, we have 


LE a 
p=(A - 2h) =—L say, 


and the system reduces to the single equation 
_ fe = 
dq, OL ik (: k -21) - 


dq, 0k qi? \ gi 
the integral of which (supposing p<4*) is 
n= (8 (28) see {(1- 6) aro} 
where ¢ is an arbitrary constant. This is the equation, in polar coordinates, of the orbit 
described by the particle. 


142. The Hamilton-Jacobi equation. 
It follows from § 138 that if a contact-transformation defined by the 


equations Sa in 
=— a =. Cale. at), 
a 0, 2 Pr ( ) 
where W denotes a given function of (1, dz, +++) Uns Qontiemmene Gia, 6), 18 
performed on the variables of a dynamical system defined by the equations 


dq, _ oH apr __ oH Greet) 2,-.5., 7), 


dt dp,’ di e002 


304 Properties of the Integrals of [CH. XII 


the resulting system is 


dQ, 0K dP, aK eae 
Gewahe, dln a0 ee ee 
where K=H+ ae i 


If the function K is zero, the system will be said to be transformed into 
the equilibrium-problem. Now the function K will be zero, provided W is a 
function such that 


a) 
ot WAC qa; ecie Un» Q:, Ce) oy, j)+H (gn, qa; S| Yn» Pri» see, Dan» t)=0, 


ie. provided W, considered as a function of the variables (q, qs, ..-, dn, t) 
satisfies the partial differential equation 


ow oW oW ow 
— tH (a, Gay s*+> Ino 0g,” 0g” eery 5a, t) =o 


This is called the Hamilton-Jacobi partial differential equation associated 
with the given dynamical system. 


Suppose that a “complete integral” of this equation, ie. a solution con- 
taining n arbitrary constants in addition to the additive constant, is known. 
Let (a, a, ..., 4%) be these arbitrary constants, so that the solution can be 
written W (qi; Qo, «+> Qn» %» %, +++, Gy, t); and perform on the original 
dynamical system the contact-transformation from the variables (q,, qs, ..., 
Qn» Pry +++) Pn) to variables (a, a, ..-, &, Ai1,-B2, -.-, Bn), defined by the 
equations 

oW ow 
Ine an bas 


Since W satisfies the Hamilton-Jacobi equation, the Hamiltonian function 
of the new system is zero, and consequently the equations of the system are 


da, dB, 
mr =0, ae = (0) : (r= 1,2) coy), 
so that (4, a, ..., %, 81, ..., B,) are constant throughout the motion. It 


follows that 7f W denotes a complete integral of the Hamilton-Jacobi equation, 
containing n arbitrary constants (a, a, ..., &,), then the equations 
OW _ ow 


si Nn ee) eS 


constitute the solution of the dynamical problem, since they express the variables 
(91; Yas +**s Yn» Dry +++) Pn) wn terms of t and 2n arbitrary constants (a), Q&, ..., 
Q, Py, +-., Bn). In this way the solution of any dynamical system with n 
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degrees of freedom is made to depend on the solution of a single partial 
differential equation of the first order in (n + 1) independent variables. 


Example. Consider the system 
where 


and p is a constant. The Hamilton-Jacobi equation corresponding to this system is 


OW, (OW? a. 
Eero 


a complete integral of this equation may be found in the following way. Assume 


W=f(t) + (Q)s 


where f and ¢ are functions of their respective arguments: then we have 
0=F' +3 H @P-F- 
This equation can be satisfied by writing 
fF O=G-9 OP=3 


where a is a constant; which gives 
ib 1, u 1 
FQ=~, $@)=(Zua)! sin-* (g/a)! + ug (a-g)/a}t, 
t tag. 1 
so W=™ + (ya)? sin-* (q/a)* + (2pq (a—g)/a}?. 


The solution of the original problem is therefore given by the equations B= —0 W/déa, 
p=0W/og, where a and £ are the two constants of integration. 


143. Hamiulton’s integral as a solution of the Hamalton-Jacobi equation. 


There are an infinite number of complete integrals of the Hamilton- 
Jacobi partial differential equation ; and each one of them furnishes a contact- 
transformation from the variables (q1, G2, +++) Yn» Pry +++) Pn) Of the dynamical 
system to variables (0, a, ...,%,, 1, --., 8,), (the transformation involving 2), 
such that the equations of motion of the system when expressed in terms 
of (4, %, ».-) %, Ai, --., 8,) become the equations of the equilibrium-problem, 
Le. the quantities (a, a, ..., &, 1, ++», Bn) are constants. 


Among this infinite number of transformations there is one of special 
interest; namely that in which the quantities (a, %, ..., dn, Pi, +.-, By) are 
the initial values of (G1, da, +++) Uns Pir +++) Pn) respectively, i.e. their values at 
a time ¢,, which is taken as an epoch from which the motion is estimated. In 
this case we can find in an explicit form the corresponding complete integral 
of the Hamilton-Jacobi partial differential equation. 


W. D. 20 
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For consider Hamilton’s integral 
t 
Ldt, 
t 


where L denotes the kinetic potential of the system. Suppose that 6 denotes 
a variation due to small changes (Sa,, 6%, ..., da, 58:, --., 68,) in, the initial 
conditions. 


Then (§ 99) we have 
t n 
6 | Ldt= =-(p,69,— 8,6a,). 
ty r=1 


t 
It follows that if the quantity | LIdt, when the integration is performed, 
; 


be expressed in terms of (qi, qo, +++ Uns 41) «++ Mn» t), (We suppose this possible, 
Le. we assume that it is not possible to eliminate (8,, 82, ..., Ba, Pr +++» Pa) 
from the relations connecting (a,, ..., &,, Pi, -+-> Bas Gir ->-s Un» Pas --=> Pn): BO 
as to obtain relations between (q,, --., Yn, %, ---, %)) and if the function thus 
obtained be denoted by W (qi, qo, ---> Yn» Sy «++» %n, t), then we shall have 
ow ow 
@q, Pr , la FHL yp Maehee 
and therefore the transformation from 
(hs qa» DOS) In» Pr» an Pn) to (a, a>, ia, an» Bi, ye, Bn) 


is a contact-transformation, and the integral of the kinetic potential is the 
determining function of the transformation. 


Also we have 


dt © 0b Seo aee 
AO Wy Soe 
or l= OE ee DeGrs 
ow 
or Vee remot 


and therefore the integral of the kinetic potential satisfies the equation 


oW ow 
7 +H(q Oa; sesh Ons ag, Shoes Poa )=0, 


which is the Hamilton-Jacobi equation. 


Example. Let (ay, ag, ...) Qny By, «+» Bn) be the initial values (at time %) of 
(Q1> Yor +++» Yn» Pry eee Pn) Pespectively, in the dynamical system represented by the 
equations 

dq, 0H dbp, OH 
Gi op, a Tee (p=, 2)... 2); 

Suppose that from the relations connecting (a,, ag, ...) da; Bis) ess5 (a) wil 

(Z1» Yar -++> Yn» Pry +++5 Pn) it is possible to eliminate (8,, By, ..., Bry Pi) «+5 Pn) entirely, so 
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that a number (say m) of distinct relations exist between (91, qo +++) Yny @1) +++) Qn) 3 let 
these be solved for (a,, ag, ..., @m), SO as to take the form 


P= Fr Qo v08s Yar Aner) *++) Gn; E)—a,=0 (r=1, 2, ..., m), 
and let V denote Hamilton’s integral 
ee # | 
[ize 
to 


for the system, expressed in terms of (91, 9a, ..+) Qny Gm+iy +s) Gy)» Establish the 
equations 
age N oF, 
Pr es nel wou 
m 
Baar Soa 
r k=l a 


where (Aj, Ag, ..-) Am) are arbitrary ; and shew that the function 
m 
W=V+ 3 ate 
k=1 


is an integral of the partial differential equation 


Ow ow ow 
ptt (a, Ja) +88) Iny 69,” ee) O9n’ t)=0. 


144. The connexion of integrals with infinitesimal transformations 
adnutted by the system. 
dq, 0H ape Ol 
Let debe, Sede og, 


be the equations of any dynamical system, and let 


P(r; Yas--s5 Yn; Dis -+-5 Dy» t) = Constant 
denote any integral of the system; we shall shew that the knowledge of this 
integral enables us to find a particular solution of the variational equations 
(§ 112). 
For the variational equation for 6q, is 


d CH OH OH OH 


= OG, == ee yt ache a OD 
dt dr 0M. 0p, On + 8q,,ap, nt Op, 0p, Pa ep. aps P 
but we have 

eH ip, , eH dp OH 16 _ SH do 

OOP, OP: ~~ OGnOPr On Opp, OG, = OP, OP, OF 
spe 3 ope Be _ 3 Sure) Se ah aC Oat 
iz Aa rad Ope, nai at Oqy i Ode OPeOp, ret OPE On OP, 
nwa dd A ri d (2) Me (#) 
Op, = Oiaemiot dt \Op, ot \Op,. 


_@ (5) 
Liat \ep,)? 


20—2 
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and hence the variational equations for (dq, q2, .-., 6q,) are satisfied by the 
values 


Oje= oe pee (r =1,2, ..., 1), 


where ¢ is a small constant. Similarly the variational equations for 


(6p, Po, aad} pn) 
can be shewn to be satisfied by these values; and hence the equations 
op 
Og; HG Op, ; 
where ¢ is a small constant and } is an integral of the original equations, 
constitute a solution of the variational equations. 


op, =— €=— (r=1, 2, ..., %), 


This result can evidently be stated in the form: The infinitesimal contact- 
transformation of the variables (q, qa) ++ Un» Pris «++» Pn), Which is defined by 
the equations ae sy 

se Ciera ie aera 
transforms any orbit into an adjacent orbit, and therefore transforms the 
whole family of orbits into itself. Adopting the language of the group- 
theory, we say that the dynamical system admits this infinitesimal contact- 
transformation. We have therefore the theorem that integrals of a dynamical 
system, and contact-transformations which change the system into itself, are 
substantially the same thing ; any integral 


co) (qm, a, s++9 Yn» Pris +++) Pns t)= Constant 
corresponds to an infinitesimal transformation whose symbol (§ 133) is the 
Pp J ¥ 3 


Poisson-bracket (, f). 


It will be observed that the ignoration of coordinates arises from the particular 
case of this theorem in which the integral is p,—Constant, where g, is the ignorable 
coordinate ; the corresponding transformation is that which changes g, without changing 
any of the other variables. 


145. Povsson’s theorem. 


The last result leads to a theorem discovered by Poisson in 1809, by 
means of which it is possible to construct from two known integrals of a 
dynamical system a third expression which is constant along any trajectory of 
the system, and which therefore (when it proves to be independent of the 
integrals already known) furnishes a new integral of the system. 


Let (Gr) Jar +++) Qn» Pry +++» Dn, ¢) = Constant 
and an (Gi; Yas +++» Yn» Diy os«5 Pn, 6) = Constant 


denote the two integrals which are supposed known. Consider the in- 
finitesimal contact-transformation whose symbol is the Poisson-bracket 
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(f, ); since y is an integral, this (§ 144) transforms every orbit into an 
adjacent orbit. 


The increment of the function ¢ under this transformation is ¢(¢, w), 
where ¢ is a small constant; but since ¢ is an integral, @ has constant values 
along the original orbit and along the adjacent orbit: the value of ($, W) 
must therefore be constant throughout the motion. We thus have Poisson’s 
theorem, that 7f @ and W are two integrals of the system, the Poisson-bracket 
(, wr) ts constant throughout the motion. 


If (¢, ), which is a function of the variables (q,, qo, +++, Yny Pry +++) Pno b)s 
does not reduce to merely zero or a constant, and if moreover it is not 


expressible in terms of ¢, y and such other integrals as are already known, 
then the equation 


(f, vr) = Constant 


constitutes a new integral of the system. 


The following example will shew how Poisson’s theorem can be applied to obtain new 
integrals of a dynamical system when two integrals are already known. 


Consider the motion of a particle of unit mass, whose rectangular coordinates are 
(M1; %2) Y3) and whose components of velocity are (p,, Y2, #3), which is free to move 
in space under the influence of a centre of force at the origin. The integrals of angular 
momentum about two of the axes are 

Psd2— 43 P2= Constant, 
and D1 I3— Vy P3 = Constant. 


Let these be taken as the two known integrals ¢ and wy; the Poisson-bracket (¢, w), 


which is 
Seine. 66) 


Or OPy OG, Opy)’ 


r=) 
becomes in this case 


i . Po VP 3 
and in fact, the equation 
D291 — Yo = Constant 


is another integral of the motion, being the integral of angular momentum about the 
third axis. 

146. The constancy of Lagrange’s bracket-eapressions. 

The theorem of Poisson has, as might be expected, an analogue in the 
theory of Lagrange’s bracket-expressions. 

Let ee (i= cena!) 
denote 2n integrals of a dynamical system with n degrees of freedom, con- 
stituting the complete solution of the problem : the quantities uv, being given 


functions of the variables (q1, qo, --+» Yn» Pir +++» Pn» ¢), and the quantities a, 
being arbitrary constants. By means of these equations we can express 
(Gis Garis Cas Piste; Pn) 28 functions of (@,, dy, --., Gen, t), and form the 


Lagrange’s bracket-expressions [a,, a], where a, and ds are any two of the 
quantities (a, Qs, ..., Gon). 
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Since the transformation from the variables (91, qo, .-+» Yn» Pi» +++» Pn) at 
time ¢ to their values at time ¢ + dt is a contact-transformation, we have (§ 128) 


5 S (Agrdp, — 84-Ap,) = 0, 
P= 


where the symbols A and 6 refer to independent displacements from one 
trajectory to an adjacent trajectory. If now we take the symbol A to refer 
to a variation in which a; only is varied, the rest of the quantities 

(di; Oe, 2525 Gon) 
remaining unchanged, and take 6 to refer to a variation in which a; only is 
varied, the last equation becomes 


d@ & (0G, OPr OG 2P:) 0 
dt itl BS 0a; da; 0a; aa 


d 
or dt [ai a;| = 0, 
which shews that the Lagrange-bracket [a;, a;] has a constant value during the 
motion along any trajectory ; this theorem was given by Lagrange in 1808. 


Lagrange’s result, unlike Poisson’s, does not enable us to find any new 
integrals; for we have to know all the integrals before we can form the 
Lagrange’s bracket-expressions. 


147. Involution-systems. 
Let (wu, Ue, ..., u,) denote r functions of 2n independent variables 
(Gin Gay elon Gren Pavone cain hs 
if it is possible to express all the Poisson-brackets (u;, uw) as functions of 


(th, U2, .-., Uy), the functions (u,, %&,, ..., U,) are said to form a function-group*. 
Any function of (u,, Ue, ..., u,) belongs to this group. 


If the quantities (w;, w;,) are all zero, the functions (4, te, ..., u,) are said 
to be in involution, or to form an involution-system. 


Now suppose that (a, ws, ..., u,) are functions in involution: and let 
v=0 and w=0 be any two equations which are consequences of the 
equations 

=O, u=0, 2, 8, = 0 


we shall shew that v and w satisfy the relation (v, w) = 0. 
For since (t, W,, ..., U,) are in involution, each of the equations 
; U=0, w=0,..., u,=0 
admits each of the 7 infinitesimal transformations whose symbols are 


(Has Fi dyK Merl donut Anes 


* Lie, Math. Ann, vitt. (1875). 
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and consequently the equation v= 0, being a consequence of these equations, 
must also admit these transformations; that is to say, we have 


(uz, V) =0 (his eo eats 
and therefore each of the equations 
: %=0, w=0,...,u,=0 
admits the infinitesimal transformation whose symbol is (v, f). Since the 


equation w=0 is a consequence of these equations, it follows that the 
equation w= 0 must also admit this transformation, and therefore we have 


(0, w) =0, 
which establishes the result. 
Hence we see that if (u,, we, ..., u,) are in involution, and the equations 
0, = 0, t= 0, an. 0-= 0 
are consequences of the equations 
Teg) einai) on ae, u, = 0, 


then the functions (v,, V2, ..., U,) are in involution. 


148. Liowville’s theorem. 


The result which was established for systems with two degrees of freedom 
in § 121 can now be extended to systems with any number of degrees of 
freedom. The theorem, which was given by Liouville* in 1855, may be thus 
stated: If n distinct integrals 

DAO Ont cas Gir Din sher Dns bane (R= 152. oy) 


where (dy, Mz, ..., n) are arbitrary constants, are known for the dynamical 
system 


where H is any given function of (drs Yas +++) Qns Pry «++ Pn» bt), and rf the 
functions (¢,, $2, «+», bn) are in involution, then on solving these integrals for 
(Pi, Pay +++» Pn), 80 as to obtain them in the form 


pet (Gg, Gaiters Gila, Can .se1,0nrt) (r= 1, 2s: n) 
and substituting (fi, fas ---»fn) respectively for (pr, Pa, +++) Pn) i the eapression 
pr dqy + prodds + -.» + pnddn — Hat, 

the latter expression becomes a perfect differential: denoting it by 


dV (nh, q25 eeey Yn> A, Qs, eee) An) t), 


* Journal de Math. xx. p. 187. 
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the remaining integrals of the system are 
a: 
0a, 


where (b,, bz, ...; bn) are arbitrary constants. 


b,. (7=1, 2,2--,%) 


For since the functions ¢,—, $2— 4, ---, 6, —n are in involution, it 
follows by the last article that the functions p,;—f,, p2—Jfe, ---, Pn — Jn, are in 
involution, and therefore 


(pr—frr Ps — fs) =9 (7, 82 1;:2> 5227 ey 
or ie — He 0 (ne 1S ee 


_%, § HoH 
tat ot s=1 04, Ops : 


and consequently 
Ope CH ETOH OF, 
Ot 0G, ~=—«=1 OP, 09, 
__ 0, 
0g,” 
where H, stands for the function H when expressed in terms of the arguments 
(h, 2; eh Yn) (ty, SESNar An, t). 
ao, oy __ ath 
og, Og,’ Ob ea 
shew that Aida t+ fodgo +... +frddn— Hit 


is the perfect differential of some function V(q, qo, ---, Qn Gi; «++, An, b); 
which establishes the first part of Liouville’s theorem. 


The equations 


If now the symbol d denote the total differential of the function V with 
respect to all its arguments, we have therefore 


: : ; . OV 
dV = fidq + frdqat+ ... +fndqn— Hydt + > es da,.. 
yr Oh, 
In this equation replace the quantities a, by their values ¢,: we thus 
obtain an identity im (q%1, go, .--, Gms Ps Par «++» Dns b), namely 
OM) 
dV — > — dd, =pidq + prdqo + ... + Pnddn — Hat, 


- OG, 


where on the left-hand side of the equation we suppose that in dV and 


oV. ae : 
a the quantities (a, a, ..., @,) are replaced by their values (di, Par». Dn) 


y 


148, 149] Dynamical Systems 313 


This equation shews that the differential form 
pidqy + podge + ... + Pndqn — Hat, 


when expressed in terms of the variables (q%;, qo, «++, dns Pir Par «+> Pn» b)s 
takes the form 


= OV 


a 25g. ort “Vv, 
and hence the differential equations of the original dynamical problem are 
equivalent to the first Pfaff’s system of this differential form, namely 
OV’ 
d (5, )=0, do, =0 (r=1, 2, ...,7). 
‘The expressions 0V/da, are therefore constant throughout the motion, Le. 

the equations 

ON 

0a, 
where (b,, b., ..., bn) are new arbitrary constants, are integrals of the system ; 
this completes the proof of Liouville’s theorem. 


b (r=1; 2, 22,0), 


Y 


Example. In the motion of a body under no forces with one point fixed, let (6, d, ) 
denote the three Eulerian angles which specify the position of the body relative to any 
fixed axes OX YZ at the fixed point, (A, B, C) the principal moments of inertia of the 
body at the fixed point, a the constant of energy, a, the angular momentum about 
the fixed axis OZ, and a, the angular momentum about the normal to the invariable 
plane: and let (4,, ¢,, ¥,) denote 07/66, 07/6, OT /dp respectively. Obtain the 
equations 


{ 6 =tan! {(a,? —a,?— 6,")*/a,} — tan {(a,2— yy? 8) a 


gi=—%, 


— Ae? = 2) 4 
E-¥ =tan“1 (6, (a,2—yy2— 6) H+ tan? | A Oba nag) OFA it 


B (2Aa—a,?)0+(C—A) Wi? 
Hence shew that 
6d6,+Wdy,+a,dh 
is the perfect differential of a function V, and that the remaining integrals of the 
system are 


oV OV OV 
ia eae ata, 
where 6, b,, 6, are arbitrary constants. (Siacci.) 


149. Levi-Civita’s theorem. 

Levi-Civita* has established a connexion between the integrals of a 
dynamical system and certain families of particular solutions of the equations 
of motion. 

Consider first a system in which some of the coordinates are ignorable. 
Let (1; G2) «++; Ym) be the ignorable and (Gmii,--+, Qn) the non-ignorable 
coordinates; and let ZL denote the kinetic potential. 


* Rend. dell’ Acc. dei Lincet (1901), p. 3. 
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The integrals corresponding to the ignorable coordinates are 


ee = Constant (r= 1, 2, ..-5 3), 
04, 3 
and corresponding to these integrals there exists a class of particular solutions 
of the system, namely those steady motions (§ 83) in which (q, ge, ---, Gm) 
have constant values which can be chosen arbitrarily, while (¢m+i, Um+2s «++» Yn) 
have constant values which are determined by the equations 
Cl 
TAR 
there are 0” of these particular solutions, since the m constant values of 
(Gi, Gay «++» Gm) and the m initial values of (q%, qo, ---, Ym) can be arbitrarily 
assigned. The theorem of Levi-Civita, to the consideration of which we 
shall now proceed, may be regarded as an extension of this result. 


dq,_0H dp,__ 0H 
dt Op,’ dt —- 04, 
be the equations of motion of a dynamical system, the function H being 
supposed not to involve the time explicitly. 


Let: - LOG. Vasa os Gas Den ees Dal =U (r =1, 2, ..., m) ...(A) 


be a system of m relations, which when solved for (pj, Ps, .-., Pm) take 
the form - 


0 (r=m+1,m+2,..., 7”); 


Let 


(r= is.) 


Vice PAC faa road Dany Oe Rees (r=1, 2, ..., m) ... (Ay), 
and which are invariant relations with respect to the Hamiltonian system, 
ie. which are such that if we differentiate the relations (A,) with respect 
to t, we obtain relations which are satisfied identically im virtue of the 
Hamiltonian equations and of the equations (A,) themselves. These 
invariant relations include, as a particular case, integrals of the system: 
in this case, they will involve arbitrary constants. 


Since the relations (A,) are invariant relations, we have 


_0H df, -& ~Y,0H , & Of,0H 


ier He peer Lo = com]. Be 
Og, dt j=m+1 Oj OG; 5-1 0G; Op; Sao *) 
and writing 
n / AT ra % 
{[V,W}= = (Agee aN 
j=m+1 Op; 0q; 0q; Op; 
this becomes 
oH ee ely 
{ > ee ae a a -— 9 é 7 . 
aq, tf) aatite 0%s 0 (=I, 2, «0, m)... 1); 


this equation becomes an identity when for each of the quantities 
(1, Po, +++) Pm) we substitute the corresponding function f,. 
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Moreover, we shall suppose that the relations (A) or (A,) are in involution 
among themselves. This condition is expressed by the equations 
Of Of 
oe is + {ffi} =0 (4) 8 = 1, 2, 6.5, 1) 04, (2); 
Let K denote the function Rae from H on replacing (Piss Dah ce Daa) 
by their values (A, fi, ..-» fm), 80 that 
oH ok 2 oHy, 
Op, Op, s= mh ODs OP, 
oH oK % dH, 
0G, 09, 5=1 Ps 0g, 
eH Bok © 80H of, 
Od. Og. s=1 Ops Od. 
From (3) we have 


(, f.} = (Kfj+ 3 = nti (r=1, 2, ..., m), 


and combining this with eo we have 
oH oH fs 
aed Ae *4 K, : oe |-% 4 ry J 8 He 0 
aq, tb Sd =5y + KA + S| 3 ot oS 
Substituting in (1) aa value of 0H/0q, + {H, ae and using (2), we obtain 
the equations 


(r=m+1, m+ 2, ..., )... (8) 


and 


(r=1, 2, ..., m)... (4). 


OK 
Og 
We shall now shew that the system of equations 
| Py =f, Paes Pim+t2> siqieiy Pn > OC Yn) (r aa ifs 2, CAEN) m) 


a5 ane, (r=m+1, m+ 2, ...,)...(B) 


BI 


+{K,f}= (r=, 2, ..., m)<.. (5). 


OP, 04, 
is invariant with respect to the Hamiltonian equations, i.e. that 
d (= ) d (= 
dt \dp dt \dq, 
are zero in virtue of equations (A), (B), (1), (2), (3), (4), (5). 
We have from the Hamiltonian equations 
GG Seated tala tea 
CONE i ose pea Ops (ee nate de. es (0), 
Gn Chl ae Oe on] 
dt a G: | st s=1 09,04 Oe 
and (5) gives on differentiation, using (B), 


ok ok 
a =i) 
Op, 0Js a Ss |= 


Ck aK 
: =) 
0404s st ia it | 


) (r=m +1, m+ 2, ..., n) 


(G12 eit = mes Lm, .., 2) o.. (T)5 
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now taking account of (B), we have from (3) 
OH _¢ 0H Of; 
OP,  s=1 OPs OP, 
OH $ oH of; 
Og, s= 5 Ope 04, 


and hence equations (6) become 


ied (r=m+1, m+2,..., 7) 


cae m | eK pt al 
dt Op, 92 Os) | OP}-CGs Op,’ sf { (r=m+1 m+2, ..., 2), 
a (HS a eK ae [ 
dt \0q,/  s=1 OPs |.09,04¢ 6g. 78 r 
or by (7), 
d (ok d /oK 
= 1, m+2, ..., 7) 
dt Gale ee de Ge le Fatah be 


which proves that the system of equations (A) and (B) is invariant with 
respect to the Hamiltonian equations. 


Now from the equations (A) and (B), let the variables 


(Pir Par +++) Pm» Um4as +++> In) 

be determined in terms of (q, 2, .--) @m): from the invariant character ot 
(A) and (B) it follows that on substituting these values in the Hamiltonian 
equations, we shall obtain m independent equations, namely those which 
express (dq,/dt, dq,/dt, ..., dqm/dt) in terms of (q,, qo, ---> Ym), the others being 
identically satisfied: and the general solution of this system, which will 
contain m arbitrary constants, will give «™ particular solutions of the 
Hamiltonian equations. The solution of this system can, by making use 
of the integral of energy, be reduced to that of a system of order (m—1): 
and thus we obtain Levi-Civita’s theorem, which can be thus stated: To any 
set of m invariant relations of a Hamiltonian system, which are in involution, 
there corresponds a family of 0” particular solutions of the Hamiltonian 
system, whose determination depends on the integration of a system of order 
(m—1). 

If the invariant relations (A) are integrals of the system, they will contain 
another set of m arbitrary constants: and hence to a set of m integrals of a 
Hamiltonian system, which are in involution, there corresponds tn general 
a family of ©” particular solutions of the system, which are obtained by 
umtegrating a system of order*(m—1). 


Example. For the dynamical system defined by the Hamiltonian function 
A= Py 92 Po— ag; + b9,", 
shew that the Levi-Civita particular solutions corresponding to the integral 


(Pz — b92)/¢1 = Constant, 
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are given by the equations 
n=, g=e ***, praae*ts, Py=be"'*% 


where ¢ is an arbitrary constant. 


150. Systems which possess integrals linear in the momenta. 
We shall now proceed to the consideration of systems which possess 
integrals of certain special kinds. 
Suppose that a dynamical system, expressed by the equations 
dq, _ 0H = dp, __ 0H 
dt” Op,’ CEmmet OG. 
has an integral which is linear and homogeneous in (,, Po, ..., Pn), SAY 
Fidit Sopa + --- +fnPn = Constant, 
where (fi, fo, ---, fn) are given functions of (q, qo, .-+, Qn)» 
Consider the system of equations 
dq rare dq, — ——j adn 
fi fe Sn? 
which is of order (n — 1); suppose that the (n — 1) integrals which constitute 
its solution are 


OIG Garces Qu) = Constant (f= 12 en); 
and let Q, be a function defined by the equation 
ce 
Qn=| sf b) 
where in the integrand the variables (q, qs, .-., Yn) are supposed replaced 
by their values in terms of (%, 1, Q:,---, Qn) before the integration 
is carried out. 


Then if the variables change in such a way that (Qi, Q., ..., Qn+) remain 
constant and Q,, varies, it follows from the above equation that 


dg, dq. dn 
ay ae ae 7. =), 
al 2 n 
so that if (Q,, Qo, ---, Qn) are regarded as a set of new variables in terms of 
which (qi, Ys, «+» Qn) can be expressed, we shall have 
Ogk 


= CN Pk oe RAUTA 
On = fi (k Ul ) tt) 


Suppose then that we consider the contact-transformation which is the 
extension of the point-transformation from the variables (q%, q2, ..., dn) to the 


variables (Q,, Q2,---» Qn), so that the new variables (Pi, P2, ..., Pn) are 
defined (§ 132) by the equations 
Pe S ft (r= 1, 2, ..., 7) 
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By this transformation the differential equations of the dynamical system 
are changed into a new set of Hamiltonian equations 


dQ, 0K dP, aK 


Ti OB dee 00) (r=1, 2, -..40), 


and the known integral becomes 
P,, = Constant. 


Since dP,,/dt = 0, we have 0K/dQ,, = 0, so the function K does not involve 
Qn explicitly : and thus we obtain the result that when a dynamical system 
possesses an integral which is linear and homogeneous in (py, ps; --+, Pn), there 
exists a point-transformation from the variables (q,, qo, --+, dn) to new variables 
(Qi, Qe, +++» Qn), which is such that the transformed Hamultonian function 
does not involve Qn. The system as transformed possesses therefore an 
ignorable coordinate, and we have the theorem that the only dynamical 
systems which possess integrals linear in the momenta are those which possess 
ignorable coordinates, or which can be transformed by an extended point- 
transformation into systems which possess ignorable coordinates. 


The converse of this theorem is evidently true. 


This result might have been foreseen from the theorem (§ 144) that if 
P (Gir Yar vey Inv Pry oe+y Pn» )= Constant 


is an integral of the system, then the differential equations of motion admit the 
infinitesimal transformation whose symbol is (¢,f). For when @ is linear and homogeneous 
in (1, Po, +++, Pn), this transformation is (§ 132) an extended point-transformation : if 
this point-transformation is transformed by change of variables so as to have the symbol 
of/0@,, it is clear that the Hamiltonian function of the equations after transformation 
cannot involve @,, explicitly. 


Considering now in particular systems whose kinetic potential consists 
of a kinetic energy T'(q:, ge, ---, Gn: Gs +++) Yn) Which is quadratic in the 
velocities (qi, Gz, ---» @n) and a potential energy V(q, qs, -.-, Qn) which is 
independent of the velocities, we see that in order that an integral linear in 
the velocities may exist the system must possess an ignorable coordinate, 
or must be transformable by a point-transformation into a system which 
possesses an ignorable coordinate. But in either case the functions 7 and V 
evidently admit the same infinitesimal transformation, namely the trans- 
formation which, when the coordinates are so chosen that one of them is the 
ignorable coordinate, consists in increasing the ignorable coordinate by a 
small quantity and leaving the other coordinates and the velocities unaltered ; 
and conversely, if 7’ and V admit the same infinitesimal transformation, then 
there exists an integral linear in the velocities. This result is known as 
Lévy’s theorem, having been published by Lévy* in 1878, 


* Comptes Rendus, LUXxxvi. 
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| Example. Tf the equations 


GL QIN Gk 
dt Ga) ea ag, =I, 2, vey 2) 


n n 
where Fs ao ie GiGes and where (Q1, Qo, »-+) Qny G15 M495 +++) Un) are given functions 
Wwe b—4 
Of (91, Yo) +++) Yn), possess an integral of the form 
C19, + Cogo t+... + Cn Gn + C=Constant, 


where (C,, C2, ..., C,, C) are functions of (91, go, ...5 Yn), Shew that it is possible to 
displace an invariable system in one direction from any one of its positions in the space S,, 
defined by the form 


n nr 
ds? = = 2. Ain dqGidgy. 


Shew that for this a necessary and sufficient condition is that the ds? can be trans- 
formed in such a way that one of the variables becomes absent from the coefficients. 
(Cerruti and Lévy.) 


151. Determination of the- forces acting on a system for which an 
integral is known. 


Before proceeding to discuss systems which possess integrals quadratic 
in the velocities, we shall obtain a result due to Bertrand*, namely that 
in the motion of a dynamical system of given constitution, for which however 
the acting forces are unknown (it being supposed that the forces depend 
solely on the coordinates of their points of application, and not on the 
velocities of these points), we can discover the unknown forces provided one 
integral is known. Moreover, this integral cannot be chosen at random, but 
must satisfy certain conditions. 


Let (41, Ya, -»-» Yn) be the nm independent coordinates of the system, 7’ the 
kinetic energy, and (Q,, Q2, .-., Qn) the unknown forces, which are supposed 
to depend only on (q%, qs, -:-, Yn); 80 the equations of motion are 


d (or or 
ai (ag.) ~ ag. & (P=1,2 -0) 7) 
Let d (CA Ga, eee) qn» > wees Yn> t) = Constant 


be an integral of the system; on differentiating it, we have 


S acai Soe fume 0. 


rT=1 04, 7 Od, Ot oa 
Substituting in this equation for (G1, Ge, ---» Yn) their values as given by 
the equations of motion, we have a relation involving (Q,, Qo, »-», Qn) linearly. 


This relation, as it contains only the quantities (G1, qa, «+» Ens Go +++» Yny t), to 
all of which we can assign arbitrary independent values, must be an identity : 


we can therefore differentiate it with respect to (q:, qa, +++» Mn), and so form 
n new equations which, likewise containing (Q;, Qs, .--, Qn) linearly, will 


* Journal de Math. (i) xvi, (1852), p. 121. 
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suffice in general to determine these unknown quantities. The integral will 


relate to an actual system only when these values of (Q,, Qs, ..., Qn) satisfy 
the equation 

x Op op . | oh 

Da 

aan a ee NE 
the cases in which the equations for the determination of (Q,, Qo, ..., Qn) are 
not independent, so that (Q,, Qo, .-., Qn) are imdeterminate, are those in 


which the integral is common to several distinct dynamical problems. 
Example. Tf an integral of the equations of motion of a point in a plane is common 
to two different problems, shew that it is of the form 
F'(¢’, x, y, t)=Constant, 
where (x, y) are rectangular coordinates and @¢’ is the derivate with respect to ¢ of 
a function ¢(#, y) which, equated to a constant, represents the equations of a set 
of straight lines. (Bertrand.) 


152. Application to the case of a particle whose equations of motion 
possess an integral quadratic in the velocities. 

As an application of Bertrand’s method, let it be required to find the 
nature of the potential energy function V in order that the equations of 
motion of a particle which is free to move in a plane under the action of 
conservative forces, 

Pah Lag 39°17 
Qn ay 
may possess an integral (other than the integral of energy) of the form 
Pi? + Qay + Ry? + Sy + Te + K = Constant, 
where P, Q, R, S, T, K, are functions of « and y. 

Differentiating the last equation, and substituting for # and ¥ from the 

equations of motion, we have 


oP , oR e 20) 4 9 (2 a ely 


A ae ome ony laa foal Coates 
OG at yr) Ry, +5. | y Lake ce a+ ay (E+ =) 
et g- SG PaO NGS ae koe (A). 
Equating to zero the terms of the third degree in # and ¥, we have 


from which it is readily deduced that the terms of the second degree in the 
integral must have the form 


(ay? + by +c) & + (aa + b'a +c’) ¥? + (— 2aay — b'y — ba + ¢,) ey, 


where (a, b, c, b’, c’, c,) are constants. 
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Equating to zero the terms of the second degree in # and in equation 
(A), we have 
as or Seto. wie. 
oy On ~ u Oat oy 0 


from these equations we deduce 


S=me+p, T=—my+q, 


where (m, p, q) are constants. 


Equating to zero the terms independent of & and y in (A), we have 


oV Cae 
Raby Wea tag 0, 
oV oV 
or oy (ma + p)— ap my —@) + 


This equation shews that if (m, p, q) are different from zero, the force is 
directed to a fixed centre of force, whose coordinates are — p/m and q/m; we 
shall exclude this simple particular case, and hence it follows that the con- 
stants (m, p, 7) must each be zero, so that the integral contains no terms of 
the first degree in &, 7. 


Equating to zero the terms linear in & and y in (A), we have 


[2p -9 as a 
) 

av i aK 
i ra oi ig 


Differentiating the former of these equations with respect to y, and the 


Ck : 
latter with respect to x, and equating the two values of -—— thus obtained, 


Oa Oy 
we have 
eV aver, GeV ,200V _,, *V , kav 200M pay 
eee Gy es Oy Gy emt) On Gy ae Gn a 


and replacing P, Q, & by their values as found above, we have 
(ar -¢ ole 
oy" 


am) 2any — by —be+0) +22 ay — ax? + by —b’a+c—c’) 
+ - eae + 3b) + = ae 6ax — 3b’) = 0. 


Darboux* has shewn that this partial differential equation for the function 
V can be integrated in the following way. 
* Archives Néerlandaises, (ii) v1. p. 371 (1901). 


WeeD: 21 
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Excluding the particular case in which the constant @ is zero, we can 

always by change of axes reduce the given integral to the simpler form 
4 (ay — yey + ci? + cy? + K = Constant, 
which amounts to supposing that 
G=s) b=0, be Or G0: 
if moreover we replace c—c’ by 4c’, the partial differential equation for V 
becomes 
OVO eV a oV 
(oa ~ 38) * 9 


2 A 
a? Oy? oa Y 9g — °” oy ms 


To integrate this equation, we form the differential equation of the 
characteristics 
ay (dy? — da?) + (a — y? — c) dady =0. 
If in this equation we take a and y? as new variables, it becomes a 
Clairaut’s equation: we thus find that its integral is 
(m + 1) (ma? — y*) — me? = 0, 
where m denotes the arbitrary constant. By a simple change of notation, we 
can write this integral in the form 
ae ee 
a | 
ee. et 


where the arbitrary constant is now a This form puts in evidence the 
interesting fact that the characteristic curves of the partial differential 
equation are two families of confocal conics. 


Taking then as new variables a and 8 the parameters of the confocal 
ellipses and hyperbolas, so that 


aE, y=F(e-(C- Bi 


it is known from the general theory that the partial differential equation will 
take the form 
eV oV OV 
cage 0 en ee 
where A and B are functions of a and 8; in fact, on performing the change of 
variables we find 
oe i a “ LEN 


which can be immediately feet giving 
teres ae 
— B*) V=f(a)-$ (8), 
where f and ¢ are arbitrary functions of their arguments. It follows that the 
only cases of the motion of a particle in a plane, under the action of conservative 
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Sorces, which possess an integral quadratic in the velocities other than the 


integral of energy, are those for which the potential energy has the form 
(4)—$(8) 
yufO=$@), 


where a and B are the parameters of confocal ellipses and hyperbolas. 


Since by differentiation we have 


sep =(e— py (er aAs). 


the kinetic energy is 
4 


T=(t-6)(3" +5"), 


and an inspection of the forms of 7’ and V shews that these problems are of 
Lnouville’s class (§ 43), and are therefore integrable by quadratures. 


153. General dynamical systems possessing integrals quadratic in the velocities. 


The complete determination of the explicit form of the most general dynamical system 
whose equations of motion possess an integral quadratic in the velocities (in addition 
to the integral of energy) has not yet been effected. It is obvious from § 43 that all 
dynamical systems which are of Liouville’s type, or which are reducible to this type by a 


point-transformation, possess such integrals: and several more extended types have been 
determined. ji 


Eaample 1. Let dua (Gx) (CRU een?) 


be n? functions depending solely on the arguments indicated, and let 


n 
eae dru Pua (d=1, 2, OOF} 2) 


denote the determinant formed by these functions. Shew that if the kinetic energy of a 
dynamical system is reducible to the form { 


and the potential energy is zero, there exists not only the integral of energy, 


n @ 
> = =a 
k=1 Pry qw= a) 
but also (x—1) other integrals, homogeneous and of the second degree in the velocities, 
namely 
LO Sr 
2s 


kl 9 = D 
gr ke =H C25 8h oan 
1 ky 


k 
where (a, a), ..-, Gp) are arbitrary constants: and that the problem is soluble by 
quadratures. (Stiickel.) 


Example 2. Let the equations of motion of a dynamical system with two degrees of 
freedom be 


Gh alse! oT B 
dt Ga) ea el, 2) 
where T= (ag? + 2h, Got 092"), 
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and (a, /, b) are any functions of the coordinates (q,, g2): and let this system possess an 
integral 

a G2 +2h'q,Go+ OG? = Constant, 
quadratic in the velocities and distinct from the equation of energy, where (a’, /’, b’) are 
functions of the coordinates. If A and A’ denote (ab—h?) and (a’b’—’*) respectively, 
and if 


7 A e I nid i: te fa ty fi 
T’=% (2) (Wg)? + 2h'q'qa + 6'G2”), 
where gq,’ stands for dq,/dt’, shew that the equations 


a fol or" 
ae (Fe2) ~ 5° ei 

define the same relations between the coordinates (q,, g.) as the original equations 
of motion, and that one set of equations can be transformed to the other by the trans- 


formation 


Adt=A'dt’. 


MISCELLANEOUS EXAMPLES, 


1, A dynamical system is defined by its kinetic energy 


ain ties at 
be (2 +2 4..42) 
ENG Sa ,,/)’ 


(where ® denotes the determinant 


Pu Pz BO Pin 
bay Poe wig p 2n 
Prt Pro sisieere Pnn | 


in which the elements of the /th line are functions of g; only, and @, denotes the minor of 
di), and by its potential energy 
ME 
—3 
where PHS t Poteet Pri Vn, 


and the quantity ;, denotes a function of g only. Shew that a complete integral of the 
Hamilton-Jacobi equation 


ow, 1 ow \?2 OW 2 oW\?) ¥ | 
or t 26 {@u(q,) ee (as) a. (5. } ak 


. nv 

18 W= = ayt+ ae ic Pit + ag Pig ene + An Pin . 2y,,}3 agi, 

where (a,, ag, ..+) dy) are arbitrary constants. (Goursat.) 
Ds Vine P (Gir Yor *+°> Uno Pip »+) Pny %)= Constant 


is an integral of a dynamical system which possesses an integral of energy, shew that 


op 


9 
Caan 
él sf ¢ 7 
ap = Constant, aya = Constant, etc., are also integrals, 
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3. <A system of equations 


di 
“Ht = Ar (9r, Yay +%0) Yn» Pry +++ Pns 2) 
Gaal; Dees n) 


d 
Arai (M1) J29 +++ Ino Pry +++y Pay t) 


is such that if @ and w are any two integrals whatever, the Poisson-bracket (f, W) is also 
an integral. Shew that the equations must have the Hamiltonian form 


dq, 0H dp, - 0H o 
ono ae eo (GEA PF ban Oy 
(Korkine.) 


4, If a, =Constant, a,=Constant, ..., a,—=Constant, 


8,;=Constant, 8,=Constant, ..., ,—Constant, 
are any 2k integrals of a Hamiltonian system of differential equations, the variables being 
(Yi Yas +++) Ins Pi» +++) Pn), Shew that 
> Ga, Cay a daz, Of, ae OB; 
Ary ens Ae  OGAr OGas “”” OGaz Opa,“ Oar 
is also an integral. (Laurent.) 


= Constant 


5. Let the expression 

VECl CLPR BL aenemen ed) 
lab Jey soon EE > a 
( se ei ‘ n) i=1 0 (yi, a ee) ng) 

where H,, H,, ..., H, are functions of the ny variables x; (j=1, 2, ...,n; 7=1, 2, ..., v) 
be called a Potsson-bracket of the nth order. If G4, Gy, ..., Gy are hy functions of 
Yrr> Yigs «0-9 Yhu 3 Lz, Bygy 00+) Ly 3 Ay, Ag, ...) Ghy, Where (h4+k=n), and if 


P;(G) (i=1, Bue (7) 


denotes all the Poisson-brackets formed from every 7 functions G, shew that 


P,(G)=0 (i=1, lee 7) 


represents the necessary and sufficient conditions that the functions 


Yor= Lot (Hy, Lyqy 000) kv; Ay, Uy, «-- Ahy) (eS) ogy 168 US, PA soon 2) 


arising from the equations 
G,=0 (=, 2, eeey hy) 


shall satisfy the simultaneous partial differential equations of the first order 


‘ hy 
P;(y', F)=0 (i=1, Oa ye 


where P;(y", F) denotes the expression which is obtained when we replace / of the 
functions / in P; (F”) by as many 4s. (Albeggiani. ) 


6. A particle of unit mass whose coordinates referred to fixed rectangular axes are 
(2, y) is free to move in a plane under forces derivable from a potential-energy function 
F (2, y), the total energy being 4. Shew that if the orthogonal trajectories of the curves 

? 


1 0? 0? ; 1 ; 
ta) A +- a) log {h—f (#, y)} =Constant 
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are orbits, the differential equations of motion of the particle possess an integral linear and 
homogeneous in the velocities (#, 7). 


7. The equations of motion of a free system of m particles are 


2 
pak (s=1, 2, ..., 3m). 
If an integral exists of the form 

am 

> f,0;—Ct=Constant, 

s=1 


where f,, fo, +++» fgm are functions of 2, 22, ..., 3m, and C is a constant, shew that this 
integral can be written 


3m 3m 
> kghgt TD Ang (lp — L,4,) — Ct= Constant, 
s=1 rT, 8=1 
where the quantities /, and d,,. are constants. (Pennacchietti.) 


8. Two particles move on a surface under the action of different forces depending 
only on their respective positions: if their differential equations of motion have in 
common an integral independent of the time, shew that the surface is applicable on 
a surface of revolution. (Bertrand.) 


CLA EU Rive sal 
THE REDUCTION OF THE PROBLEM OF ‘THREE BODIES. 


154. Introduction. 


The most celebrated of all dynamical problems is known as the Problem 
of Three Bodies, and may be enunciated as follows: 


Three particles attract each other according to the Newtonian law, so that 
between each pair of particles there is an attractive force which is proportional 
to the product of the masses of the particles and the inverse square of their 
distance apart: they are free to move in space, and are initially supposed to be 
moving in any given manner ; to determine their subsequent motion. 


The practical importance of this problem arises from its applications to 
Celestial Mechanics: the bodies which constitute the solar system attract 
each other according to the Newtonian law, and (as they have approximately . 
the form of spheres, whose dimensions are very small compared with the 
distances which separate them) it is usual to consider the problem of deter- 
mining their motion in an ideal form, in which the bodies are replaced by 
particles of masses equal to the masses of the respective bodies and eccrine 
the positions of their centres of gravity *. 


The problem of three bodies cannot be solved in finite terms by means 
of any of the functions at present known to analysis. This difficulty has 
stimulated research to such an extent, that between the years 1750 and 1904 
over 800 memoirs, many of them bearing the names of the greatest mathema- 
ticians, have been published on the subjectt. In the present chapter, we 
shall discuss the known integrals of the system and their application to the 
reduction of the problem to a dynamical problem with a lesser number of 
degrees of freedom. 


* The motions of the bodies relative to their centres of gravity (in the consideration of which 
their sizes and shapes of course cannot be neglected) are discussed separately, e.g. in the Theory 
of Precession and Nutation. In some cases however (e.g. in the Theory of the Satellites of the 
Major Planets) the oblateness of one of the bodies exercises so great an effect, that the problem 
cannot be divided in this way. 

+ Of. the author’s Report on the progress of the solution of the Problem of Three Bodies in the 
British Association Report of 1899, p. 121. 
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155. The differential equations of the problem. 


Let P, Q, R denote the three particles, (m,, m2, ms) their masses, and 
(15) Tm, Te) LReIr mutual distances. Take any fixed rectangular axes Owyz, 
and let (41, q2, Ys)» (Ga Ys» Ys)» (Gr> Ys» Yo) be the coordinates of P, Q, R, respec- 
tively. The kinetic energy of the system is 


LT = $m, (G2? + Ge + 9s?) + Ms (Ge + Gs + Ge) + $s (G7 + Gs’ + 9s"); 
the force of attraction between m, and m, is k®m,m.7,-2, where Kk? is the 
constant of attraction: we shall suppose the units so chosen that #* is unity, 
so that this attraction becomes mm,7r,~*, and the corresponding term in 


the potential energy is —m,m,r.. The potential energy of the system 
is therefore 


Va MMs _ Ms, _ MyM 
fe ie Ts 
= — mms {(qs— 1) + (Gs — Ye) + (Ge — Go) + 
— mgm (Gr — Ga)? + (Gs — Ge)? + (Go — Gs) FF 
= MyM (Ga — Gs) + (G2 — 95)? + (Gs — Io) } 
The equations of motion of the system are 


‘ oV 
Mlle = — Fo (r=1, 2, -.,9), 


-where & denotes the integer part of $(r+2). This system consists of 
9 differential equations, each of the 2nd order, and the system is therefore 
of order 18. 


Writing Mr Gr = Dr (noel, 225 9% 


; 9 2 
and ET ge ee ee 
po Le 
the equations take the Hamiltonian form 
dqr_ 0H dp, __ 0H 
di. Opes | Ctgame cde 
and these are a set of 18 differential equations, each of the 1st order, for the 
determination of the variables (Gi, Quy 39 Qby Diy Dey a5 ay 


It was shewn by Lagrange* that this system can-be reduced to a system 
which is only of the 6th order. That a reduction of this kind must be possible 
can be seen from the following considerations. 


In the first place, since no forces act except the mutual attractions of the 


* Recueil des pieces qui ont remporté les prix de VAcad. de Paris, 1x. (1772). Lagrange of 
course did not reduce the system to the Hamiltonian form. 


_——————E <x 


155, 156] Problem of Three Bodies 329 


particles, the centre of gravity of the system moves in a straight line with 
uniform velocity. This fact is expressed by the 6 integrals 


Pit Prt Pr= th, 

Pot pst ps= as, 

leer Pe t+ Po = As, 

Gr + Msq4 + M3 G7 — (Pri + pst pr) t = Ae, 
Jo + M245 + MsY3— (P2 + Ps + Ps) t= My, 
MGs + MoGo + M349 — (Ps + Ps + Po) b= Ae, 


where aj, dz, ..., @ are constants. It may be expected that the use of these 
integrals will enable us to depress the equations of motion from the 18th to 
the 12th order. 


In the second place, the angular momentum of the three bodies round 
each of .the coordinate axes is constant throughout the motion. This fact 
is analytically expressed by the equations 

Fe EES EN Mig aie hatte 

aS ei i or cee ae 

3 Pi — Gi: Ps + Vo Ps — Ys Po + Yo Pr — Gr Po = MM; 
where a;, ds, a are constants. By use of these three integrals we may 
expect to be able to further depress the equations of motion from the 
12th to the 9th order. But when one of the coordinates which define the 
position of the system is taken to be the azimuth @ of one of the bodies 
with respect to some fixed axis (say the axis of z), and the other coordinates 
define the position of the system relative to the plane having this azimuth, 
the coordinate ¢ is an ignorable coordinate, and consequently the corre- 
sponding integral (which is one of the integrals of angular momentum 
above-mentioned) can be used to depress the order of the system by two 
units; the equations of motion can therefore, as a matter of fact, be reduced 
in this way to the 8th order. This fact (though contained implicitly in 
Lagrange’s memoir already cited) was first explicitly noticed by Jacobi* in 
1843, and is generally referred to as the elimination of the nodes. 


Lastly, it is possible again to depress the order of the equations by two 
units as in § 42, by using the integral of energy and eliminating the time. 
So finally the equations of motion can be reduced to a system of the 6th order. 


156. JSacobi’s equation. 
Jacobit, in considering the motion of any number of free particles in space, which 


attract each other according to the Newtonian law, has introduced the function 


4 3 Mg Mm; 9 
2 Tiss 
hig M 


* Journ. fiir Math, xxvi. p. 115. + Vorlesungen iiber Dyn., p. 22. 
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where m; and m,; are the masses of two typical particles of the system, 7;; is the distance 


between them at time ¢, I is the total mass of the particles, and the summation is extended 
over all pairs of particles in the system. This function, which has been used in researches 
concerning the stability of the system, will be called Jacobi’s function and denoted by the 
symbol &. 


We shall suppose the centre of gravity of the system to be at rest; let (x;, y;, 2) be the 
coordinates of the particle m, referred to fixed rectangulay axes with the centre of gravity 
as origin. The kinetic energy of the system is 


T=$2 mj (GP +9? +e"), 
uv 
and consequently we have 
IMT =(Sm;) x Sm; (472 +97 +2/). 
i i 


But (3m) x ln; 42 = (3m; Gi > M,M; (a; = 45)", 
a a 4 a,j 


where the summation on the right-hand side is extended over every pair of particles in the 
system: and we have 3m,;#;=O, in virtue of the properties of the centre of gravity. 
i = 


Thus we have i a = mymy {(e5— 42 + (Yi —9j)? + (& - 4) 
== ee > M,;M,;v;;7 
Arig ak Aa 
where v;; denotes the velocity of the particle m; relative to m,;. 
In the same way we can shew that 
4 rile (v2 +y2+27)=8. 
If now V denotes the potential energy of the system, the arbitrary constant in V being 


determined by the condition that V is to be zero when the particles are at infinitely great 


distances from each other, we have 
Va 3 mim 
ij Vij 


The equations of motion of the particle m; are 


‘. OV es OV OV 
Mt; = nae . MY = — Oy; ‘ N= —- . 


Multiply these equations by x;, y%, 2%, respectively, add them, and sum for all the 
particles of the system: since V is homogeneous of degree —1 in the variables, we thus 
obtain 


DM; (Xj X;+WY +%2;) = V, 
v 


a? hoe 6 9 r 
or —,, $=; @ +y7%+27)-27= } ) 
ait= i 
dh 
or —75 =27+ V. 
dt? “" 


This is called Jacobi’s equation. 
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157. Reduction to the 12th order, by use of the integrals of motion of the 
centre of gravity. 

We shall now proceed to carry out the reductions which have been 
described*. It will appear that it is possible to retain the Hamiltonian form 
of the equations throughout all the transformations. 


Taking the equations of motion of the Problem of Three Bodies in the 


form obtained in § 155, 

ag, Of dp, oH 

eae ice (r=1, 2,...,9), 
we have first to reduce this system from the 18th to the 12th order, by use 
of the integrals of motion of the centre of gravity. For this purpose we 
perform on the variables the contact-transformation defined by the equations 
_O W ret 
ae Opy ? ie a Fi fee 
where W=pyqi + pos + pss + Piqs + PsYs + Pode + (Pit Pst Pr) 

+ (Ps + Ps + ps) qs + (Ps+ Ps + Ps) Go 
Interpreting these equations, it is easily seen that (q’, q’, g;) are the 

coordinates of m, relative to ms, (qi, qs, Ye) are the coordinates of m, relative 
to ms, (G7, Ys, Yo) are the coordinates of ms, (1, px, Ps) are the components 
of momentum of m,, (p,', Ps, Pe) ave the components of momentum of m,, and 
(p,’, Ps, Po) are the components of momentum of the system. 


We ae PL eee) 


Ur 


The differential equations now become (§ 138) 


dq, 0H dp, pe teh (r=1, 2, ..., 9), 


dt dp,’’ dt) © 007 
where, on substitution of the new variables for the old, we have 
1 1 13 12 13 ( 1 1 '2 !2 12 
H= (Sr ar: 4 Ops hPs + \Om, ar Sa) (ps? + ps? + pe”) 


1 a / / if 
, 5 K 16 / 
aes {Pips + Pa Ps + ps Po + Pr? + 4ps” + 3ps° — Pr (pr + Pe) 
3 
/ / / ade if / 
— psi (pa + Ps) — Ps (Ps + pe')} 
— MMs 1947 ete Gua 6 Ys"} + M3 ™, He ar G34 =f qs?}—3 
2 4 /\9 \9 y /\2) -1 
— MMe {(qr' — Ga’)? + (Go — Ys)? + (Ga — Ge)? -#. 
Since gq’, qs, qs are altogether absent from H, they are ignorable 
coordinates: the corresponding integrals are 
p; =Constant, ps =Constant, p, = Constant. 

* The contact-transformation used in § 157 is due to Poincaré, O.R. oxxm. (1896); that used 
in § 158 is new, and appears worthy of note from the fact that it is an extended point-trans- 
formation, which shews that the reduction could be performed on the equations in their 
Lagrangian (as opposed to their Hamiltonian) form, by pure point-transformations. The second 
transformation in the alternative reduction (§ 160) is not an extended point-transformation, 


Another reduction of the Problem of Three Bodies can be constructed from the standpoint of 
Lie’s Theory ot Involution-systems and Distinguished Functions: ef. Lie, Math. Ann. vu. p. 282. 
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We can without loss of generality suppose these constants of integration 
to be zero, as this only means that the centre of gravity of the system is 
taken to be at rest: the reduced kinetic potential obtained by ignoration of 
coordinates will therefore be derived from the unreduced kinetic potential 
by replacing p,’, ps, ps by zero, and the new Hamiltonian function will be 
derived from H in the same way. The system of the 12th order, to which the 
equations of motion of the problem of three bodies have now been reduced, may 
therefore be written (suppressing the accents to the letters) 


dq, _ 0H dp, __ of - 
Wie dpr i! Dendin em.Od, Piao 


where 


H=(5 


ih 1 1 
aa ae 2 2 2 ee eas.’ m 2 2 2 
Tae ae (pi + ps +p) +( _ ) (pe + p+ pe) 


2m, 22m 
] 
+ — (pps + pops + PsPs) 
Mz : 
— mons (Qi? + qs + ge }—* — msm, [G. + Ge + Ges ~* 
— myms (G1 — 9s)” + (Ga — Ys) + (Gs — Ge)}* 
This system possesses an integral of energy, 
H = Constant, 
and three integrals of angular momentum, namely 
GoP3 — YsP2 + UsP6 — YoPs = A, 
UsP1 — VPs + WePs — GaPco = A, 
hh Po— oP + sPs— UsPs = As 
where A,, A,, A; are constants. 


158. Reduction to the 8th order, by use of the integrals of angular 
momentum and elimination of the nodes. 


The system of the 12th order obtained in the last article must now be 
reduced to the 8th order, by using the three integrals of angular momentum 
and by eliminating the nodes. This may be done in the following way. 


Apply to the variables the contact-transformation defined by the 
equations 
_OW ecole 
dr Op,’ Dr oq, 0 
where 


W = pr (qi COS Js’ — dz COS Ge SiN Ys) + Po (Qi SiN gs’ + Ge’ COS Qa" COS Ys.) + Pago’ SIN ge’ 
hy ay / He = hie / aad , , , ' , . 
+ p4 (qs COS Js — G4 COS Gg SIN Gs ) + ps (Qs SIN Gs + G4 COS Qs COS Qs )+ p64 SIN Q - 


It is readily seen that the new variables can be interpreted physically as 
follows: 
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In addition to the fixed axes Owyz, take a new set of moving axes Oa'y'z’; 
Ox’ is to be the intersection or node of the plane Oxy with the plane of the 
three bodies, Oy’ is to be a line perpendicular to this in the plane of ‘the 
three bodies, and Oz’ is to be normal to the plane of the three bodies, Then 
(q’, q2) are the coordinates of m, relative to axes drawn through m, parallel 
to Ox’, Oy’; (q;', q.’) are the coordinates of m, relative to the same axes; qe 
is the angle between Ox’ and Ow; q,’ is the angle between Oz’ and Oz; p/ 
and ps are the components of Pea nentutn of m, relative to the axes Oz’, Oy; : 
ps and p, are the components of momentum of m, relative to the same axes; 
Ps and p, are the angular momenta of the system relative to the axes Oz 
and Ox’ respectively. 

The equations of motion in terms of the new variables are (§ 138) 


dq, oH OD, sa) SOL, = 
dt ~ Op,’ dt tant (r=1) Des i 6), 
where, on substitution in H of the new variables for the old, we have 
1 1 12 Vs 1 / / ee / / , / / / 
H= ie an I 1 Da? + Ha (BGs — Pra Ga + Ps Qs — Ps Ys ) Ya CObYs 


(929s — M'qa 
+ Ds Va Cosec de + pias) 


+ (— - | Ps? + ps? toma {(pr' Qs — po Qi +Ps Ys — Ps Gs Ys cob ge’ 
De Oia) |e : * (n4 =a.) 


+ Ps Jo’ COSEC Ys + pii'*| 
1 / y t / 1 
+ Ms Pi Ps = Pe Ps (424s — Giga) 
{(py'o’ — Po Qi’ + Ps Gi — Pigs) Qa COb Gs + ps qu CoseC Js + P6 Qs} 
{(pr' qo — po qr + ps ds — Ps qs) Yo! COb Ys + Ps Go’ CoSEC Ys + pie | 


— mms (qs + Ys” 7? — mm, (qi? + qo") *§ — myMz (qi — 93)? + (Ge — qu)? “4 
Now gq; does not occur in H, and is therefore an ignorable coordinate ; the 
corresponding integral is 
ps =k, where & is a constant. 
The equation dq,/dt =d0H/dk can be integrated by a simple quadrature 
when the rest of the equations of motion have been integrated; the equations 
for g; and p;' will therefore fall out of the system, which thus reduces to the 
system of the 10th order 
dg, oH apy a eH 
dt op,’ Ci ee 0G, 
where p; is to be replaced by the constant / wherever it occurs in 1. 
We have now made use of one of the three integrals of angular momentum 
(namely p;’ =) and the elimination of the nodes:. when the other two 


° 


(r=1, 2, 8, 4, 6), 
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integrals of angular momentum are expressed in terms of the new variables, 
they become 
| (pq — pi Ge! + Pa'ds — Ps Qs) Sin qs cosec gg — k sin qs cot qs + Ps COS Ys = Aj, 
— (pq! — pi qe! + ps'qs’ — Ps Ga’) C08 Js cose qe’ + kk cos gs’ cot Ye + pe Sin gs = As. 

The values of the constants A, and A, depend on the position of the fixed 
axes Oxyz; we shall choose the axis Oz to be the line of resultant angular 
momentum of the system, so that (cf. § 69) the constants A, and A, are zero: 
the special wy-plane thus introduced is called the mvariable plane of the 
system. The two last equations then give 

k cos qe = px — py qe + Pigs — Ps Us 
De ae 0. 

These equations determine q, and p,’ in terms of the other variables, and 

so can be regarded as replacing the equations 


a a 
dt Op,’ dit, F  0eg 

in the system. The system thus becomes 

dy. = les Opa ost io: : 

dé’ Op,’ di 8g. cose 
where 
: flog oil ’ 
H= = alk Nene oe a ope Se 

2m, 2m; P P (Q2'Gs —H Qu) 


{(pi' Ge’ — Po’ Gi’ + Ps Ga — Pigs ) Cot ge + & cosec a] 


+ ont Sex) | 24 pe? + ce 
Ge 2M 7 re (qos =F N94) 


{(p1' Qo — Po'Qr’ + Ps Qs — Pugs) cot ge +k cosec at 


‘2 


Qa Ga 
(q293 —1%) 
(Pi Qa — Po qi’ + ps qs — ps'gs') cot ge + k cosec a? | 


it 7 / y vA 
ap [pip. a yon = 


Ms 


= MMs (Js? + Qu?) ¥ — mgm (Gr? + Ga?) — myms {qr — gs’)? + (Qe — GP }-F, 
and where, after the derivates of H have been formed, gy is to be replaced by 
its value found from the equation 
k cos Ye = Poh — Pr qr at Pras =i Ps Qa: 
Now let H’ be the function obtained when this value of gq,’ is substituted 
in H; then if s denotes any one of the variables q’, qo, Ys Qa) Pi> Po» Ps» Pa 


we have 
alt’ all , all ag% 
Os 1) Os hogs 
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But since p, =0, we have 0H/0q, =p, = 0, and therefore 
cs 
poet 0s ? 
in other words, we can make the substitution for q, in H before forming the 


derivates of H ; and thus (suppressing the accents) the equations of motion of 


the Problem of Three Bodies are reduced to the system of the 8th order 
di Op, Coe ~ 0Gp Ga. 2, 3, 4), 
where 


i 1 
les ee ia) (Pe + ps ) ah Ga +5) (ps +pa)+ = cere (Pips + P21) 


oN «4 E i 1 
= (Gos cal Gi0.) {see + in) e+ Ge +(50 li ) q22— 2 


2m, 2ms Ms 


{h? — (291 — P42 + Pads — p34) } 
= MyMs (qs? + Ge)~* — mgm, (G2 + g2)~* — Ms {((G% — Gs) + (Ge — Gs} 7?. 


Many of the quantities occurring in H have simple physical interpretations: 
thus (q2qs — 94.) 18 twice the area of the triangle formed a the bodies; and 


2m, M2Msz ( 1 i iE ) 2 ui 1 =~) 
Mm, + My + mM, |\2m, | 2m,/ 2 Grea 2ms (os a lh 


is the moment of inertia of the three bodies about the line in which the 
plane of the bodies meets the invariable plane through their centre of 
gravity. 


It is also to be noted that this value of H differs from the value of H when £ is zero by 
terms which do not involve the variables p,, 3, Ys, 4: these terms in & can therefore be 
regarded as part of the potential energy, and we can say that the system differs from the 
corresponding system for which / is zero only by certain modifications in the potential 
energy. It can easily be shewn that when / is zero the motion takes place in a plane. 


159. Reduction to the 6th order. 


The equations of motion can now be further reduced from the 8th to the 
6th order, by making use of the integral of energy 


H = Constant, 


and eliminating the time. The theorem of § 141 shews that in performing 
this reduction the Hamiltonian form of the differential equations can be 
conserved. As the actual reduction is not required subsequently, it will not 
be given here in detail. 


The Hamiltonian system of the 6th order thus obtained is, in the present 
state of our knowledge, the ultimate reduced form of the equations of motion of 
the general Problem of Three Bodies. 
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160. Alternative reduction of the problem from the 18th to the 6th order. 


We shall now give another reduction* of the general problem of three 
bodies to a Hamiltonian system of the 6th order. 


Let the original Hamiltonian system of equations of motion (§ 155) 
be transformed by the contact-transformation 


/ ow aw * 
Ur mr Pr= FG, (r=1, OF ae 
where 
W = py (G— %) + Pe (Ys — G) + Bs (Ys — 
{Ma + wats) , ( _MGat male) 
uae (4: M, + Mz Por Re MM, + Ms 


, ai ; 
+ Ds @ oa —* i male) + Dp; (mn + M294 + sr) 
1 2 


a Ds. (m, Jo + M245 + Mss) = Po (m, 3 + Mog t+ Ms qs)- 
The integrals of motion of the centre of gravity, when expressed in terms 
of the new variables, can be written 
Gr = 4s =o =P; =Ps = Ps = 9, 
and consequently the transformed system is only of the 12th order: sup- 
pressing the accents in the new variables, it is 


dg dH. dp, 0H (r=1, 2, .:., @ 


dt * 0p, dic 0g, 


where 


fiz s- (Pt + ps’ +P) +50 af SPE + ps? + pg’) — Mz (Gy? + Ga? + 3?) 4 


(Q.Ga+ 929s + 99a) 


= 2 2 ee 
GE {a “ a i Hoes My ce May 


My 


y (qe + qo +a} 


\M + Mo 
— Mo™Mz \a¢ + Os +96 — my v7 Ms CAR + 295 + 9sYs) 
a -) +qr+qat" 
les +m. (qi' + Qa! + Qs ‘ 
ae _ mM, ,__ Ms (M+ Ms) 
M, +My’ My + ma+ M, 


The new variables may be physically interpreted in the following way: 
Let G be the centre of gravity of m, and m, Then (q%, q%, gs) are the 


* Due to Radau, Annales de Vc. Norm, Sup. v. (1868), p, 311. 
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projections of m,m, on the fixed axes, and (4, qs, qs) are the projections 
of Gm, on the axes. Further, 
Aq, 


bapa Pr (r= 1, 2,8), and pi t=p, (r= 4, 5, 6). 


The new Hamiltonian system clearly represents the equations of motion 
of two particles, one of mass w at a point whose coordinates are (q, qe; qs), 
and the other of mass py’ at a point whose coordinates are (q., qs, Js); these 
particles being supposed to move freely in space under the action of forces 
derivable from a potential energy represented by the terms in H which 
are independent of the p’s. We have therefore replaced the Problem of 
Three Bodies by the problem of two bodies moving under this system of 
forces. This reduction, though substantially contained in Jacobi’s* paper of 
1843, was first explicitly stated by Bertrand+ in 1852. 


We shall suppose the axes so chosen that the plane of zy is the invariable 
plane for the motion of the particles w and yp’, ie. so that the angular 
momentum of these particles about any line in the plane Ozy is zero. 


Let the Hamiltonian system of the 12th order be transformed by the 
contact-transformation which is defined by the equations 


i a8 


qr Op, 5) Pr Seng Og, (r = 1 2; eeey 6), 


where 
W =(pzsin gs + p: Cos gs’) Gy COS Gs + q' Sin gs’ {(p2 COS Ys’ — Py Sin Gg’)? + ps}* 
+ (ps SiN Jo + 4 COS Je) Go COS Qu’ + qe’ Sin qi {(Ps COS Ye — p, Sin Qe)? + pelt. 


The new variables are easily seen to have the following physical inter- 
pretations: g, is the length of the radius vector from the origin to the 
particle , qg.’ is the radius from the origin to p’, q; is the angle between q,’ 
and the intersection (or node) of the invariable plane with the plane through 
two consecutive positions of g,’ (which we shall call the plane of instantaneous 
motion of w), g, is the angle between g, and the node of the invariable plane 
on the plane of instantaneous motion of pw’, q; is the angle between Ox 
and the former of these nodes, gs is the angle between Ow and the latter of 
these nodes, p,' is wy’, Po 18 pqs, ps 18 the angular momentum of mw round 
the origin, p, is the angular momentum of w’ round the origin, p,' is the 
angular momentum of w round the normal at the origin to the invariable 
plane, and p, is the angular momentum of ’ round the same line. 


The equations of motion in their new form are (§ 138) 
aE ee in REO ieee eeey y ”6), 
dt op,’ dt 04; 


* Journal fiir Math. xxyi. p, 115. + Journal de math. xvi. p. 393. 


a) 


b 
bo 


W. D. 
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where H is supposed expressed in terms of the new variables. Let this 
system be transformed by the contact-transformation 

Welle oW 

) Sy meee =, 2, on Os 

Pr Dawe Tr Op, (r ) 


where 


iA / 


W = qs" (ps — ps) + qo" (ps + po) + Pi’ + Ga"Da' + Ys" Ds’ + Ys Ps 
The equations of motion now become 


dq, sor dp; Give H) i= 

dé ape? cpm (7 =1, 2; oa DP 
But H does not involve q,’, as can be seen either by expressing H 

in terms of the new variables, or by observing that gq,” depends on the 

arbitrarily chosen position of the axis Ox, while none of the other coordinates 


depend on this quantity. We have therefore 

pe =— 0H oq.’ =0, 80 ps =k, 
where k is a constant; this is really one of the three integrals of angular 
momentum. Substituting /& for p,’ in H, the equation 

Ge = 0H [ok 
can be integrated by a quadrature when the rest of the equations have been 
solved: so the equations for p,” and q,” can be separated from the system, 
which reduces to the 10th order system 
dq,” we oH dp,” oH ; 
Qiy =p.” dt 09," TA see 


, 5). 


We have still to use the two remaining integrals of angular momentum; 
these, when expressed in terms of the new variables, are readily found to be 
represented by 

qs’ — 90°, kp; =p, — pi; 
no arbitrary constants of integration enter, owing to the fact that the plane of 
ay is the invariable plane. 


The system can therefore be replaced by these two equations and the 

equations 

ag, OL. dp,” oH ; 

oat i apmmeryn Le oie si pes") (r= Ei 2, 3, 4) 

dt Op, dt 0qr : 
where, in this last set, q;’ can be replaced by 90° before the derivates of H 
have been formed, and p,” is to be replaced by (p,”*— p,”)/k after the 
derivates of H have been formed. Let H’ denote the function derived from 
H by making this substitution for p,”, and let s denote any one of the 
variables 91”, a’, Qs »,94 » 1) Pa» Ps, %% ; then we have 


OH’ oH , oH Op,” 0H , .,,0p,’ 0H 


ds Os + Bp? Os B94 1s. Bee 
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and it is therefore allowable to substitute for p,” in H before the derivates of 
H have been formed. The equations of motion are thus reduced to a system 
of the 8th order, which (suppressing the accents) can be written in the form 
dq, oH dp, _ 0H 
dt dp,’ di eiarag, 
where, effecting in H the transformations which have been indicated, we have 


1 : 1 i 
eo (v* <r) + Oy! (pi+ Es) — MMoqr * 


(r= 1; 2, 3,'4), 


2m —pe= pe... a -4 
271191 Ye kt—ps—p2. 2 - 
—M Ms Jar Sai (cos Jz COS Yg— oe s1n qs sings) + ae «| : 


The equations of motion can further be reduced to a system of the 
6th order by the method of § 141, using the integral of energy 


H = Constant 


and eliminating the time. As the reduction is not required subsequently, it 
will not be given in detail here. 


161. The problem of three bodies in a plane. 


The motion of the three particles may be supposed to take place in a 
plane, instead of in three-dimensional space ; this will obviously happen if the 
directions of the initial velocities of the bodies are in the plane of the bodies. 


This case is known as the problem of three bodies in a plane: we shall 
now proceed to reduce the equations of motion to a Hamiltonian system of 
the lowest possible order. 


Let (q%, q2) be the coordinates of m,, (q,, q4) the coordinates of m,, and 
(qs, qs) the coordinates of m,, referred to any fixed axes Ox, Oy in the plane 
of the motion; and let p,=m,q,, where k denotes the greatest integer in 
4(r4+1). The equations of motion are (as in § 155) 


dq, 0H dp, oH 
or hy = us =S— —— = 1 2, eeey 6 , 
hp > Gh GE Dane Cote 


where 


: , : 2 Oe 
H= Im, (pe ta pe) ah ae (pe + pe) a De (pe+pe2)—msms {(¢s—s)°-+(Qu—o)"} } 


2\—4 


— metry {(qs— Gs)? + (Yo — Y2)"} 4 — mates {(q1 — 92)? + (Go — G4)". 

These equations will now be reduced from the 12th to the 8th order, by 

using the four integrals of motion of the centre of gravity. Perform on the 
variables the contact-transformation defined by the equations 

oW pen Chit 

ie OD, , Pr = ag,’ 
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where 
W = pig + page + Pogs + pags + (Pit Pot Ps) Ys + (Pat Ps Po) Ge 

It is easily seen that (q,’, q’) are the coordinates of m, relative to axes 
through m, parallel to the fixed axes, (q;, q,) are the coordinates of m, 
relative to the same axes, (q;', ds) are the coordinates of m, relative to the 
original axes, (p,’, p.’) are the components of momentum of m,, (p,’, p,’) are 
the components of momentum of m,, and (p;’, ps) are the components of 
momentum of the system. 

As in § 157, the equations for q,, q, Ps, pe disappear from the system ; 
and (suppressing the accents in the new variables) the equations of motion 
reduce to the system of the 8th order, 


dq, 0H dp,__ 0H (r =1, 2, 3, 4), 


di. Gp,” di = 0g, 


where 


= ical u 2 i 7a 2 2 nag ; 
H=(5-+5,-) (p+ p.?) + (sa + Sma) (ps + pe) + 7 (Pips + P2Ps) 


— MMs (qe aF ge)? — M3M, (q? a8 sd — MM Mz (h Pa qs) + (qe = qs}. 


Next, we shall shew that this system possesses an ignorable coordinate, 
which will make possible a further reduction through two units. 


Perform on the system the contact-transformation defined by the equa- 
tions 
ow pel, 
= 5 _ — a r= 1AZeS ay, 
p= pm Fis Sane (r ) 
where 
W = piqr cos qs’ + poqr’ sin qu + pps (qe cos qu’ — Gs’ SiN qu’) + pa (Qe’ Sin qu’ + Qs’ COS Gg’). 
The physical interpretation of this transformation is as follows: gq,’ is the 
distance m,m;; q,’ and q, are the projections of m ym, on, and perpendicular to, 
myms; g, is the angle between mm, and the axis of «; p,’ is the component 
of momentum of m, along m,ym,; p.’ and p,’ are the components of momentum 
of m, parallel and perpendicular to mym,; and p, is the angular momentum 
of the system. 


The differential equations, when expressed in terms of the new variables, 
become 


dq, 0H dp...) "ol. 


a —S — — — 9 ¢ 
dt “ap? “dt ~~ aq, ahs 


where 


H= : + es ate i 1 IN 
( | f '9 aa (4 Md iv Do! Me ali” 4 ( Rice A ae ) J ly 
2m, Pi qu? (Ps Qs — Ps qs — ps) | + om + Sma (pr? + ps?) 


2m, 


+o. [ips Bs ( / ey ig = pi)| = mans( hal el 
mM, 1 Po qr Psa — Pods — Ps WgM’s (Qo Qs 


= Mg Qt — MyMs {(qr’ — qa’)? + gs} “4. 
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Since q,’ is not contained in H, it is an ignorable coordinate; the corre- 
sponding integral is p, =k, where k is a constant; this can be interpreted as 
the integral of angular momentum of the system. The equation ¢, =0H/dp/ 
can be integrated by a quadrature when the rest of the equations have been 
integrated ; and thus the equations for p, and q,’ disappear from the system. 


Suppressing the accents on the new variables, the equations can therefore 


be written 
dq, 0H dp, off it 
dt dp,’ dt Gat (r= 1, 2, 3), 


where 


1 
7 (Gn * im) [pe ji Poem Pads — bY te +(5-+ sa) (po? + 95) 


a ae 7 [PoP ats (PsG2 — P2493 — Hh — MyMs (G2? + qs) 4 
3 n 


= msm qa — MyM {(q — Go)? + Gs} 4 
This is a system of the 6th order; it can be reduced to the 4th order by 
the process of § 141, making use of the integral of energy and eliminating 
the time. 


162. The restricted problem of three bodies. 


Another special case of the problem of three bodies, which has occupied a 
prominent place in recent researches, is the restricted problem of three bodies ; 
this may be enunciated as follows: 


Two bodies S and J revolve round their centre of gravity, O, in circular 
orbits, under the influence of their mutual attraction. A third body P, 
without mass (i.e. such that it is attracted by S and J, but does not influence 
their motion), moves in the same plane as S and J; the restricted problem 
of three bodies is to determine the motion of the body P, which is generally 
called the planetocd. 


Let m, and m, be the masses of S and J, and write 


Take any fixed rectangular axes OX, OY, through 0, in the plane of the 
motion; let (X, Y) be the coordinates, and (U, V) the components of velocity, 
of P. The equations of motion are 

GX oF COG ol 
dt? ox’ ae oY’ 
or in the Hamiltonian form, 
dX _ 0H dY oH dU nol, dVeme co 
Oremus dt aV’ Ob eeaio Ae Giea Oy 
where H=}(U?+ V*)-F. 
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Since F is a function not only of X and Y but also of ¢, the equation 
H = Constant is not an integral of the system. 


Perform on the variables the contact-transformation which is defined by 
the equations 


A aarti oe oa ea Who ON 
0” eve moat 1 ey 8 
where W = U (a cos nt — y sin nt) + V (wsin nt + y cos nt), 


and n is the angular velocity of SJ. The equations become 
dex ok dy ok du 0K dv oK 
di song dba Out = dl de 4 tae Seg 
ow 


where (§ 138) K=H-— 


ot 
=1 (w+) +n (uy —va)—F; 
it is at once seen that # and y are the coordinates of the planetoid referred 
to the moving line OJ as axis of 2, and a line perpendicular to this through 
O as axis of y. Fis now a function of # and y only, so K does not involve ¢ 
explicitly, and 
K = Constant 
is an integral of the system ; it is called the Jacobian integral of the restricted 
problem of three bodies. 
Another form of the equations of motion is obtained by applying to the 
last system the contact-transformation 
Eells scl el Be 
Ty ROU 2 gis seule Otek se ae, OGG. MRE 
where W =, (u cos qo + U Sin qs). 


The new variables can be directly defined by the equations 
d 
n=OP, m=POS, p=S(OP), p=0P - (POX), 


and the equations of motion become 


dq, 0H dp, 0H eet o 
dt Op,’ dt —s aq, ee 


2 


where H=4(pe+®)—nmp—F, 


2 


Another form* is obtained by applying to these equations the contact- 
transformation 


oW ow 
=e a =~ = 9 
04, ; Op, (? 1, 2), 
a 12 9 $ 
where W = po got ie epee cs du, 
pr! (py! —(py'2= pa} eu bu pr 7) 


* Adopted by Poincaré in his Nowvelles méthodes de la Méc. Céleste. 
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where w denotes a current variable of integration. These equations can be 
written 


pe 2 1 ) , 

al eaieeers f ee peer ee =p, 

Pi ( qe: pw? P2= Pr) 
Tee be Ty 

aay fees py? Ps? , 2g, g’\} ; a 

gq, =cos™ 7 (- pg eqs “) » LY all Piey f > 
1 (1 if my ~r P) D 2 ~i 4 q Q2— COS 0-2) 
pi’ 


and it is easily seen that gq,’ is the mean anomaly of the planetoid in the 
ellipse which it would describe about a fixed body of unit mass at O, if 
projected from its instantaneous position with its instantaneous velocity ; q’ 
is the longitude of the apse of this ellipse, measured from OJ; p,’ is a*, and 
p2 is {a(1 —e*)}, where a is the semi-major axis and e is the eccentricity of 
this ellipse. H does not involve ¢ explicitly, so H=Constant is an integral 
of the equations of motion, which are now 

dq, 0H Say al 

dt ap,” ioe ts Saale 


Creel), 


If we take the sum of the masses of S and J to be the unit of mass, and 
denote these masses by 1 — w and yp respectively, we have 
2 it 
a 2 ae ype ti 
eS i (pt + qh a LE ey iy oe 
This is an analytic function of p,’, po’, qi’, q, #, Which is periodic in q’ and q’, 
with the period 27. Moreover, to find the term independent of uw in H, we 
suppose pu to be zero; since SP now becomes q, we have 


Thus finally, discarding the accents, the equations of motion of the restricted 
problem of three bodies can be taken in the form 


dq, _ OH dp, __ 0H co 
ag a ae eae 


where H can be expanded as a power-serves in pw in the form 
A= H,+ pH, + H+ ..., 


1 
and H, = —=—— Npr, 
2p," 
while H,, Hz, ..., are periodic in g, and qz, with the period 27. 


The equations of this 4th-order system can be reduced to a Hamiltonian 
system of the second order by use of the integral H = Constant and elimina- 
tion of the time, as in § 141. 
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163. Extension to the problem of n bodies. 


Many of the transformations which have been used in the present chapter 
in the reduction of the problem of three bodies can be extended so as to 
apply to the general problem of n bodies which attract each other according 
to the Newtonian law. In their original form, the equations of motion of 
the n bodies constitute a system of the 6nth order; this can be reduced to 
the (6n —12)th order, by using the 6 integrals of motion of the centre of 
gravity, the 3 integrals of angular momentum, the integral of energy, the 
elimination of the time, and the elimination of the nodes. 


MISCELLANEOUS EXAMPLES. 


1. Ifin the problem of three bodies the units are so chosen that the energy integral is 


1 l 1 ki 
2 2 2) — at 
(1? + V9? +23”) o5 ts Pst at a 


where 7,. is the distance between the bodies whose velocities are v, and 2, andif risa 
positive constant, shew that the greatest possible value of the angular momentum of the 
system about its centre of gravity is 3/2r. 

(Camb. Math. Tripos, Part I, 1893.) 


2. In the problem of three bodies, let @ be Jacobi’s function, let @ be the angle 
between any fixed line in the invariable plane and the node of the plane of the three bodies 
on the invariable plane, let 7 be the inclination of the plane of the three bodies to the in- 
variable plane, and let » be the area of the triangle formed by the three bodies. Shew that 


do _k 
dt ©’ 
Vode fo oe 1)4 


sintdt ~ \mymgmgn? 2) ” 


where & is the angular momentum of the system round the normal to the invariable 
plane. (De Gasparis.) 


3. Let the problem of three bodies be replaced by the problem of two bodies uw and p’ 
as in § 160: let g, and q, be the distances of » and ,’ from the origin: let g, and g, be 
the angles made by g, and g, respectively with the intersection of the plane through the 
bodies and the invariable plane: let p, and p, denote pg, and p'g, respectively; and let p, 
and p, be the components of angular momentum of » and yp’ respectively, in the plane 
through the bodies and the origin. Shew that the equations of motion can be written 

dq, of dj OH 
Zi aa Se eg ae 


where #=Constant is the integral of energy. (Bour.) 
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4, Apply the contact-transformation defined by the equations 


1 = (G4 G1)? + (G5 - 16)? + (Yo 90), 

92 ={(9r- HY? + (Gs — Ge)? + (Gq - 95), ' 

93 ={(41— G6) + (Ya— 95)? + (G3 90)¥8, 

Ya = Oy (M+ 492) +2 (Ga +195) +3 (G7 +298), 
Ys =C193 +6295 + C390, 

Jo =M M+ My G4 + M3975 

Y7 = 9a +My75+Ms Ys, 

Js = J3+ Mz 9g +Ms Io, 

1% (Ji +22) + Hy (G4 +295) + A (Gr +795) 


Zo By (G+ 2G2) + (G4 + tgs) + (Gr +298) ’ 
Br og,! 
Pierre on (r=0, 1, 2, ..., 8), 


(where 7 stands for /—T and a, a, ag, b,, bo, bs, C1, Cg) C3 are any nine constants which 
satisfy the equations 
A +a,+4,=0, b,+b,+b5=0, G4 +e,+¢3=0, — Myb3 — agb,=1) 


to the Hamiltonian system of the 18th order which (§ 155) determines the motion of the 
three bodies. 


Shew that the integrals of motion of the centre of gravity are 
96 = Vr = 4s =Ps = Pr = Ps =O. 

Shew further that when the invariable plane is taken as plane of zy, the variable p,’ is 
zero, and that the integral of angular momentum round the normal to the invariable plane 
is 

Ps 9g =; where / is a constant. 


Hence shew that the equations reduce to the 8th order system 
dq, OH dp, oH 


dt ~ op,? dt dgy’ 


(r=0, 1, 2, 3), 
where 


ig Maks 5 PaPs Ia t93°= 1" 


= 2 A 
BPP 2iMy Mz 1293 2m, 


MyM 
oi Ler 6 


1 Da! ; in , 
+3 — {pry (a, — 5199) +404} He (a3 — b3qo ya (dy — bao )} —2 
My q3 % 


Reduce this to a system of the 6th order, by the theorem of § 141. (Bruns. ) 


CHAPTER XIV. 
THE THEOREMS OF BRUNS AND POINCARE. 


164. Bruns’ theorem. 


(i) Statement of the theorem. 

We have seen (§ 155) that the problem of three bodies possesses 10 known 
integrals: namely the six integrals of motion of the centre of gravity, the 
three integrals of angular momentum, and the integral of energy; these are 
generally called the classical integrals of the problem. Each of them is an 
algebraic integral, i.e. is of the form 


F Gis Gas “+> Gor Drs Das «--y Do, t) = Constant, 
‘where f is an algebraic function of the coordinates (q;, go, «++; Go» Pis +++» Ps) 
and of ¢. 


Efforts have frequently been made to obtain other algebraic integrals of 
the problem of three bodies independent of these (i.e. not formed by combina- 
tions of them), but without success; and in 1887 Bruns* shewed that no 
such new algebraic integrals exist; in other words, the elasstcal integrals are 
the only independent algebraic integrals of the problem of three bodies. 


(ii) Kapression of an integral in terms of the essential coordinates of the 
problem. 
We shall now proceed to a proof of Bruns’ result, considering first those 
integrals which do not involve ¢ explicitly. 
The equations of motion of the problem may (§ 160) be written in the 
form 
dq, 0H dp, oH 
wf Paes ead 2 
Brie det ag . Cobo Oe, 
where 
H=T—U, 


1 2 21. 9,2 : 0, 7+ De 
Paz (hs + po? + 5”) + 9," \Ps + ps? + pe); 


* Berichte der Kgl. Stichs. Ges. der Wiss, 1887, pp. 1, 55; Acta Math. x1. p. 25. Cf. also 
Forsyth, Theory of Differential Equations, Vol. ur. (1900), Ch. xvit. 
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U = mm, (qi? + q+ a 


+m; |ae-bae+ iste Fe nas (194+ Go95+ 934s) ate a -) (q+ q2 s+qe)f 
5 4 
+ MyM, \4 e+ge+qe— = oa (Hat ats ta) + (5 Wee =) (at-tqe+ wh 1 
eee ally penis (m, + mz) 
M+ Mz’ My + My + Ms" 


We shall write Ha = bo = bs = M, Ms= Ms =Me=p'; 


6 2 
so that (yo a : 
r=1 2 [,. 


Let the coordinates of the three bodies be (q1’, q2, qs.)y (Gas Ys 9 )s (G7 s Ys» 90 )> 
and let mz,’ = p,', where k denotes the greatest integer contained in 4 (r+ 2): 
the integrals whose existence we propose to discuss are of the form 


0) (q’, qo» heresy, Qo » D Say) =a, 
where @ is an arbitrary constant and ¢@ is an algebraic function of its 
arguments. The formulae of § 160 enable us to express the variables 


Gis, On) Piss: P, as linear functions of (G15 G25 ©+-5°Gss Paste Do) > WE 
shall therefore, on making these substitutions in the integral, obtain an 
equation 


iG eG aels= <5) OnscDisie sae PE) = Gli t vac snnteosenties tives (2). 


If the integral ¢ is compounded of the integrals of motion of the centre of 
gravity, f will evidently reduce to a constant; if not, f will be an algebraic 
function of the variables (q,, ..., Ye, Pi, +--+» Ps)» We have to enquire into the 
existence of integrals, such as (2), of the equations (1). 


Gil) An integral must involve the momenta. 
We shall first shew that an integral such as (2) must involve some of the 
quantities p, Le. it cannot be a function of (q@, qa, ---, GJ) only. 
For suppose, if possible, that the integral, say 
TDs Gs oo Ge) = 
does not involve (p,, po, .-., Ps). Differentiating with respect to t, we have 


HKV= S of Fs S Of Pr 
= > i 


r=1 Or ea OG led ‘ 


and therefore the equations 


Oe ai Guesinen.; 6); 
Og, 
must be satisfied identically; that is, f does not involve (q, a, .--, qs), and 


so 18 a mere constant. 
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(iv) Only one irrationality can occur in the integral. 


As the mutual distances of the bodies are irrational functions of 
(91, Yar +++» Gs), the function U will be an irrational function of these 
variables, Denoting by s the sum of the three mutual distances, it is easily 
seen that the mutual distances can be expressed as rational functions of the 
seven quantities (q,, q2, ---, Ys, $); in other words, the irrationalities involved 
in the mutual distances are all capable of being expressed by means of the 
irrationality of s; we can therefore suppose that U is expressed as a rational 
furetion of (91, a, »--» Ge, 8) 


Now the function f is algebraic, but not necessarily rational, in the 
variables (gy, .--, Ye, Pir «++» Ps); let the equation (2) be rationalised, and let 
the resulting equation be arranged in powers of a, so that it becomes 


(GOS a" dy (M; q2> EO } G> Pris OO) Ps) aF a™* bo (h, Sms. de> Pry eoey Ps) So “<— 

+ bm (Gy +++» Yor Prs +++» Ps) =9---(3), 
where q,, do, ..., dm, are rational functions of (q, ..-, Ys, Pi, «+» Ps) If this 
equation is reducible in the variables (q,, ..., s, Pi, ---» Ps» 8), Le. if it can be 
decomposed into other equations, each of the form 


Galas (Gus oo05 Yay Dur > sun Par 8) hone Wp Oyalenas Gos Pur <=2n as 8) = 0-- a 
where W,, yo, ..., Wz are rational functions of (q, ..., Ys) Pi» +++» Ps» 8), then one 
of these last equations will give the value of a which corresponds to equation 
(2), and we shall consider this equation instead of (3). As the type of 
equation represented by (4) includes the type represented by (3) as a 
particular case, we shall suppose a to be given by an equation of the form (4), 
irreducible-im (q),...-5 Gs, Pisre--9 Da, 8) 

Differentiating with respect to ¢, and using equations (1), we have 
GP (ly; H) 4 ak* (es eis es (5), 
where (,, H) denotes as usual the Poisson-bracket of yy, and H. 


We shall first suppose that the expressions (y,, H), which are rational 


functions of (q), --., Ge, Pr» +++) Ps, 8), are not all zero. Then equations (4) 
and (5) have one or more common roots a, and consequently equation (4) is 
reducible im (41, qa, +++) Ye) Pry +++) Ps» 8); but this equation is irreducible, and 


therefore this hypothesis is inadmissible, and the quantities (W,, H) are all 
zero. This implies that all the coefficients (4, Wo, ..., Ww) in equation (4) 
are integrals of the equations (1): and hence the integral f can be com- 
pounded algebraically from other integrals, which are rational functions of 
(1, EE) Yo, Piy sees Pe 8). 

(v) Hapression of the integral as a quotient of two real polynomials. 

We need therefore henceforth only consider integrals of the type 


TNXG; Q25 eee, V6) Pis teey De, 8)=a Chee Abed She hNN Ce Opie wee (6), 
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where fis a rational function of the arguments indicated. The form of f can 
be further restricted by the following observation. If in the equations of 
motion we replace q,, p,, t by q,4*, pk, and th, respectively, where k is any 
constant, the equations are unaltered. If therefore these substitutions are 


made in equation (6), this equation must still be an integral of the system, 
whatever k may be. 


Now / is a rational function of its arguments: it can therefore be ex- 
pressed as the quotient of two functions, each of which is a polynomial in 
(Gas a> +++) Ye, Pry +++) Ps, 8) When in these polynomials we replace q,, p,, 8 
by q-k*, prk™, sk, respectively, the function f will (on multiplying its 
numerator and denominator by an appropriate power of k) take the form 

A,k? + A,kP14+...4+Ay 
iS Boki+ Byki + ...4+ By 


where (A), Aj, ...,.By) are polynomials in (q%, ..., 9s, Piy +++) Ps» 8). Since 
df/dt is zero, we have 


(Bok? + Bikt + .. +B) (F pie se) 
By 
—(A,k?+ A,kP 4+... +4) (GF ae ke +S) <0. 


Now k is arbitrary, so the coefficients of successive powers of & in this 
equation must be zero; and therefore 


dA, dB, 
ee ead 
dA, dA, dB, dB, 
bas cs ae ee ee car, 
= sete: dB, 
Deer Pet,” 

These (¢ +p +1) equations are equivalent to the system 
Waa li dA, TG Ag A By fg il dB, 
ah oh Lente ie tame © dt eo ot ee RE aha, 

from which it is evident that each of the quantities 
Aey ee, OB, B, 
Tee Age its A, man? eoocee ) A 


is an integral: and thus we have the result that any integral such as f can be 
compounded from other integrals, which are of the form 


Gate -2+> 46, Pr» Peers) 


: = Constant, 
G3(h: HE) Wo, Pry ++ G +, Pe, 8 
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where each of the functions G,, G, is a polynomial in its arguments, and is 
merely multiplied by a power of k when the variables q,, pr, s are replaced 
respectively by qrk?, p,k—, sk’. We need therefore only consider integrals of 
this form. 


It may further be observed that the functions G, and G, may, without loss 
of generality, be taken to be free from imaginaries. For if P and 7 denote 
the real and imaginary parts of an integral 


P +i = Constant, 
dP %dQ 


we have an +4 FES 0, identically. 

Since the differential equations are free from imaginaries, it follows that 
dP/dt and dQ/dt are free from imaginaries: and so dP/dt and dQ/dt must be 
zero separately. Hence P and Q are themselves integrals, and every complex 
integral can be compounded from real integrals. We shall therefore hence- 
forth assume that G./G, is free from imaginaries. 


(vi) Derivation of integrals from the numerator and denominator of the 
polynomials. 


It may be the case that the function G, is resoluble into a product of 
irresoluble polynomials in (p,, D2, .-.,; Ps), the coefficients in these polynomials 
being rational functions of (q1, q2,---, 6,8). Let w be such a polynomial, and 
suppose that it is repeated X times in (7,: and let y denote the remaining 
factors of G,, so that 


G, = WAX: 
When G; is irreducible, we shall of course have G, =, and y = 1. 
: d (G)\ _ 
The equation di fal = 0 


Ady ldy 1 dG, _ 


oes de de ase 
dete yp (1 Oa 1 ax 
ie eaves di rx a) 


Now dy/dt is polynomial in (p,, ..., ps), and y is also polynomial in 
(pi, +++, Ps), of order less by unity than the order of dy/dt. Also, y has no 
factor in common with G, or y. Hence we see that 


1 dG, _ 1 dy 
AG, dt ry dt 
must be a polynomial in (p,, ..., ps), of order unity: denote this polynomial 
by w: then we have 
dup _ 


dé =o. 
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It can be shewn in the same way that each of the other irreducible factors 
of G, satisfies an equation of this kind. Denote the various factors of G, by 
ap’ ab", ..., 80 that 


Gave iv Siler , 
and let the equations they satisfy be 
Pian Leon 
OOD NZ meg: PR ee 
then we have 
1dG, pd v dp” bettie ” 4 
G di oe a ar di +... =o +vo® +...=0 say, 


where » is a polynomial in (p,, ..., ps), of order unity, and rational in 
(G1; +++» Ys, 8). Thus G;, satisties the equation 
dG, 


ie 
and therefore (since G,/G, is an integral), G, also satisfies the equation 
dG, 
te = os. 


As G, and G, satisfy the same differential equation, we shall in future use 
¢ to denote either of them: so ¢ isa real polynomial in (py, ..., Pe, Gi, +++» Yer 8)> 
which satisfies the equation ¢ = w¢. 


Now ¢ is merely multiplied by a power of k when q,, p,, s are replaced 
respectively by q,k?, p-k™, sk’: since 


Egem sii 06 20), 


o=- = = = 

pdt rar \0Gr HM Opr 04, 
we see that w is multiplied by k—* when this substitution is made. It follows 
that » cannot contain a term independent of (p,, ..., ps), Since such a term 


would be multiplied by an even power of k; @ is therefore of the form 
@ = @)P, + @opot... + Me Pe, 

where each of the quantities w, is homogeneous of degree —1 in the quantities 
(Oven Gar): 

Further, let one of the terms in ¢ be of order min (py, ..., 5) and of order 
m in (q, ---, Ys, 8), While another term is of order m’ in (py, ..., Ps) and of 
order n’ in (q%, ..., Ys, 8): since these terms are multiplied by the same 
power of & when the above substitution is made, we have 


—m+2n=—m’ + 2n’, 


so m—m/’ is an even number. Hence ¢ can be arranged in the form 


d=htdtdit--.; 


where ¢, denotes the terms of highest order in (py, ..., Ps), $2 denotes terms 
of order less by two units in (p,, ..., p,) than these, and so on: and each of 
the quantities ¢, is a polynomial in (px, ..., Pe. Gy -++> Yo» 8), homogeneous in 


(pi, ---, Pe) and also in (qj, .-., 6, 8). 
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We shall now shew that when ¢, does not involve s, d can be made into an 
integral by multiplying it by an appropriate rational function of (qy, «+5 Ys)» 


For suppose that ¢, does not involve s: the equation 


d. 
a 
d 
or se fost = (@,p; + @.p,t ... + We Ds) (ho + hot «--) 
gives, on equating the terms of highest degree in (py, ..., pe), 
Fa 


Now q¢, may contain p, as a factor: in order to take account of this case, 
write 6, = ped), where ¢, does not contain p, as a factor, and where as a 
special case we may have k=0, ¢,=q. Substituting p,*¢, for ¢, in the 
differential equation, it becomes 

6 / 
a ) 
ee Lb 0dr (op, == wee + We Ds) do . 

Let ¢,” denote those terms in ¢,’ which do not involve p,; equating the 

terms which do not involve p, on the two sides of this equation, we have 
S Pedy” 


toe bby Od» = (@,pr + eee + Ws Ds) ge 


It may be that ¢,” is a mere function of q, go, ..., Js, Say equal to R; in 
this case we have 


LOR 
ie en wo, Cott Be ERS 
or B,®, =F (r= 1 eee 5), 
d therefore 0 ( = an ) deny i ‘ 
an age [ey Wy ~ ag, Mss (n, s= 12 x Oh 


Supposing next that ¢,” does involve some of the quantities (p,, ..., ps), 
it may involve p, as a factor: to take account of this case, we write 
dy = psy, Where ¢) does not involve p,; as a factor. The equation now 
becomes 

5 pr Ody 


ee, br 0dr =(o1 pi + te + s Ps) do . 


Let ¢,'" denote the terms in ¢,” which do not involve p,;: equating the 
terms which do not involve p, on the two sides of this equation, we have 


S Pr Oo” 


ee br 09r i (@; Py hss: OY) gu”. 
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Proceeding in this way, we ultimately arrive at the alternatives, that 
either 


0 ae 
ag, Mee») ~ Og (11), 


or else a function W exists, which is polynomial in q, ..., ds, Pi, P2, homo- 
geneous in q), ..., gs and also in p,, p,, and is free from any factors which are 
mere powers of p, and p,, and which satisfies the differential equation 


Bite | Payer _ 
ba 0m — Ms 0s ‘ ( Bee 2 P2) if 
Now let vb = apy! + bp,! + cpp, +... 5 


equating coefficients of p,’*t and p,’ on the two sides of the last equation, 
we have 
1 da 1 ab 


@2 


icc Ogi 2 ead O92" 


@) 


The quantities a, b,c,... are polynomials in (q), qo, .-., ds): they may have 
a common polynomial factor Q, so that 


a=aQ, b=0’'Q, ete. 


Let yp’ =a'p! +.b'p! + cp! po + ...; 
so that v= QW’. 
Then 


a (eeby ped) el (2 Ove ae el a oq ee: a) 
vy’ fa 0m be 0qs AV) by 0m Pe 0qs Q by 0g be 04s 


/ / 
= @ Pi + @, Po, Say, 


h na MGs nul 
where Oe pw Og: ’ OD, = bbs b’ 042 > 
OW’ Po OW" , : 
ai in Os Be = (on pa sp.) 
The left-hand side of this equation is a polynomial in (q%, qs, ..., Yo, 


Pr, p2); but if a’ contains q, then , contains a’, or some factor of it, as 
a denominator. Hence W’ must contain a’, or some factor of it, as a factor. 
But this is inconsistent with the supposition that a’, b’, ..., have no common 
factor. Hence a’ cannot involve g,; and therefore @,’ is zero. Similarly 
@> 1S Zero. 


Sho He ele? 
AD 7 Ona? unde 


0 0 
and therefore ai (1) = a, (fy @2). 


Ww. D. Yo 
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Similarly we can shew in general that 


0 0 
04» (Ms @s) sy Os (H,@,); 


and hence we can write 
o = Lok 
bh, @, = R Or ) 


where & is some rational function of (q@, qo, ..+, Ys)» 


Thus we have 


SD, On 
Oupicr Oe Rares topa nae 
_§ 1 aR dg, 
Te hk 0g dt ’ 
ld@ 1dk 
or Ses SS 
gdt RK dt’ 
and therefore Catan 


Thus ¢ can be transformed into a constant, by multiplying it by an 
appropriate rational function of q, qo, ++-, Qs, namely 1/R; which is the 
required result. 


If therefore the terms ¢, in G, and G, do not involve s, we can transform 
G, and G, into integrals, by multiplying them by appropriate rational functions 
of (41, Ya, +++» Ys); and hence, if it can be shewn that the terms ¢, in G, and G, 
do not involve s, we shall have the result that any algebraic integral of the 
problem of three bodies can be compounded from integrals which are poly- 
nomial in (1, pa, ---, Pe) and rational in q, qs, ---, Qe, & 

(vii) Proof that $y does not involve the irrationality s. 

The case in which ¢, involves s is not included in the above investiga- 
tion. We shall however now proceed to shew that no real function ,, which 
satisfies an equation 

S Pr Oho 

feck Br 0”, 
can involve s; and hence that the functions ¢, occurring in our problem do 
not involve s, so that the above result is quite general. 


=(@, pit... + @5 Ps) po; 


For suppose that a function ¢, exists, which involves s and satisfies the 
above differential equation. When the 8 values of s are substituted suc- 
cessively in dy, o) will take a number of distinct values; let these values be 
denoted by ¢y', gy’, ...; they satisfy equations of the form 


6 t ee " 
~ Pr Opy gE de 1 i Pr Ody Wy 

os 00,. cd f ’ aah boy 0 ==) O yeery 
ral Mr CF r=1 Mr Cr 
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where o’, w”,... are the values of when the values of s corresponding to 
fo, po’, ... respectively are substituted in it. 


Let @D oo; gobo by”. ae 
Then we have 


1 & p,d®_ & p./1 dg, 1 ad,” 
LS SY mal go Ps s 7) 
® r=1 br Or r=1 br ho 0g» ri De 09 e 


where 2) is a linear function of (p,, po, ..., ps), the coefficients being rational 
functions of (q, YJ, ---, Ye) 


Now ®, from the manner of its formation, is a rational function of 
(G15 qe) +++ Ya), not involving s: and it is clearly a polynomial in (p,, po, .-., Ps)- 
So we can apply to ® the results already obtained, which shew that (on 
multiplying ® by some rational function of q%, qs, ..., ds) is zero, and 
therefore that ® satisfies the equation 

LS 


Sa 0. 
r=1 Mr 0g; 


This is a partial differential equation for ®: there are 6 independent 
variables, and 5 independent solutions can at once be found, namely the 


quantities (22 — bP.) Reet ss (2 BPs) It follows that ® is a function 
bi be bi He 


only of the quantities 


(easy (cae 


th by th ie ), Pus Do srey Dee 


Now the factors of ® differ from each other only in that different 
roots s are used in their formation: so when such a relation exists between 
(G1, Ya» +++» Qe) that two of these roots s become equal to each other, then 
two factors of ® will become equal to each other; hence if ® =0 be regarded 
as an equation in p,, at least two roots will become equal to each other. 
When this relation 


TAG; Yay +++5 qa) =9 


Brista between (4, G2, ---» Ys), We Shall therefore have 0@/dp,=0; and similarly 
0®/dp., .-., OB/dp, will each be zero. 


Since ® is homogeneous in (p,, po, ..., Ps), the equation 
PE eer cp, 0 
Pr Op, Ds Chats Le ODs 


is equivalent to b=0: so ®=0 does not constitute an equation independent 
of the equations 0P/dp, = 0, ..., OB/dp, = 0. 


23—2 
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If small variations are given to the variables which satisfy the equa- 
tion ©=0, their increments are connected by the equation 


ab 
= (= 8q,+ Sp.) =0; 
= (ag, but Hp, P 


but if (@,, Gay «++» Yer Pir «++» Pe) Satisty the equations 0@/dp, = 0, this equa- 
tion becomes 


S OD eal 
T= 1 OY ¢ 


and this relation between the increments 6q, must therefore be equivalent 
to the relation 


8 af 
og, = 0. 
ee 4 
Hence the equations 
Of leg _ flog _ _ Of [04s 
o@/oq, OP/dq, “"' O®/dq,’ 


are consequences of the equations 0®/dp,=0; and so, since > 2 ae is Zero, 
r=1 Pr 


we have (for sets of values of q, G2, +++, Ys, Pi, ++» Ps Which satisfy these 
equations) 

SPF _o 

r=1 Pr 0g, 


The equations f =0 and 3 * 3 Z =0 are therefore algebraically deriy- 
r=1 Pr r 


able from the equations d@/dp,=0. Now the actual values of (q, ..., gs) are 
of no importance in this algebraical elimination; so we can replace q, by 
(q+ prt/u,) in all the equations: and thus we see that the equations 


f (a+ +i er Pst) =0, 


eater ee 
a, by mel Soin t, >A + Mes , 


are algebraical consequences of the ed 
0 t 
Op, D(H, cory Ye) Pi teey Ps) — Ly ro cd) (hi; aeey Gs Pr» assy fe) = 0 
(rs 1 oa) 8). 


Hence the result of eliminating ¢ between the equations 


he vee Get +Pt) = 0, 


0 ws 4 Ps 
Lot fate t, it) Ge + mt) = 0, 
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must be an algebraical combination of the equations 


0 t a 
ap, D (Gry +++) Yor Prs aD aa ane ACh sey Yor Dis +++) Ps) =O 
(Rao ne OF 
Now one such algebraical combination of these equations is 
® (M eee, W6, Pry oer Ps) =0; 
for it can be derived by multiplying the equations by (p,, ..., ps) in turn, and 


adding them. We shall shew that it is the eliminant which has just been 
mentioned. 


For let the eliminant in question be denoted by VW; then the equation 
ow pe 
> (5 840+ 5— Op.) = 
peg: Ir + dp, Pr 0 


must be a combination of the equations 


r= ays 
6 6 
aa se i bp, inh) Ses (84, + = dp, +2284) =0 
r=1br 0 r=1 s=1br 09,04s bs Bs 


Since the oe equation involves é¢, we see that it cannot enter into the 
combination : and so we must have 
OW/og, OV/0q. dV /dge ov + ov 
aflog = fl0q2 Af /Gu” OP, Mr OF 
The identity of these equations with those which have already been 
found for ® shews that the equations ®=0 and V=0 are equivalent. Hence 
® = 0 is the eliminant of the equations 


F(n+e fey b, see, qe + * t) =0, 
and at (ne Pry +P t)=0 
ot res t, ay YW + Le ° 

Now the equations f(q%, qs, ---, Ys) =9, which are the conditions that the 


equation for s may have equal roots, can easily be written down: and this 
result enables us then to find all possible polynomials &, and hence, by 
factorisation of ®, to find all possible polynomials ¢y. 

The 8 roots s are the 8 values of the expression +7,+7,+75, where 
71, T2, 7; denote the mutual distances: so we may have two roots s equal as 
a result of any one of the equations 


=O, t=O 7,=0, m=ty, BH try Bet, aAkbwrnm=. 
The equation 7, = 0 gives 
Qi? + Ge? + Gs” =0; 
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BA) (a4 BY + (aM) a0 
(a+ Sf ee + (43+ oh , 


and the eliminant of 


d t\? 
| and (2+ oe (a+ 2) + (m+) } =o, 
. Pee ae Die es eee ) e (‘Ps YoPo UPS)’, 
ae a + + 3 
7 (qi + 9+ 9s!) Ge ag pn? Peay PSS 


so the value of ® arising in this connexion is 
Ges (Be fe UB) 4 (22s ish Pals)’ 4 (22 i hPa\’. 
He bg Ps be Pi B3 / 


this expression is not resoluble into real factors, and therefore no real 
polynomials ¢, can arise from this source. 


A similar result can be deduced in connexion with the equations 
7,= 0 and 7,= 0, 


Consider next the equation 


T2= E175; 
it can be written in the form 
Go + qe + ge + (Gs + G95 + 904s) + (=) (Gh? + 93° + Qs") 
= G8 +98 + Ge — Fe (Ga + 40 + $090) + es a aE -) (qi? + go + 9") 
DE 2 (Gi dat 94s + 9395) — a sar os (G2 + qo? + qs") = 0. 


Replacing q, by (q+ p,t/u,), and forming the discriminant with respect 
to ¢ of the equation thus obtained, we find 


= {2 (194+ 924s + 934) oe 7 (q,2 + qo" + Js" | 


My, = Mg 
(Be 4 PaPs Eafe) Fable Ll (2 pee Bt 
bikty Bolts bsfbe M+ My \My By Meg ) 
oy {Be is WPi 4 Q2Ps5 cs YsP2 a Y3P6 op UsPs i Mm — Mg (Be se Q2P2 rs allt 
M4 hy bs ba He Bs M+ My \ My be Ms 


This expansion cannot be factorised into polynomials ¢,, linear in 
(p1, Pa +++» Ps); 80 no functions ¢, can arise from this source. 


Similarly it can be shewn that no polynomials ¢, can arise in connexion 
with the equations 7,=+7,, 1=+ 7%. 
Lastly, the rationalised form of the equations 
rtrm+rs=0, 
is (re —ri+ ry? — 4rer2= 0. 
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When 7, is zero, this case reduces to that which was last discussed: and 
since the polynomial ® is not resoluble in this special case, it cannot be 
resoluble in the general case. 


Thus finally, no real polynomials dy, involving s, can exist. 


Summarising the results obtained hitherto, we have shewn that any 
algebraic integral of the differential equations, which does not involve ¢, is 
an algebraic function of integrals ¢, each of which can be written in the 
form 

fot hat dit «os, 

where ¢) is a homogeneous polynomial in the variables p, say of degree k, 
and a homogeneous algebraic function of the variables g, say of degree J: 
¢; 18 a homogeneous polynomial in the variables p, of degree (k— 2), and 
a homogeneous algebraic function of the variables g, of degree (J— 1); ¢, is 
a homogeneous polynomial in the variables p, of degree (k—4), and a 
homogeneous algebraic function of the variables g, of degree (J— 2); and 
so on. 


(vii) Proof that ¢ ts a function only of the momenta and the integrals 
of angular momentum. 


We shall now proceed to shew than an integral ¢, characterised by these 
properties, is an algebraic function of the classical integrals. 


The equation 


pane ile = 5 (Ea 


dt PUNT COne Op O Dy 
gives on replacing ¢ by ¢,+ ¢.+ ¢, ..-, and equating terms of equal degree, 
yap es 
r=1 Or br 


Qe S Obs Pr Ope oU 
ea Or br Opry Oy 


Ce ee 


re 


decbape fetn a 
ja eee 
r=1 0dr br Opy Ogy 


The first of these equations is a linear partial differential equation for $5 
which can at once be solved, and gives 


by =fo (Pa, lighe a7sia'9 Pas Dt; Pa eue'y D8) 


(Pipes ee G= 2,8, «.:,.6). 


here 
- faa Pr 
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Let the expression of , in terms of the variables q,, P2,.-., Ps, pis --+> Ps: 
be | go: =fa(h, fash, Ps, peek 5s Dis poor ale 


we have 


Ofe _ ods 3 Od. 04, where q ata? , PPG 
09, 0G, 7=2 0, OG)’ ost Mr Pa 
an Ode = obs eel aly 
=~ +> 
GG, “pls 09> fee 
pi Fz y Br Pe _ 5 OT 


ee Pa Oth acer Hr Od, =1 Op, 6 Or 
ca we have 
Op) OU 
=x (P2, 1 peed i 6> Pr» ++ “pel [ez 1 Op, 04, dq, 


so there can be no logarithmic terms in | Xdq,, where 


6 
=> = ae expressed in terms of g,, Py, -.«, Pe, ti; --+5 es 


=(Ly 3 Hwy, $ (Hw aw 
Op, eon l s ba 0d rad Oly oF. By 0g, 
as Ge aed te ae (tS 2 2) 


Pat OD, Oger? brag OD y kz OGy Oe Oded = 


If V denotes the expression of U in terms of the variables 


1; ae US) i ah Pis eee, De, 


we have 


The terms in X which may give rise to logarithmic terms in [Xa are 


now seen to be 


S oh {ee Prh ¥ OV p. , Gp 2V) 


ra OF, ii Heian OP, by dy Hy OP,) ’ 


so the terms which may be logarithmic in | Xdq, are 


Pr fo LA of, Pr Ps 0 
2 Pe oe [Pag +3 & abe PPT [asVag 


LORS Ee 
<< ( 
fn 9 OF, fap, Ore [avac. 


Now V is a sum of three terms, each of the form (A + Bg, + Cq,)-}. 
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Taking each of these terms separately, we have for the transcendental part 
of the last expression 
oe an 20q +B 


r=2 OP, fpDi\V—C (B?— 440)! 


_$ s fe MeP ee i OB engi FB 
r=2 s=2 GE, by bs Pi 20V —C CaP, (Be 4A C0)! 
Die ao th oli) CB yay 2CatB 


7r=2 OP, ppp 20V — C eEY (B? — 440) 


Thus for each of the fractions (A + Bq, + Cq,2)-}, we must have 


ps ese ee ry ee ese te 8 
pas OL. PrP. r=2 s= ms oP, Br bs Pi OL. r= = Cie. Br Ha 2 4p, 


= 0. 


Now for the first of these fractions, namely (q,° + q.2 + qe)-%, we have 


VA ae fay” (P2+P), 4B= by P> ps 2 by Ps Ds Cale * Ps, Maps" 
py : bePy MsPy : be Dp bsp" : 
so the first of the three equations will be 
fy? po" Ha" Ps a Pe) : ofo Spne ofp Pr (pro , pr" ps" 
et PE ag = ( arise 
( fey Py bs py see ees BrPi r=2 OF, PrDi \poe py meee) 
e: ( Paps , ofo MPs) 
Olvs [bo Pi OP bs Pi ‘ 


: Ofo Pr _ Ofo Maps Ho Pips\ _ 
ne ae OP» pr (oP. fy’ * AP, bs" ) u 


or (since py = fle = Hs) 


and on solving this equation we see that /, is a function of 
Pi, Par +++) Po» TI Es (149s — D54s)s and (P44 — DsQa): 


Since the three expressions (A + Bg,+ Cq”) are linear functions of the 
three quantities (q.? +g? + 93°), (ids + G95 + 929s) (Ge? + 4s + 90’), We can for 
our present purpose replace them by these three quantities: so the second 
expression (A + Bq, + Cg’) may be taken to be (q:Q4+ %9s+ 99), OF 


2 1 541 Ps 3 Ps. 6 
(4 4 HPs a) 5 (ee nee (ee ep 4s) %: ie 34 Pi a) (AP 4 EP wat) 
Pi FE Pi Pi Pr Pr Mp Pi Pr Pi KP 
so for this expression we have 


Be (ile® vi uP sp: a wel Ps h pPops Hp wP SPs 
P1 Pr MB Py Pr Mh PpPr 
ps as MPoPs a Eris 
Lp, be ‘py Mb Ppr 
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and the corresponding equation is 


& (PaPs— PaPs) + oe (PsPs— Prps) + wee 3 "— ps) 


+h (te — par) +3 fo fs (a — PBs) =O voeeeesceee (B). 


The third expression (A + Bq, + Cq,°) may be taken to be g?+ 93+ 4; 
the corresponding equation proves to be the same as equation (A), and may 
consequently be neglected. We have therefore only to consider equations 
(A) and (B): simplifying (B) by means of (A), they may be written 


Ofo Of Ofo _ 
Dap Leap Pop 


0 0 0 
(P2Ps— PrPs) a + (pips Pips) — Dp; ( r %. + po ab +Ds oh) =0; 


these equations are obviously algebraically independent ; and the Jacobian 
conditions of existence are satisfied identically for them, since the coefficients 


of the derivates - ; do not involve the quantities P. These two equations 


therefore form a ee system, with 5 independent variables P,, P;, Ps, 
P;, Ps: so there must be 5—2=8 independent solutions, and any other 
solution will be a function of these three solutions and of py, po, .-., Pes 


It is easily verified that three independent solutions are 


Pps — Pspo+ Psps— Peps, 


Vege + Pyps— Psp, 
— Pyp, + Pips— Psp, 
or DL/e, pPM/p, pN/m, 
L = Q2Ps— 9sP2+ YsPs— GPs, 
where M = 93P1 — GPs + UPs — WaPo, 


he G1 P2 — VoPi + YWsPs — Usa, 
and the three equations 
L=Constant, M=Constant, WN =Constant, 


are the three integrals of angular momentum of the system. We have 
therefore the result that oy is a function of L, M, N, py, po, ..+, Ps only. 


(ix) Proof that $, is a function of T, L, M, N. 


Since ¢,, when expressed in terms of qy, qo, +++) Ye» Piy «++» Ps iS a poly- 
nomial in p,, p», ..-, Ps, it is clear that @) is a polynomial in its arguments 
L, M, N, p,, ...,. We shall write 


$, =G(L, M, AU Pi, Feey Da)s 


164] The Theorems of Bruns and Poincaré 363 


dpe Geog dp, § 0G.0U 
dt pai Opp Gt par OP, OG’ 
and the equation for f, is 
i 
Sr=x (Pa, TE eye eee +> Po) — BS ot [Pedau 


where Y, stands for 0U/0q,, supposed expressed in terms of q,, Po, ..., Py, 
Pi, +++) Ps. We have therefore 


A oo 


so we have 


(ag ov OV py  p, OV 0G p, OV set de 
Y,dq: = [By S fr) (DOSE en iret GLE 
ee r=1 2 | Pi lap, ie Ver Br Ka OP, Ops i ak Bi of; Ops 
fy, OG [OV OV (eG mp, a 
=— — |~—d 2 
P: Op, J OG: ea OP. ae MD, OP th 


_h4 eG Ss 2 _ ba Pr ad 0 [vag 


ne, Op, Opr PrP Op, OP, 
_ fy OG M,My 
Pi Op, 4 (A+ Bo, + Ca’)? 
0B oB 0A eS) 
ie (-24 55 - Bap ee or + 2091 =p 


OPr PrP ap.) a (B— 440) (A + Ba, + Cg?) ; 
where the symbol > indicates summation over the 8 values of the expression 
(A + Ba + 0’). 

Now the term y(P,, ..., Ps, ti, ---, Ys) cannot give rise to terms 
involving (A + Bg, + Cq,”) in the denominator: so the quantities multiplying 
each of the expressions (4 + By, + Cq,’)! must themselves have the same 


character as ¢,, Le. they must be polynomial in (p,, ..., ps) when expressed 
in terms of (q,, qo, «++, Ye, Pr» +++» Ps) We see therefore that the expression 


aB aB aA aA 

= ses Se gee lly eae 
mice. & aera pa OE Pe OP, OP, 
r=2 


Pr Op, Or PrPr OPr B— 440 
must be a polynomial in (py, ..., ps), when expressed in terms of (py, «.., Ps; . 
hh, +++, Ge) Taking first A+Bq,+ Co2=¢q"+4+ 924+ 9,7, this expression 
becomes 


Pi OP, r= \OPr — for Pr Or 
yg Pr iw (Pod Pi) +h (Popa t+ Pops)} + Pr (ou (Pops + Pops) +4 (Pri + pst + Psd} 
2 (pr P+ prP? + (p.Ps— psP2)°} 
or (omitting a factor pw) 
1G & (tae 7 
Pi Op, r= ise 


ols ee. (<e Habe 2 


OP, — rr OP, 
ye Pets (qe? + 93") — P2192 — 319s} + (9 Pi — Ped) (Pith + Ps qa + Pos) 
* Qs {G21 — Por)? + (421 — Ps)” + (29s — Ps J2)”} 
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2 {(GoP1 — GPa)” + (G2P1 — GPs)” + (GsP2 — GPs)’} 


The last fraction must therefore represent a polynomial in p,, Po, -.-» Ds; 
so the denominator must be a factor of the numerator. 


OG pape ae a 


Lag 
Pi Op; 

0 G 0G 
e (Gees ) (= pogs?— PQ? + P11 92t PsHo4s) + & are 0 =) (—psqe?— Ds? + Ys Pit YsGoPo) 5 


Op, Mop Op, Ops PsPi Op, 
are polynomials in LZ, M, N and involve q,, q2, q; only by means of L, M, NV; 


so either they contain no terms in q;, g2, gy—in which case the denominator 
cannot be a factor of the numerator—or else they contain some terms free 
from 4), G2, Ys—in which case also the denominator cannot be a factor of 
the numerator. The condition can therefore only be satisfied by supposing 
that 


Now G is a polynomial in L, M, NV, so es d (2 MPs ae 


0G inp 2G _ 9 2G _ mp 3G _ 


Op, fn OD, = OD, PAD, OD, 


As might be expected from considerations of symmetry, the conditions 
arising from the other sets of values of A, B, C give 


OG Fat Ee eee (r=4, 5, 6). 
OP, MrPr OPr 
The function G therefore satisfies these five equations, which are 
evidently a complete system of five independent equations with six inde- 
pendent variables, and consequently possess only one independent solution ; 
this solution is easily found to be 


S Pst ) Orede 

s=1 2ps 
The function G therefore involves (p,, ..., Pg) only by means of the expression T: 
and since @ is polynomial in (py, ..., ps), it must also be polynomial in 7’. 


Since ¢, is homogeneous in (q, qo, «++, G,), aNd also in (p,, Po, .-., Ps), and 
the expressions (1, M, N) are each linear in (qm, ..., @), while 7’ does not 
involve (q1, ..., gs) and is of degree 2 in (p, ..., ,), it is clear that if 7’ is 


involved in q, at all, it must be as a factor: so we can write 
dy =h(L, M, N) 7, 
where / is a homogeneous polynomial in its arguments. 
(x) Deduction of Bruns’ theorem, for integrals which do not involve t. 


The equation which determines the function / is 


Fo= (Pay ees Pos Bas +s Ds) — = =— U. 
1 
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But we have 
pa OG _ py OG or iad 
prop, prorl op, 


mh L, M,N) Tr, 

and therefore 

So=X (Pa, .-+) Pos Mis ++, Ds) — m h(L, M,N) T™ U. 
Thus . 


hb=h+b2t+ dit... 
pete MN (OU) Ay (Ps, «05 Pes Pus ++) Po) Pat Oe vee: 
The integral ¢ can therefore be compounded from two other integrals, 
namely : 
1° the integral h (L, M, N)(7’— U)”, which is itself compounded from 
the classical integrals, 
and 2° the integral ¢’, where 
b = ho) +h: + hi t.. 
and Pte VA bastante dag Din seeks); 


m(m—1 


oy =o. — Sa h(E, M,N) T™0 


: m (m— 1 —2 
bi = ho 7 (m2), (L, M, N) Td, 


i i a 


But ¢’ is an integral of the same character as ¢, except that its highest 
term, ¢,, 1s of order two degrees less in (pf, ..., p,) than the highest term, 
dy), of d. Now we have shewn that ¢ can be compounded from the classical 
integrals together with the integral ¢’. Similarly ¢’ can be compounded 
from the classical integrals together with an integral ¢” which has the same 
character as , but is of order less by 4 units than ¢ in the variables p. 
Proceeding in this way, we see that ¢ can be compounded of the classical 
integrals together with‘an integral ¢™, whose order in (py, ..., p,) 18 either 
unity or zero. If ¢™ is of order unity in (py, ..., ps), then in the equation 


b” =, =h (L, M,N) Th 


we must evidently have k=0; in this case, therefore, 6” is compounded of 
the classical integrals. If ¢” is of order zero in (p,, ..., p,), 1b is a function 
of (q, ---, GJ) only : but we have already shewn that such integrals do not 
exist: and so in any case ¢ can be compounded algebraically from the 
classical integrals. Hence we have Bruns’ theorem, that every algebraic 
integral of the differential equations of the problem of three bodies, which does 
not involve the time, can be compounded by purely algebraic processes from the 
classical integrals. 
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(xi) Extension of Bruns’ result to integrals which involve the time. 

We now proceed to consider those algebraic integrals of the problem of 
three bodies which involve the time explicitly. 

For this purpose we shall take the equations of motion as a system (§ 155) 
of the 18th order: we have therefore to investigate integrals of the form 


MPCs; Ua; 3285 Os Dive = Dat) =e, 
where / is an algebraic function of its arguments, and a is a constant. 

The function f is not necessarily rational in its arguments. Let the last 
equation be rationalised, so far as the variable t is concerned, so that it can be 
arranged in the form 

OA aah, (Gi, 0205 Gon Pir «105 Post) +O “hs (Gry om Gon Das «-n0' Day 6) eae 

+ dm (Gis +++) Jos Pir +++, Po, t) =0, 
where the functions ¢ are rational functions of ¢ and algebraic functions of 
their other arguments (q;, ..-, Yo, Pi, +++, Ps). This equation may be supposed 
irreducible in ¢, ie. such that it cannot be factorised into other equations 
which are of lower degree in a@ and are rational in ¢: for if it is reducible, 
we can suppose it replaced by that one of its irreducible factors which 
corresponds to the original equation f=a. 


Differentiating with respect to ¢, we have 
qr dd, dds dbm =() 


m—2 “2 aim 
dit (udp ay 


Now the quantities d¢,/dt, when expressed in terms of (9, ,Qo,-.-,Qo,P1,+++) Dast)s 
are rational functions of ¢: so that the previous equation would be reducible 
in ¢if this equation did not vanish identically. It follows that this equation 
does vanish identically: that is, 


dp, 
ss =0 (r=1, 2, ..., m). 


The expressions ¢, are therefore themselves integrals: and hence the 
integral f can be compounded from other integrals }, which are rational 
Junctions of t and algebraic functions of (qr, «++5 Gor Pir +++ Do) 

Let such an integral ¢ be resolved into factors linear in ¢: so that it can 


be written 
P (t= di) (t= $a). (C= $)™ 
(6 — Yr)™ (b= a)™... (= rr)™ 
where (P, gy, 2; -.., be, Wi, +++) Wr) are algebraic functions of (Gay +++ Yor Piss ++5 Dy) 
Since this expression is an integral, we have 


tae Mm, dd, mM, ddy n dy 
pat cea Lee Sa ae eee eee ee Vo 
ai cera re eral! iets A os 
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Che a d dvb, d ; 
When ap “Ps sires oe ue he Oe are replaced by their values (P, 1), 


(¢:, H), ..., (Wi, H), this equation must become an identity: but this can 
happen only if 


dP _ doy _ db, _ dy, dy 
=0, 1-S=0, ..., e=0, 1-i=0, ..., 1-H = 


i.e. if each of the expressions 
iP; t— ¢d,, t— dr, eee, t— dx, t—vh, tery t—wW 


is an integral. Hence any algebraic integral of the problem of three bodies 
which involves t can be compounded (1) of algebraic integrals which do not involve 
t and (2) of integrals of the form 

® 


t— } = Constant, 
where p is an algebraic function of (G1, Ys, +++ Yo» Pry +++) Po): 


Now it is known that 
_ mn + M244 + M347 
Pit Pst Pr 


is an integral: hence any algebraic integral of the problem, which involves f, 
can be compounded of 


t = Constant, 


(1) algebraic integrals which do not involve ¢; 


(2) integrals of the form 
_ mn + Moq4+ M3 G7 


? Pit Pat Pr 
where ¢ is an algebraic function of (qi, ..., Yo, Pry +++» Po); and 


= Constant, 


(3) the classical integral 


_ mh + M44 + M397 
Pit Pst Pr 


t 


But the integrals in classes (1) and (2) are algebraic integrals which do 
not involve the time; and hence, by the result already obtained, they are 
combinations of the classical integrals. 


Thus finally every algebraic integral of the differential equations of the 
problem of three bodies, whether it involves the time or not, can be compounded 
Srom the classical integrals. 


Bruns’ theorem has been extended by Painlevé*, who has shewn that every integral of 
the problem of 2 bodies which involves the velocities algebraically (whether the coordinates 
are involved algebraically or not) is a combination of the classical integrals. 


* Bull, Astr. xv. (1898), p. 81. 
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165. Poincaré’s theorem. 


We shall next establish another theorem on the non-existence of a certain 
type of integrals in the problem of three bodies, which is in many respects 
analogous to that of Bruns, and was discovered in 1889 by Poincaré*. 


(i) The equations of motion of the restricted problem of three bodies. 


In the restricted problem of three bodies, the equations of motion of the 
planetoid can (§ 162) be written in the form 


dq, 0H Op, aol 


dt. 0p. +. dbs. 0g. ii 
where H=H,+pH,+wH+..., 
a 
HS rere 


and H,, H,, ... are periodic in q, g2, with period 27. 
The Hessian 


OO, cl, 
Op; O0p,0pe 
CH, OH, 
Opi0p, Ops? 


is evidently zero: as this circumstance would prove inconvenient in the 
proof of Poincaré’s theorem, we shall modify the form of the equations so as 
to obtain a system for which the corresponding Hessian is not zero. 


Write H?= K, and let H =h be the integral of energy; then we have 


dq. 10K dp, 10K 
dt 2hap,’ “dé hq, ae 


and therefore, taking a new function H equal to K/2h, we can write the 
differential equations of the restricted problem of three bodies in the form 
dq, 0H dp, _ oH 
at ope Gian code 
where for sufficiently small values of «, A can be expanded as a power-series 
in the parameter p, 
Hee HH, + wH, + 2H, + eee) 


1 ND» 
and 2hH, = —— + — + np." ; 
4p, pe ; 
the Hessian of H, is not now zero, and (H,, Hy, ...) are periodic in q, Qo, 


with period 2rr. 


* Acta Math, x11. (1890), p. 259. Nouv. Méth. de la Méc. Cél. Vol. 1. (1892), p. 233. 
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(11) Statement of Poincaré’s theorem. 


Let ® denote a function of (q, qo, Pi, Po, #) Which is one-valued and 
regular for all real values of q, and q, for values of ~ which do not exceed 
a certain limit, and for values of p, and p, which form a domain D, which 
may be as small as we please; and suppose that ® is periodic with respect to 


gq, and qg,, having the period 27. Under these conditions the function ® can 
be expanded as a power-series in p, say 


@ =O, +n, + wd, + ..., 


where ®, ®,, ®,, ... are one-valued analytic functions of (q%, qs, Pi, Pa)s 
periodic in g, and q. Poincaré’s theorem is that no integral of the restricted 


problem of three bodies eaists (except the Jacobian integral of energy and 
integrals equivalent to rt), which is of the form 


® = Constant, 


where ® is a function of this character. The proof which follows is applicable 
to any dynamical system whose equations of motion are of the same type as 
those of the restricted problem of three bodies. 


The necessary and sufficient condition that @=Constant may be an 
integral is expressed by the vanishing of the Poisson-bracket (H, ®); so that 


(Hp, ,) + fe {(A,, ®,) at (Ay, ®,)} +e {(H,, ®,) oc (,, ®,) aia esky ®,)} +,..=0, 
and therefore CE ®,)=0 


(i, ®,) a (H,, P,) = 0. 


(iii) Proof that ®, is not a function of Hy. 


We shall first shew that ®, cannot be a function of H,. For suppose 
a relation of the form ®,= Ww (H,) to exist. From the equation H, = H, (p,, p2) 
we have on solving for p, an equation of the form p,=0@(H,, p.), and @ will 
be a one-valued function of its arguments unless 0H,/dp, is zero in the 
domain D. Replacing p, by its value @ in the function ®, (q%, qo, pi, Ps), We 
have an equation of the form 


D, (h> 2, Pr» Pry=v (> Y25 Jinks. Pa) 5 


and as ®, is a one-valued function of its arguments, Wy will be a one-valued 
function of (q, %2, Hy, p2); but by hypothesis, the function y depends only 
on H,. It follows that w is a one-valued function of H,, so long as the 
variables p,, p. remain in the domain D, and provided off »/Op, 18 not zero in D; 
or more generally provided one of the derivates dH,/dp, and 0H,/op, is not 
zero in D, a condition which is evidently satisfied in general. Since f is a 
one-valued function, the equation w(H)=Constant will be a one-valued 
integral of the differential equations, and therefore ®— yy (H) = Constant 
will also be a one-valued integral, and will be expansible as a power-series in 


Ww. D. 24 
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uw: it will moreover be divisible by yu, since ®, — yy (H,) is zero. If then we 
write 
D(H) = ee, 

the equation &’ = Constant will be a one-valued analytic integral: writing 

D’ = D+ pO! + WP, + ..., 
the function ®,' will not in general be a function of H,: if however it is 
a function of H,, we perform the same operation again, thus arriving at 
a third one-valued analytic integral, whose part independent of w will not in 
general be a function of H,; and so on. It is evident that in this way we 
shall ultimately obtain an integral which does not reduce to a function of H, 
when p is zero, unless ® is a function of H, in which case the two integrals 
H and © are not distinct. 

If, therefore, there exists an integral ® which is one-valued and analytic 
and distinct from H, but which is such that ®, is a function of H,, we can 
always derive from it another integral, of the same character but such that 
it does not reduce to a function of H, when wu vanishes. We can therefore 
always suppose that ®, is not a function of H,. 


(iv) Proof that ®, cannot involve the variables q,, qo- 


If the function ®, involves the variables q,, q., then since it is periodic in 
these variables we can write 
®,= = Zt Me et(matmg~) — > Ase a) t, 
My, M2 M,, M2 
where m, and m, are positive or negative integers, z denotes V—1, the 
quantities Am,,m, are functions of p,, p., and € represents the exponential 
co-factor of Am,,m,. Since Hy does not involve q, g., we have 


aH, 0®, 
_(H,, ©) = Ho®® , 2H. 2®, 


Op 0g, ' Ops qa’ 
But we have 0®,/0q,= = im,Am,,m,§ so the equation (H,, ®,)=0 


My, Mz 


becomes 


oH, oH, 
= vee Mg (m, Op of Mag Op ) C= 0, 
My, Mg 1 ‘[/2 


and therefore (as this equation is an identity) 


Ae Mg (mS oH, a. My —) a 0. 
Op, Op 


‘9 


Hence we must have either 


Am,m,=9 or m0H,/dp, + m,0H,/dp, = 0 
he latter alternative is possible 7 whe é f 
but the latter alternative 1s possible only when m, and m, are both zero, or 
when the Hessian of H, is zero, which is not the case. It follows that all 
the coefficients Am, m, are zero, except 4,,; and consequently ®, does not 
involve the variables qg, and qq. 
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(v) Proof that the existence of a one-valued integral is inconsistent with 
the result of (111) in the general case. 


Consider now the equation 
(H,, ®,) + (Hy, ®,) = 0, 
2 0®,0H, 2% 0H,o®P 
or 3S, 0 1 er 0 1 
r=1 Op, 04; r=1 Op, "dr 
As the functions H, and ®, are periodic with respect to q, g., they can 
be expanded in series of the form 


= 0. 


i; => > ome Mg et (mai + moq2) — = Bn Mo g, Say, 


My, Mg My, Mo 
®, ay = Chessy @' (ma, + msds) = 2 Cray ¢ 
M1, Mo My, Mg 


where m, and m, are positive or negative integers, and the coefficients Bm, m, 
and Om,,m, depend only on p,, p.. We have therefore 


Uli ver. of, 
= Ser 
Og, v oe TA 2, & Og, v Sn Crane Mm, (S 
2 2 
so the equation > De TREE eH OsS 0 


r=1 Op, 0g, bey OPr 09, 
2 
becomes & Bum, ¢(3 = ee ) ab Ae c(= ee) = 0, 
M41, Mz OD, M1, Mz Op, 
or (since this equation is an identity) 
0®, OD,\ _ 0H, 0H, 
Japs, Me (m Op, + Mg ee ae Cx m, (1m Op ° +m 2 me o 

This equation is valid for all values of p,, p.: and therefore for values of 

p, and p, which satisfy the equation 
1 Op, Mos oe 


=0, 
we must have either 
Bing, tq =9, OL m,0®,/p, + m, 0P,/Op, = 0. 

We shall say that a coefficient B,,,, becomes secular when p,, p. have 
values such that m,0H,/0p, + m,0H,/op, = 0. 

As H is a given function, the coefficients Bm, m, are given. In the general 
case of dynamical systems expressed by differential equations of the kind we 
are considering, no one of these coefficients will vanish when it becomes 
secular, and we shall take this case first: so that the equation 

m, OP, /dp, + mz 0®,/dp, = 0 
is a consequence of the equation m,0H,/0p, + m,0H,/dp, = 0. 

Now let ,, / be two integers: suppose that we give to p, and p, values 

such that the equation 
OH ol, 
ip Hoes 


24—2 
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is satisfied. We can find an infinite number of pairs of integers m,, m, such 
that m,k,+m,k, is zero: and for each of these systems of integers the 
expression m,0H,/dp, + m,0H,/dp, is zero, and consequently 
m, 0®,/dp, + Mz OP, /dp, 

is zero. Comparing these two equations, we have 

0H, jop, _0H,/op. 

d®,/dp, o®,/dp, ’ 
so the Jacobian 0(H,, ®,)/0(p., 2) is zero for all values of p,, p. for which 
0,/dp, and 0H,/dp, are commensurable with each other. Thus in any domain, 
however small, there are an infinite number of systems of values of p,, p, for 
which this Jacobian is zero: as the Jacobian is a continuous function, it must 
therefore vanish identically, and consequently ®, must be a function of H,. 
But this is contrary to what was proved in (iii), and therefore the funda- 
mental assumption as to the existence of the integral @ must be erroneous; 
that is, the Hamiltonian equations possess no one-valued analytic integral 
other than H =h, provided no one of the coefficients By, », vanishes when it 
becomes secular. 


(vi) Removal of the restrictions on the coefficients Bm, m+ 

We have now to consider the case in which at least one of the coefficients 
Bmny,m, Vanishes when it becomes secular. We shall say that two pairs of 
indices (m,, m,) and (m,’, m,’) belong to the same class when they satisfy the 
relation m,/m,’=m,/m,, and that in this case the coefficients By, », and 
Binj, mz belong to the same class. 

We shall first shew that the result obtained in (v) as to the non-existence 
of one-valued integrals is true provided that in each of the classes there is at 
least one coefficient B,,,,m, which does not vanish on becoming secular. For 
suppose that the coefficient By, m, 18 zero, but the coefficient By: mm, is not 
zero. If p,, p. have values such that m,0H,/dp, + m,0H,/dp, is zero, we have 
m 0H, /Op, + m 0H,/op, = 0, and consequently 


= 0; 


a 
Ops 
and although the relation m,0®,/dp, + m,d®,/dp,=0 cannot be inferred from 
the former of these equations, it can be inferred from the latter: the proof is 
in other respects the same as in (v). 


[ sy, Oo ) rf ( dP, 
Dears ma op. +My ae 0, Biny, mg! | Ma ap, + Mm, 


Now a class is completely defined by the ratio of the indices m,, m,; let 
» be any commensurable number, and let OC be the class of indices for which 
m,/m,=). We shall say for brevity that this class O belongs to a given 
domain, or is in this domain, if a set of values of p,, p, can be found in this 
domain such that 


oH, , oH, 


ig Op, OP, 
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We shall shew that the theorem is still true if in every domain 8, however 
small, which is contained in D, there are an infinite number of classes for 
which not all the coefficients of the class vanish when they become secular. 


For take any set of values of p,, p,, such that for these values we have 


Suppose that > is commensurable, and that for the class which corresponds 
to this value of 4, all the coefficients of the class do not vanish when they 
become secular: the preceding reasoning then applies to this set of values, 
and-so for these values of p, and p, the Jacobian 0(H,, ®,)/0(p1, ps) is zero. 
But, by hypothesis, there exists in every domain §, however small, which is 
contained in JD, an infinite number of such sets of values of p,, p2.. The 
Jacobian consequently vanishes at all points of D, and therefore ®, is a func- 
tion of H,; so, as before, there exists no one-valued integral distinct from H. 


(vii) Deduction of Poincaré’s theorem. 


In the four preceding sections, we have considered equations of the type 


aces dp, __ 0H (r=1, 2), 

dt Op, dt 0gr 
in which H can be expanded in the form 

H=H,+H,+H,+..., 
where the Hessian of H, with respect to p, and p, is not zero, H, does not 
involve g, and q,, and H,, H,, ... are periodic functions of q@, q2: and we have 
shewn that no integral of these equations exists which is distinct from the 
equation of energy and is one-valued and regular for all real values of g, and 
Qo, for values of » which do not exceed a certain limit, and for values of p, and 
p2 Which form a domain D; provided that in every domain, however small, 
contained in D, there are an infinite number of ratios m,/m, for which not all 
the corresponding coefficients By», m, vanish when they become secular. 


This result can be at once applied to the restricted problem of three 
bodies: for we have seen in (i) that the equations of motion in this problem 
are of the character specified, and on determining the function H, by actual 
expansion we find that the last condition is satisfied. Poincaré’s theorem 1s 
thus established. 


This theorem has been extended by Poincaré to the general problem of three bodies: 
ef. Nouv. Méth. de la Méc. Cd. 1. p. 253; it has also been extended by Painlevé, C. 2. oxxx. 
(1900), p. 1699, who has shewn that no integrals exist which are one-valued and analytic 
in the velocities and involve the coordinates in any way. 


CHAPTER XV. 
THE GENERAL THEORY OF ORBITS. 


166. Introduction. 


We shall now pass to the study of the general form and disposition of the 
orbits of dynamical systems. For simplicity we shall in the present chapter 
chiefly consider the motion of a particle which is free to move in a plane 
under the action of conservative forces, but many of the results obtained can 
be readily extended to more general dynamical systems. 


It has already been observed (§ 104) that the determination of the motion 
of a particle with two degrees of freedom under the action of conservative 
forces is reducible to the problem of finding the geodesics on a surface with 
a given line-element; an account of the properties of geodesics might 
therefore be regarded as falling within the scope of the discussion. Many of 
these properties are however of no importance for our present purpose: and 
as the theory of geodesics is fully treated in many works on Differential 
Geometry, we shall only consider those theorems which are of general 
dynamical interest. 


The principal results which have been obtained hitherto relate to periodic 
orbits (§§ 167-171), to the stability of a given orbit (especially of a periodic 
orbit) with respect to small displacements from it (§§ 172-176), and to the 
stability of a given group of orbits with respect to the time, i.e. the question 
as to how far the orbits preserve their general character after the lapse of a 
very great time (§§ 177-179). 


167. Periodic solutions. 


Great interest has attached in recent years to the investigation of those 
particular modes of motion of dynamical systems in which the same con- 
figuration of the system is repeated at regular intervals of time, so that the 
motion is purely periodic. Such modes of motion are called periodic solutions. 
The term periodic solution is also used in cases where a relative rather than 
an absolute configuration is periodically repeated: thus in the problem of 
three bodies, a solution is said to be periodic if the mutual distances of the 
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bodies are periodic functions of the time, although the bodies may not neces- 
sarily occupy the same absolute positions at the end of a period as at its 
beginning. 

Considering specially the motion of a particle in a plane or on a fixed 
smooth surface under the action of conservative forces, it is evident that a 
family of periodic orbits will exist in the neighbourhood of each position of 
stable equilibrium of the particle, namely the orbits corresponding to the 
normal vibrations of the particle about this equilibrium position. If the 
position of equilibrium is unstable, it may happen that the periods of both 
the modes of normal vibration are imaginary, in which case no periodic orbits 
exist in the vicinity, or that the period of one of the modes of normal 
vibration is real, in which case these real normal vibrations give a family of 
periodic orbits: these orbits will evidently however be unstable, whereas the 
orbits in the neighbourhood of the position of stable equilibrium are stable. 


168. Poincare’s normal variables for a known pertodic orbit. 


The equations which define a periodic orbit are most conveniently ex- 
pressed in a form due to Poincaré*. 


Let the motion of the dynamical system considered be defined by the 
equations 
dq, 0H pao H, 
(=) =—_— = O 
dt dp,’ . dt 0G, (ad 2); 
where the function H does not involve the time ¢ explicitly ; and let 


h=hlt), p=de(t), D=WO), p=) 
be the equations which define a known periodic orbit of this system. There 
is clearly no loss of generality if we suppose the coordinates (qj, q2, 1, Pz) to 
be such that after the lapse of a period the variables q, q., p: resume their 
initial values, while p, increases by 2zr. 


From these equations ¢ can be eliminated: let the result of the elimination 
be written in the form 


Oi = 0, (p2), qo. = 6, (Da), i= 0; (po), 
so that the functions 6,, 6,, 0, have the period 27. 


Perform on the system the contact-transformation defined by the equations 
OW 

= aes ’ P,= : 
OD, od. 


where 
ee: dé, (p.) 
W =Q2P2+ Qs p1 + p18; (po) — Q1 95 (po) + | 4 (po) — 0; ( poo) dps dp. 


* Nowvelles Méthodes de la Méc., Cél, 11. p. 369. 
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The equations of this transformation can be written 


Qi = 1 — 9 (pr); 


cise 
P= py — 6, (p2), 
PIs ps 


The equations of motion of the dynamical system, in terms of the new 
variables, are 
dQ. 0 dP oH 
pias vig Sa 5a =1,2 
di 2p, tu, dé aQ, arta 
and from the above equations of transformation it is evident that the periodic 
solution is now defined by the equations 


Q=0, 0,=0, F,=0, Po=v. (0). 


This form of the equations of the orbit will be called Poincaré’s normal form. 


169. A criterion for the discovery of periodic orbits. 


We shall now shew that the existence and position of periodic orbits can be 
determined by a theorem* analogous to those theorems which furnish the 
position of the roots of an algebraic equation by considerations depending on 
the sign of expressions connected with the equation. We shall for simplicity 
suppose the dynamical problem considered to be that of the motion of a 
particle of unit mass in a plane under the action of conservative forces: the 
result can be extended to more general systems without difficulty. 


Let (a, y) be the coordinates of the particle at time ¢, referred to any 
fixed rectangular axes in the plane, and let V(z, y) be its potential energy 
function, so that the equation of energy is 


4 (+9) + V (a, y)=h, 
where / is the constant of energy. 


The differential equations of motion of the particle form a system of the 
fourth order, and their general solution consequently involves four arbitrary 
constants. One of these constants is, however, merely the constant additive 
to ¢, which determines the epoch in the orbit, so there are only 2° really 
distinct orbits. This triple infinity of orbits can be arranged in sets, each 
containing a double infinity of orbits, by associating together those orbits for 
which the constant of energy has the same value h: such a set of 2? orbits 
can be defined analytically by the principle of least action (§ 100), namely 


* Whittaker, Monthly Notices R.A.S, uxt. (1902), p. 186. 


+ For the extension to the restricted problem of three bodies, ef. Monthly Notices R.A.S. 
Lx. (1902), p. 346. 


Ss 
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that the orbit between two given points (a, y) and (a, y,) is such as to make 
the value of the expression 


[ &- Ve yp (aay + yy 
stationary as compared with other curves joining the given terminal points 
(&», Yo) and (a, Yi)» 


Consider any simple closed curve C in the plane of xy; and let another 
simple closed curve C’ be drawn, enclosing C and differing only slightly from 
it. We may regard C’ as defined by an equation of the form 

Sp = $(%)s 


where dp is the normal distance between the curves C and CO’ (measured out- 
wards from C, and consequently always positive) and ¥ is the inclination of 
this normal distance to the axis of a Then if J be the value of the integral 


[Ve iH (aey + ayy, 


when the integration is taken round the curve C, and if J + 8J denote the 
value of the same integral when the integration is taken round the curve C’ 
(so that the symbol & denotes an increment obtained in passing from C to C’), 
we have 


81 = |{(day? + (dy)38 {h— V(w, phi + |{h—V (a, gh} {(day + (ay). 


ae a 


Al 
=—t{h—V(a, y)}- a “08 + 5 sin 1) op, 
=e 


But we have 


S{h- Via, yt=-3 th-Vi@ yy 


and § {(dx)? + (dy)?}t = 8p .dy = — {(day + (dy)*}4, 


where p is the radius of curvature of the curve C at the point (a, y). 


Thus we have 


(fh = V (a, y) 


aV x, 
81 = [{(doy + (dy) {b—-V @ yy — ~ $oosy — gsiny Fh ap 


This equation shews that if the quantity 
Pp 
is negative at all points of C, then 8J is negative, and so the integral TI has 
its value diminished when any curve surrounding OC and adjacent to C is 
taken instead of C as the path of integration. 


— cos Me sets ads 
2 ct Oa 2 1 Oy 
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Now suppose that another simple closed curve D can be drawn enclosing 
C, and such that at all points of D the quantity 
ave 
p 
is positive. Then, in the same way, it can be shewn that the integral J is 
diminished when any simple closed curve D’, enclosed by D and adjacent to 
D, is taken instead of D as the path of integration. 


Cy ee 
= (cosy 55 + siny 5) 


When, therefore, we consider the aggregate of all simple closed curves 
situated in the ring-shaped space bounded by CO and D—which is assumed to 
contain no singularity of the function V (a, y)—it is clear that the curve 
which furnishes the least value of J cannot be C or D, and cannot coincide 
with C or D for any part of its length. There exist, therefore, among the 
simple closed curves of this aggregate, one or more curves K for which the 
value of J is less than for all other curves of the aggregate. Since K does 
not coincide with C or D along any part of its length, it follows that the 
curves adjacent to K are all members of the aggregate in question, and hence 
that the curve K furnishes a stationary value of J as compared with all the 
curves adjacent to it. The curve X is therefore an orbit in the dynamical 
system. We have thus arrived at the theorem: Jf one closed curve be 
enclosed by another closed curve, and if the quantity 

PaO D eos y Fb sin y 
be negative at all points of the inner curve and positive at all points of the outer 
curve, then in the ring-shaped space between the two curves there exists a periodic 
orbit of the dynamical system, for which the constant of energyis h. As the 
quantity 
h—V(a, y) 
p 


can be immediately calculated for every point on the curves C and D, de- 
pending as it does only on the potential-energy function and the curves 
themselves, this result furnishes a means of detecting the presence of periodic 
orbits. 


OV 


oV : 
AEN Pr ria Seals Be 


170. Lagrange’s three particles. 


We shall now consider specially certain periodic solutions of the problem 
of three bodies. 


Let the equations of motion of the problem be taken in the reduced form 
obtained in § 160, and let us first enquire whether these equations admit of a 
particular solution in which the mutual distances of the bodies are invariable 
throughout the motion, 


—<_— 
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The mutual distances are 


2m. I? — 92-92 2 + 
a HM Ys ‘ey lasidee cl heel ; m 
te 0 GE (eos gc pipe AGU) + Gaye 


(og 2m k*—p— pe .. my" 4 
and we ob Pers (cos 3 COS Gy — Bons sin g; sin “.) + CHIR a : 
it follows that, in the particular solution considered, the quantities 


ke — Ds? ae pe 

2ps Ps 
must be constant, and hence the functions U, 0U/q,, 0U/0q, must be constant, 
where U = 3mm. 


h, GQ, and cosg;cos q,— SiN qs SIN G4 


The equations 


oH p, oH p 
C= g=-—=-, and 0=¢—— =, 
h Op lad ds Ops B 
shew that p, and p, must be permanently zero: while the equations 
: oH meee U. ‘ ; 
0=f,=—-— Ps Rey eee ae eee 


shew that p, and p, must be constant. 


Moreover, the equations 


: oH : oH 
DD esca a. UNIS en 
shew that the expressions 
Pitas AOI PAO) 
a (cos Js COS Ys — “pk sin q; sin 4.) 
Vloae . J ee 2 
and = COS Ys COS Ga — ay Pa ay gz 8in 4.) 


are zero, so we have 

2 +p? am ke 
{ Pie cold, tang, = 
an q; cot g,= cot g; tan q, Pre 
and therefore pe + pe—h = + 2psp,, 
va ke = ( ps + Diy: 
an equation which shews that the instantaneous planes of motion of the 
bodies uw and yp’ coincide with the plane through these bodies and the origin : 
in other words, the motion of w and p’ takes place in a plane: and therefore 
the motion of m,, m2, m; takes place in a plane. 

It follows that, the centre of gravity O of the system being supposed at 
rest. the particles m,, m., m; (which we shall denote by P, Q, &) must move 
in circular orbits round O. We have now to see if such a motion is possible. 


One condition which must obviously be satisfied is that the resultant 
attraction of any two of the particles on the third must act in the line joining 
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the third particle to the centre of gravity. This condition is satisfied if the 
three particles are in the same straight line. If they are not in a straight 
line, it ie 


, sin PRO = 


Di R a Ri sin QRO, and two similar equations. 


But since O is the centre of gravity of the particles, we have 
msinPRO sinQPR_ QR 
m,sinQRO sinPQR PR’ 


and this combined with the preceding equation gives PR= QR: similarly 
we find PR= PQ. 


Hence either the bodies must be collinear, or else the triangle formed by 
them must be equilateral. 


Considering first the collinear case, let the distances of the bodies from 
their centre of gravity (measured positively in the same direction) be a,, Gs, 
a; respectively: we shall suppose that a, < a, <3, which does not lessen the 
generality of the discussion. Since the force acting on P must be that cor- 
responding to circular motion round O, we have 


NA, = — Mz (Az — A,)~? — M3 (a3 — Gh), 
where n is the angular velocity of the line PQR; and similarly 
Ny = — M3 (Az — Ay)? FM, (4g — Ay)~?, Ns = M, (Ag — Ay) + My (Ag — Aa). 
From these equations we readily find 
mk? {(1 + k)? — 1} 4+ m, (1 +k (4-1) +m; {k? — (1 +k} = 0, 
where & denotes the ratio (a3 — a,)/(a@,— a). 


This is a quintic equation in &, with real coefficients. Since the left-hand 
side of the equation is negative when k is zero, and positive when k=+ 0, 
there is at least one positive real root; such a root determines uniquely real 
values for the ratios a, :a,:a;; and if m is given, the distances a, d:, a; can 
be completely determined. It follows that there are an infinite number of 
solutions of the problem of three bodies, in which the bodies remain always in a 
straight line at constant distances from each other; the straight line rotates 
uniformly, and when its angular velocity has been (arbitrarily) assigned, the 
mutual distances of the bodies are determinate. 


Considering next the equilateral case, let a be the length of one side of 
the triangle formed by the bodies, and let n be its angular velocity. Since 
the force acting on mz, is that which corresponds to a circular orbit round O, 
we have 


1 Maz 


74 cos PRO sh — cos QRO =n’. OR, 


a condition which cae to 


My, +m, +m; = nas, 


i a 
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The conditions relating to the motion of Q and of R reduce to the same 
equation: and hence a motion of the kind indicated is possible, provided n 
and a are connected by this relation, Hence there are an infinite nwmber of 
solutions of the problem of three bodies, in which the triangle formed by the 
bodies remains equilateral and of constant size, and rotates uniformly in the 
plane of the motion: the angular velocity of its rotation can be arbitrarily 
assigned, and the size of the triangle is then determinate. 


The two particular types of motion which have now been found will be 
called Lagrange’s collinear particles and Lagrange’s equidistant particles 
respectively *. 


_ Example. Shew that particular solutions of the problem of three bodies exist, in which 
the bodies are “always collinear or always equidistant, although the mutual distances are 
not constant but are periodic functions of the time. 


These are evidently periodic solutions of the problem, and include Lagrange’s particles 
as a limiting case. 


171. Stability of Lagrange’s particles: periodic orbits in the vicinity. 


It has been observed (§ 167) that in the neighbourhood of any configuration of stable 
equilibrium or steady motion there exists in general a family of periodic solutions, namely 
the normal vibrations about the position of equilibrium or steady motion. We shall now 
apply this idea to the case of the Lagrange’s-particle solution of the restricted problem of 
three bodies, and thereby obtain certain families of periodic orbits of the planetoid. 


Let S and J be the bodies of finite mass, m, and m, their masses, O their centre of 
gravity, 7 the angular velocity of SJ, « and y the coordinates of the planetoid P when 0 is 
taken as origin and OJ as axis of z The equations of motion of the planetoid are (§ 162) 


dz ok dy 0K du ok dv OK 


dt Ou’ dt dv’ dt 0x’ dt oy’ 
where K=3 (w+?) +n (uy — ve) —m,/SP—m,/ JP. 


Let (a, 6) denote the values of (x, y) in the position of relative equilibrium considered, 
so that for the collinear case we have 6=0, and for the equidistant case we have 


a=} (m,— my) 1/(m, +m), b=$r/3l, where J denotes the distance SJ, so that (§ 46) 
MM, +m, =n'L, 


The values of w, v in the position of relative equilibrium are easily seen to be —nb and 
na respectively. 


Write v=até, y=b-+n, Uu=—nb+, v=na+¢, 
where &, 7, 6, ¢, are supposed to be small quantities: neglecting a constant term, we have 


ieee eae eae) SAME 
al 2H _ mm ; = 
—m, (e+e ae +6) +(b+n)iy © ~My {(@ att) +(b-+n)4 


On expanding and retaining only terms of the second order in the small quantities, we 
obtain an expression for K with which the equations for the vibrations about relative 


* They were discovered by Lagrange in 1772. For references to extensions of these results 
to the problem of n bodies, cf. Whittaker, British Association Report, 1899, p. 121. 
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equilibrium can be formed: we shall for definiteness consider vibrations about the equi- 
distant configuration: in this case the expression for K becomes 


Kah (+ $2) 41 98 — EO) gr (4 (mys) (G+ 18) — Bm, (E+ N By)?— Bm, (E— WV). 


The equations of motion are 
ok OK, ; ok be 8 
é=aa; 1 Oe’ ep Cee aera 
Solving these equations in the manner described in Chapter VII, we find that the period 
of a normal vibration is 2m/A, where ) is a root of the equation 


3/3 m,—m 
4 _ 2? — fe 4 WwW = 1 2 
At—n?r? + (24 — k*) n*=0, where & eee er a 


The two values of \? given by this equation will be positive provided they are real, since 
(27 — k?) is positive: and they will be real provided 4 (23-47) <1, or (m +m)? > 27 mymz; 
a relation which is satisfied provided one of the masses S, / is sufficiently large compared 
with the other. When this condition is satisfied, there exist two families of periodic orbits of 
the planetoid in the vicinity of its equidistant configuration of relative equilibrium: the 
periods are, to a first approximation, 2/A, and 27/A, where \,? and A,” are the roots of the 
equation in A?, 

At — n?r2-+ (25 —h?) nt =0. 


A similar discussion leads to the result that the collinear Lagrange’s-particle configurations 
are unstable; but the equation for the periods of normal modes of vibration has always one 
real root, and consequently in the neighbourhood of a position of relative equilibrium of the 
planetoid on the line SJ there exists a family of unstable periodic orbits. 


Example. Shew that, for one of the modes of normal vibration of the planetoid in the 
vicinity of the equidistant configuration, the constant of relative energy is greater than in 
the configuration of relative equilibrium, while for the other mode the constant is less than 
in the configuration of relative equilibrium. (Charlier. ) 


172. The differential equation of the normal displacement from an orbit. 
We shall now proceed to consider the stability of orbits in general. 


Suppose that some particular solution of the motion of a particle of unit 
mass in a plane, under the action of forces derived from a given potential 
energy function V, is known; and consider a solution which is immediately 
adjacent to this known solution, and for which the constant of energy has 
the same value. 


Let w denote the normal distance between the two orbits at a point P on 
the known orbit; let s denote the are of this orbit from some fixed origin 
to the point P, ¢ the time at which the particle passes through P, v the 
velocity at P, and p the radius of curvature of the orbit at P. We shall 
regard the position of any point on the adjacent orbit as specified by the 
quantities (u, s). 


The kinetic energy of the particle when describing the adjacent orbit is 


L=7W +3 (1 + u/p)?s?, 
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and its Lagrangian equations of motion are therefore 


p Ou 
, 
(1+) S42 (144) is— (144) 
p p p p/ pi ds Os 


these equations possess a known integral, namely the integral of energy 
2 
6h td (1 + 4 8+ V=h, where h is a constant. 


Writing s=v+A, where A is a small quantity, the first and third of 
these equations become 


bo tok + Veh. 

Let V be expanded as a series in the form 

Sey OVY ar eV 

V=Votu(Gu),+3i (ie), to 

avs 4 "5 a 

du \du/, ee SEG 
where (dV/du), and (0?V/du?), are functions of s, and in particular 
(2V eu), =0'/p. 


Substituting in the two preceding equations, we have 


so 


ee AON ee) 
p? ae os : 
2 
AN eNO 
P 


Eliminating A, we obtain the equation 


ae (sr) 4 = ode 
Ou Jo p 


or (taking s instead of ¢ as the independent variable) 


du 1 dv du, {1 (oe 3} ao 
Gsm da ase ir a), + p ie 


and this is the differential equation of the adjacent orbit. 


From this equation we can at once deduce consequences relating to the 
stability of the known orbit. For by Sturm’s theorem*, if we have any 
differential equation of the form 


d?u 
de +J1(t)u=0, 


* Cf, Darboux, Th. gén. des Surfaces, Vol. ut. 
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where for a certain range of values of ¢ the quantity J (¢) lies between two 
positive real quantities a? and 0’, then any solution u which is zero for 
a value t, within the range will be zero again for some value ¢ within the 
range, where (t—t) lies between /a and 7/b, provided the range is 
sufficiently large to comprehend this interval. It follows that if the quantity 
(#V /du2), + 8v*/p? is positive at all points of the known orbit, this orbit will 
be stable*, ie. any adjacent orbit which intersects it once will not diverge 
greatly from it, but will intersect it again infinitely often. This expression 
can therefore be called the coefficient of stability for the orbit. 


173. Korteweg’s theorem. 


Suppose now that the known orbit, with respect to which the normal 
displacement wu is measured, is a periodic orbit whose perimeter is S: then if 
u = (s) is the equation of an adjacent orbit, it is evident that u= ¢ (s+), 
where n is any integer, is also the equation of an adjacent orbit: the orbits 
represented by these two equations are in fact congruent, but the corre- 
sponding tracing points are separated by one or more periods. 


In any orbit adjacent to the known orbit let un, Uni, Uns, (Where m is an 
integer) denote respectively the normal displacements in the nth, (n+1)th, 
and (n + 2)th period, at the same place in the orbit, so that we can write 


Un = &(s +(n—1) 8), Unsi = $ (8 + nS), Unio = ($+ (n+ 1)8), 


where u= ¢(s) is a solution of the equation 


ad? fr 2 
pt tls ( =) +ahu=0. 
vu J,” pt 


ds? v ds ds 


Since tn, Un41; Unt, are three solutions of this linear differential equation, 
they must satisfy a relation of the form 
Un+e = kun + kun, 


where & and k, are independent of s. 


We shall first shew that these constants & and k, are independent of the 
choice of the adjacent orbit and of the number n, so that they will be the 
same for any other set 


/ oni Qi / f 
Wm=w(st+(m—1)8), wm =v(stmS)  wWmis=v (st+(m+1) 8). 
For wm is a linear function of the two solutions w, and up,;, say 
Um = CUn + CoUn+i5 


* In the discussion of stability in §§ 172-176, all powers of the displacement above the first 
are neglected in forming the differential equations of the adjacent orbits.. The effect of the 
neglected terms on the stability has been studied by Levi-Civita, Annali di Mai. v. (1901)> pats 
who has found that the neglected terms give rise to instability in certain cases which appear to 
be stable when only first-order terms are considered: this happens when aT/27ri is a commensur- 
able number, where a is the characteristic exponent (§ 175) and T is the period of the solution, 
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and therefore on adding periods to the argument s, we have 
v 
Um = Uns + CoUn+e, Wines = Cy Unis + CoUn4s- 


But from the equations 


Unto = kiinga + ky Un, Unsy = kh Unts + ky Un+a 
we have CyUnze + Collngs = K(CUnsr + Conse) + hy (C,Un + CyUn41) 
and therefore Wig = OU ay i an 


which shews that the constants occurring in the linear relation between 


; ‘ ; St, : ; 
Wmt2, Umit, Um, are the same as those occurring in the linear relation 
between Unio, Unsi, Un: 


Next, we shall find the value of the constant 4,. From the equations 


du, 1 dv diy Tye 3 0 
ds* vds ds 1 aa, a A abe 
Otay sl OU Oa, Lev 3 

de ‘vds ds S i ae a se 


2 2 

we have Unt oes a Un ¢ we " wy Unti din — Un dings = 05 
ds ds? v ds ds ds 

and hence, on integrating, 


dun dun Cc 
41 : 
Vin =H SU = where c is a constant. 
eo as ds v’ 


Changing s to s +S, we have 


i dings aa, duns seC 
te ds ee em 
and therefore 
dun : dunia a duns AUn+s 
Una Gis — Un Ape Un+e Gh — Unsi Ae 


= Hib 5 AUn+1 Cina , dun 
= (Fetings + hyn) —* — tings (2 wh Jy 2) 


=k, (wn Dts — u, dun\ 
ds n+ 6 ) , 
so that &, has the value—1. We thus have the theorem* that af up, Uni, Unte 
denote the normal displacements in an orbit adjacent to a known periodic 
orbit in three consecutive revolutions, the ratio k = (un+2+ Un)/Unia has a constant 
value, which is the same for all adjacent orbits. 


174. The index of stability. 

The constant ratio k= (Unyo+Un)/Uno, Where Un, Unyiy Unta are the normal 
displacements from a periodic orbit in three consecutive revolutions, is called 
the index of stability of the periodic orbit, for reasons which will now appear. 


* Korteweg, Wiener Sitzungsber. xcrt. (1886). 
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The nature of the integral of the difference-equation 
Unt — kings + Un = 0 
depends, as is well known, on the reality or non-reality of the roots of the 
quadratic equation 
M—kA+1=0, 
ie. it depends on whether |k| >2 or |k| < 2. 


Supposing first that & is positive and greater than two, we know that 
two independent solutions of the difference-equation are of the form 


U =e p(s) and Lake 1 (s), 
where X and 1/A denote the roots of the quadratic (which in this case are 
real and positive) and ¢(s) and y(s) are functions of s which have the period 
S: choosing these functions so as to make the solutions w satisfy the 
equation 

du ldvdu (1 (eV 3 | 

Gets dds * Wo Gu), ph Oo 
(which gives linear differential equations of the second order for the functions 
@ and wv), we have two independent particular solutions of the latter 
equation: the general solution is a linear combination of these particular 
solutions, and consequently the general equation of the orbits adjacent to 
the known orbit, when k>2, is of the form 


s s 
u=K,rS $(s)+ Kad Sy (s), 
where K, and K, are arbitrary constants, and ¢(s) and ¥(s) have the 
period S. 
Similarly if k<—2, the roots X and 1/X are negative, and the general 
equation of the orbits adjacent to the known orbit is of the form 


u=K,(—2)5 b(s)+ Ky(—d)5(s), 
where K, and K, are arbitrary constants, and where ¢ and w are functions 
of s which satisfy the equations 


(s+ 8)=-4(3),  ¥(s +8) =- (9). 

Next suppose that |&| < 2, so that -2<k<2: let e and e~ be the roots 
of the quadratic in A, so that @ is now real and in fact is cos7*4k. In the 
same way we now find that the general equation of orbits adjacent to the 
known orbit is 


a sO STS 
u= K cos (5 + 4) ¢ (s) + K sin (5 + A) vr (s), 
ys A / ; 
where K and A are arbitrary constants and where ¢ and ware functions of s 
with the period S. 


From these results important consequences relative to the stability of the 
known periodic orbit can be deduced. For if |k|> 2, it follows from the 


eS 


a 


— 
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character of the expressions obtained for w that the divergence from the 
periodic orbit (or if ¢ and w have real zeros, the oscillation about it) becomes 
continually greater as s increases; while if || <2, the normal displacement 
is represented by circular functions of real arguments, and consequently will 
remain within fixed limits. We thus obtain the theorem that a periodic 
orbit is stable or not, according as the associated indew of stability is less or 
greater (in absolute value) than two. 


Lzample. Discuss the transitional case in which the index of stability has one of the 
values +2: shewing that the equation of the adjacent orbits is of one of the forms 
w= Ky { (8) +5 (8)} + Kaw (8), 
w= K, $ (8) + Ker (3), 
where ¢ and yf either have the period S or'satisfy the equations 
$(s+8)=-4(), vst S)=-¥(s); | 
and that the known orbit may be either stable or unstable. (Korteweg.) 


175. Characteristic exponents. 
The stability of types of motion of more general dynamical systems may 


be discussed by the aid of certain constants to which Poincaré has given the 
name characteristic exponents *. 


Consider any set of differential equations 
wr =X, @=1, 2, en tt), 
where (X,, Xo, .-., An) are functions of (a, 2, ..., Z,) and possibly also of ¢, 
having a period 7’ in ¢; and suppose that a periodic solution of these 
equations is known, defined by the equations 


XL; = d¢(t) (=a te 2. en); 
where di(t+T)=¢;: (6) ° Cart ig lee en). 


In order to investigate solutions adjacent to this, we write 
x, = hb; (t) + &; (CR oe TO 
where (&,, &, ..., &,) are supposed to be small, and are given by the variational 
equations (§ 112) 


(meray cece Te 


As these are linear differential equations, with coefficients periodic in the 
independent variable ¢, it is known from the general theory of linear 
differential equations that each of the variables &; will be of the form 


n o 
2) ert Six 5 
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where the quantities Sj, denote periodic functions of ¢ with the period 7, 
_ and the n quantities a, are constants, which are called the characteristic 
exponents of the periodic solution. 


If all the characteristic exponents are purely imaginary, the functions 
(E,, &, ..., En) can evidently be expressed as sums and products of purely 
periodic terms; while this is evidently not the case if the characteristic 
exponents are not all purely imaginary. Hence the condition for stability of 
the periodic orbit is that all the characteristic exponents must be purely 
imaginary. 

We shall now find the equation which determines the characteristic 
exponents of a given solution. 


In one of the orbits adjacent to the given periodic orbit, let (@,, B,..., Bn) 
denote the initial values of (&, &, ..., &,) and let @;+~; be the value of &; 
after the lapse of a period. As the quantities (Wr, Wo, ..., Yn) are one-valued 
functions of (8,, Be, ..., 8x), which are zero when (f,, 82, ..., Bn) are all zero, 
we have by Taylor’s theorem (neglecting squares and products of 8;, 82,..., Bn) 


If a, is one of the characteristic exponents, one of the adjacent orbits will 
be defined by equations of the form 


face Oaks & =e Su, Cae E, =e Saks 
SO that B; ae Whi = ex? Sy, (0) = exT 8; (a = if ne Jée'y n), 
and consequently a set of values of B,, Bo, ..., By exists for which the 
equations 
OW; oi OW; ew 
i [es a) it = 
en Bi + Bs Sips Alea er ) B+ + 5@ Bn = 0 


@a=1,32)..38) 


are satisfied: the quantity a, must therefore be a root of the equation in a 


Ov Ov Oy, | = 0. 
i eee BR Atle AA Sy al 
ae; Se aB, OBn 

Ov, Ory ovr, 

1a Pe = 

Go) G8, eS OBn 

Vn On 

Aa ei: 


The characteristic exponents are therefore the roots of this determinantal 
equation, 


as a a a 
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176. Properties of the characteristic exponents. 


When ¢ is not contained explicitly in the functions (555, Xoh 7. (Gott 18 
evident that if 


x; = p;(t) (i=1, 2s ana yell) 
is a solution of the equations, then 
a, = oi (t+) Geely 27 vas-m) 
is also a solution, where ¢ is an arbitrary constant. The equations 
0 : 
Ei= a filt + ¢) (¢='1, 2,..., 2) 


therefore define a particular solution of the variational equations; but as 
0d; (t+ e)/de is evidently a periodic function of ¢, it follows that the coeffi- 
cient e% reduces in this case to unity: and hence when t is not contained 
explicitly in the original differential equations, one of the characteristic 
exponents of every periodic solution vs zero. 


Suppose next that the system possesses an integral of the form 
Bios, Senn 5.) = Constand 


where /’ is a one-valued function of (a, 2, ..., Z,) and does not involve ¢. 
In the notation of the last article, we have 

F id: (0) + Bit wi} = F (6: (0) + Bil, 
where for brevity /’(#;) is written in place of F(a, ,...,%,). Differentiating 
this equation with respect to 8;, we have 

oF Ov, A OF Os i OF On _ 

0x, 0B; 0% 0B; ~" © an 0B; 
where in 0f/0z,, 0F /Ox,, etc., the quantities (7,, 2, ..., Z,) are to be replaced 
by $,(9), 62(0),..., dn(0). From these equations it follows that either the 
Jacobian 0(Wni, Wo, -.., Wn)/0 (Bi, Bo, --», Bn) 18 zero, or else the quantities 
OF /dx,, OF /0x,, ..., OF /Ox, are all zero when t=0. If the latter alternative 
is correct, we see that (since the origin of time is arbitrary) the equations 

oF dx, = 0, OF /ox,=0, ..., OF /0x, = 90 

must be satisfied at all points of the periodic solution: this is evidently 
a very exceptional case, and the former alternative must be in general the 
true one: but when the Jacobian is zero, the determinantal equation for the 
characteristic exponents is evidently satisfied by the value e*"=1, ie by 
a=0: so that one of the characteristic exponents is zero. Thus zf the 
differential equations possess a one-valued integral, one of the characteristic 


0 (G@=1,2,...,n), 


exponents 1s zero. 

A comparison of §§ 173, 174 with the theory of characteristic exponents 
shews that in the motion of a particle in a plane under the action of 
conservative forces, the characteristic exponents of any periodic orbit are 
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(0, 0, a,—«), where the characteristic exponent a is connected with the index 
of stability k and the period 7 by the equation 
k=2coshaT; 
the orbit is stable or unstable according as a is purely imaginary or not. 
Example 1. If the differential equations do not involve the time explicitly, and possess 


p one-valued integrals /,, ..., #, which do not involve ¢, shew that either (p+1) charac- 
teristic exponents are zero, or that all the determinants contained in the matrix 


oF; ; 
aa (@=1, 2, ..., D; k=1, 2, ..., 2), 
are zero at all points of the periodic solution considered. (Poincaré. ) 


Example 2. If the differential equations form a Hamiltonian system, shew that the 
characteristic exponents of any periodic solution can be arranged in pairs, the exponents 
of each pair being equal in magnitude but opposite in sign. (Poincaré. ) 


177. Attractive and repellent regions of a field of force. 


The general character of the motion of a conservative holonomic system 
is illustrated by a theorem which was given by Hadamard* in 1897., For 
simplicity, we shall suppose that the system consists of a particle of unit 
mass, which is free to move on a given smooth surface under forces derivable 
from a potential energy function V; a similar result will readily be seen to 
hold for more complex systems. 


Let (u, v) be two parameters which specify the position of the particle on 
the surface, and let the line-element on the surface be given by the equation 


ds? = Hdu? + 2Fdudv + Gdv? 


where (H, F, G) are given functions of w and v. The kinetic energy of the 
particle is 

T=4 (Hw + 2F w+ Gd’), 
and the Lagrangian equations of motion are 


ies ore © av aie or av 


di\au/~ du dw’ dt\o0/ ov ov’ 
which can be written 
(EG Py GO oa ‘(FE - to et S| 
Ou ov 
0G OH 0G 0G f) 
UM bes hl e 8 y 
+i (Fe Ga \+i # (AGS + of - 6%) 
OV oV OH OH oF 
HG — P)j=F— —EFK— I(/1 FR OL 
( co oh a +i (GN +3 Ou oy 
a OH 0G of 0G ales 
—— baat Hy, Ph aa = a. = Lite a rhe 
+ ti ( Ou. Ou )+ (4 Ov a4 ov yP Sa) 


* Journ, de Math. (5), m1. p. 331. 
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We have, by differentiation, 
| V= ae + ae 
Li NOR ES dea epg cl a 


On ov Ou? u owou Ov? 


Substituting for i and % their values from the preceding equations, 
we have 


-s : es oV aVoVe OV ee 
eee) Nz el ie oe ou naires 
where _ 
Pete woes 0: an WG ae 
we [nor Er sok aol 
alae ape _ pF) | 
+( (sn + 28 Eo) 
GLY OV 7 ,,0G. 0 
ead 2)—1 mS 
+ |2ho + we / es a ce 
OV / 0k OGY) oe, 
a Cie Be) | i 
+ |S + (BG _ Ry {on (F6 e+ 4F Ge - OG) 
ely oG OG 
a ls 0} 
raat Goes — 7H 2F a ) | 


The quantities occurring in this equation can be expressed in terms of 
deformation-covariants*. The principal deformation-covariants connected 
with the surface whose line-element is given by the equation 


ds? = Hdu? + 2Fdudv + Gdv? 
are the differential parameters 


aya { g OP OY Ob orp , Ob Op Ep oN, 
A($, y) = (HG— #) ie Ps ov * du orl ae a 
poe ee $ 


scyenn pre har 820 
A.()=(B6—P)| 5 {ag — 1 (G4 =) 


0 { ; ie - eat 
a as 2\5 = E 
+ 5 (BG — FP) (oF +E 
where ¢ and y are arbitrary functions of the variables w and v. 


With this notation, the preceding equation becomes 
V=—A,(V)+® (u, 9). 


* The definition of a deformation-covariant is given in the footnote on page 109. 
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Utilising the equation of energy 
Hié+2Pio+ Ge =2(h-V), 
and observing that the expression 


® (ui, 6) ® (AV /dv, — dV /du) 
Ev + 2Fii + Ge E (OV vy — 2F (AV /ov) (0V du) + G (Vou)? 


contains the quantity («0V/du + 00V/dv) as a factor, we can write 


ie 2(h-V)I, : ote 
Va Ne YY yn + (Au + pd) Ss 
where A and p contain in their denominators only the quantity 
oV oVoaV (oV’ 
E(5,) - -2PS o +6 (5), 


and where J, denotes the expression 
® (OV /dv, —0V /du)/|(EG — F?); 
we readily find that J; can be expressed in the form 


Iy= Ai (V) A.(V) = eS A, (V)). 


Consider, on the orbit of the particle, a point at which V has a minimum 
value; at such a point V is zero and V is positive: as A, (V) is essentially 
positive (since the line-element of the surface is a positive definite form), it 
follows that I, >0, the inequality becoming an equality only when A,(V) is 
zero, 1.e, at an equilibrium-position of the particle. 


As the particle describes any trajectory, the function V will either have 
an infinite number of successive maxima and minima (this is the general case) 
or (in exceptional cases) the function will, after passing some point of the 
orbit, vary continually in the same sense. Suppose first that the former of 
these alternatives is the true one: then if we divide the given surface into 
two regions, in which J, is positive and negative respectively, it follows from 
what has been proved above that the former of these regions contains all the 
points of the orbit at which V has a minimum value, ie. it contains in general 
an infinite number of distinct parts of the orbit, each of finite length ; whereas 
in the other region, for which J; is negative, the particle cannot remain per- 
manently. These two parts of the surface are on this account called the 
attractive and repellent regions. Each of these regions exists in general, for 
it is easily found that any isolated point of the surface at which V is a mini- 
mum (i.e, any point where stable equilibrium is possible) is in an attractive 
region, and any point at which V is a maximum is in a repellent region. 


It is interesting to compare this result with that which corresponds to it in the motion 
of a particle with one degree of freedom, e.g. a particle which is free to move on a curve 
under the action of a force which depends only on the position of the particle. In this 
case the particle either ultimately travels an indefinite distance in one direction or 


ee 


oo 
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oscillates about a position of stable equilibrium. The attractive region, in motion with two 
degrees of freedom, corresponds to the position of stable equilibrium in motion with one 
degree of freedom. 

Consider next the alternative supposition, namely that after some definite 
instant the variation of V is always in the same sense, We shall suppose that 
the surface has no infinite sheets and is regular at all points, and that V is 
an everywhere regular function of position on the surface; so that, since the 
variation of V is always in the same sense, V must tend toward some definite 
finite limit, V and V tending to the limit zero. Considering the equation 

Vs—A,(V)+2(h-V) Ip/A,(V) + Att ps) V, 
we-see that if A, (V) is not very small, \ and uw are finite and the last term 
on the right-hand side of the equation is infinitesimal; and consequently 
either there exist values of ¢ as large as we please for which I; is positive (in 
which case the part of the orbit described in the attractive region is of length 
greater than any assignable quantity) or else A,(V) tends to zero. But 
A, (V) can be zero only when 0V/du and 0V/dv are zero; if therefore (as is in 
general the case) the surface possesses only a finite number of equilibrium 
positions, the particle will tend to one of these positions, with a velocity 
which tends to zero. A position of equilibrium thus approached asymptotically 
must be a position of unstable equilibrium: for the asymptotic motion re- 
versed is a motion in which the particle, being initially near the equilibrium 
position with a small velocity, does not remain in the neighbourhood of the 
equilibrium position ; and this is inconsistent with the definition of stability. 


Thus finally we obtain Hadamard’s theorem, which may be stated as 
follows: If a particle is free to move on a surface which is everywhere regular 
and has no infinite sheets, the potential energy function being regular at all 
points of the surface and having only a finite number of maxima and minima 
on it, either the part of the orbit described in the attractive region ws of length 
greater than any assignable quantity, or else the orbit tends asymptotically to 
one of the positions of unstable equilibrium. 

Example. If all values of ¢ from —« to +0 are considered, shew that the particle 
must for part of its course be in the attractive region. 


178. Application of the energy integral to the problem of stability. 


A simple criterion for determining the character of a given form of motion 
of a dynamical system is often furnished by the equation of energy of the 
system. Considering the case of a single particle of unit mass which moves 
in a plane under the influence of forces derived from a potential energy 
function V (a, y), the equation of energy can be written 


£(@ +77) =h— V (a, y). 


Now the branches of the curve V (a, y) =h separate the plane into regions 
for which (V (a, y) —h) is respectively positive and negative ; but as (@° + y’) 
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is essentially positive, an orbit for which the total energy is A can only exist in 
the regions for which V (a, y) <h. If then the particle is at any time in the 
interior of a closed branch of the curve V (a, y) =h, it must always remain 
within this region. The word stability is often applied to characterise types 
of motion in which the moving particle is confined to certain limited regions, 
and in this sense we may say that the motion of the particle in question is 
stable. 

The above method has been used by Hill*, Bohlin, and Darwin, chiefly 
in connexion with the restricted problem of three bodies. 


179. Application of integral-invariants to investigations of stability. 


The term stability was applied in a different sense by Poisson to a system which, in 
the lapse of time, returns infinitely often to positions indefinitely near to its original 
position, the intervening oscillations being of any magnitude. It has been shewn by 
Poincaré that the theory of integral-invariants can be applied to the discussion of Poisson 
stability. 

Considering a system of differential equations 


= 
Ty paar (21, 22, me +) &p) (r=1, 2, ooey n), 


for which fj ie | 62, 629... b2y 


is an integral-invariant, we regard these equations as defining the trajectory in x dimen- 
sions of a point P whose coordinates are (a1, 2%, ...,%,). If the trajectories have no 
branches receding to an infinite distance from the origin, it can be shewn§ that if any small 
region # is taken in the space, there exist trajectories which traverse £ infinitely often: 
and, in fact, the probability that a trajectory issuing from a point of 2 does not traverse 
this region infinitely often is zero, however small R may be. Poincaré has given several 
extensions of this method, and has shewn that under certain conditions it is applicable in 
the restricted problem of three bodies. 


MISCELLANEOUS EXAMPLES. 


1. Shew that the motion of a particle in an ellipse under the influence of two fixed 
Newtonian centres of force is stable. (Novikoff.) 


2. A particle of unit mass is free to move in a plane under the action of several centres 
of force which attract it according to the Newtonian law of the inverse square of the 
distance: denoting the resulting potential energy of the particle by V (a, y), shew that the 


integral 
on = { {Lat i 2) log {h- V (a, y)} |aedy, 


where the integration is taken over AA interior of any periodic orbit for which the constant 
of energy has the value / (the centres of force being excluded from the field of integration 
by small circles of arbitrary infinitesimal radius), is equal to the number of centres of force 
enclosed by the orbit, diminished by two. (Monthly Notices RAS. ux. p. 186.) 


* Amer. J. Math. 1. (1878), p. 75. + Acta Math. x. (1887), p. 109. 
t Acta Math. xx1. (1897), p. 99. 
§ Poincaré, Acta Math. xi1r. (1890), p. 67; Nouv. Méth. ur. Ch. xxvii. 
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3. Let a family of orbits in a plane be defined by a differential equation 
ay 
Tao (@ ys 
where (2, y) are the current rectangular coordinates of a point on an orbit of the family ; 
and let dn denote the normal distance from the point (a, y) to some definite adjacent orbit 
of the family. Shew that x satisfies the equation 


e. ds 
“ap tPon=0, 
dy\2 0 dy 0 
where r={1+($) } (-g+2 2) + tb yy, 


and ¢ is a variable defined by the equation 
; dx dy? 
ani+(Z) - 


4. A particle moves under the influence of a repulsive force from a fixed centre: shew 
that the path is always of a hyperbolic character, and never surrounds the centre of force ; 
that the asymptotes do not pass through the centre in the cases when the work, which has 
to be done against the force in order to bring the particle to its position from an infinite 
distance, has a finite value; but that when this work is infinitely great, the asymptotes 
pass through the centre, and the duration of the whole motion may be finite. 

(Schouten. ) 


(Sheepshanks Astron. Exam.) 


5. Shew that in the motion of a particle on a fixed smooth surface under the influence 
of gravity, the curve of separation between the attractive and repellent regions of the 
surface is formed by the apparent horizontal contour of the surface, together with the locus 
of points at which an asymptotic direction is horizontal. 


6. A particle moves freely in space under the influence of two Newtonian centres of 
attraction; shew that when its constant of energy is negative, it describes a spiral curve 
round the line joining the centres, remaining within a tubular region bounded by two 
ellipsoids of rotation and two hyperboloids of rotation, whose foci are the centres of force: 
and that when the constant of energy is zero or positive, the particle describes a spiral 
path within a region which is bounded by an ellipsoid and two infinite sheets of hyper- 
boloids of the same confocal system, (Bonacini.) 


CHAPTER XVI. 


INTEGRATION BY TRIGONOMETRIC SERIES, 


180. The need for series which converge for all values of the time; 
Poincaré’s series. 


We have already observed (§ 32) that the differential equations of motion 
of a dynamical system can be solved in terms of series of ascending powers 
of the time measured from some fixed epoch; these series converge in 
general for values of t within some definite circle of convergence in the 
t-plane, and consequently will not furnish the values of the coordinates 
except for a limited interval of time. By means of the process of continua- 
tion* it would be possible to derive from these series successive sets of other 
power-series, which would converge for values of the time outside this 
interval; but the process of continuation is too cumbrous to be of much 
use in practice, and the series thus derived give no insight into the general 
character of the motion, or indication of the remote future of the system. 
The efforts of investigators have therefore been directed to the problem of 
expressing the coordinates of a dynamical system by means of expansions 
which converge for all values of the time. One method of achieving this 
result} is to apply a transformation to the ¢-plane. Assuming that the 
motion of the system is always regular (i.e. that there are no collisions or 
other discontinuities, and that the coordinates are always finite), there will 
be no singularities of the system at points on the real axis in the ¢-plane, and 
the divergence of the power-series in ¢—f) after a certain interval of time 
must therefore be due to the existence of singularities of the solution in the 
finite part of the ¢-plane but not on the real axis. Suppose that the singu- 
larity which is nearest to the real axis is at a distance A from the real axis ; 
and let + be a new variable defined by the equation 

2h l+r 

t—t= fh pel 
A band which extends to a distance h on either side of the real axis in the 
t-plane evidently corresponds to the interior of the circle |r|=1 in the 


* Whittaker, Modern Analysis, § 41. + Due to Poincaré, Acta Math. ty. (1884), p. 211. 
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t-plane; the coordinates of the dynamical system are therefore regular 
functions of 7 at all points in the interior of this circle, and consequently 
they can be expressed as power-series in the variable 7, convergent within 
this circle. These series will therefore converge for all real values of + 
between —1 and 1, ie. for all real values of t between —o and +o. Thus 
these series are valid for all values of the time. 


181. Trigonometric series. 


The series discussed in the preceding article are all open to the objection 
that they give no evident indication of the nature of the motion of the 
system after the lapse of a great interval of time: they also throw no light 
on the number and character of the distinct types of motion which are 
possible in the problem: and the actual execution of the processes described 
is attended with great difficulties. Under these circumstances we are led to 
investigate expansions of an altogether different type. 


If in the solution of the problem of the simple pendulum (§ 44) we 
consider the oscillatory type of motion, and replace the elliptic function 
by its expansion as a trigonometric series*, we have 
Q2r-2 gi). (Q8—1) re (t—t) 

Rage tial, 2K 

where @ denotes the inclination of the pendulum to the vertical at time ¢; 
K and t, can be regarded as the two arbitrary constants of the solution, and 
» is a definite constant, while g denotes e-™*’/*, where K’ is the complete 
elliptic integral complementary to K. ‘This expansion, each term of which 
is a trigonometric function of ¢, is valid for all time. Moreover, when the 
constant q is not large, the first few terms of the series give a close approxi- 
mation to the motion for all values of ¢. The circulating type of motion of 
the pendulum can be similarly expressed by a trigonometric series of the 
same general character. 


M 


sin 36= 


Turning now to Celestial Mechanics, we find that series of trigonometric 
terms have long been recognised as the most convenient method of expressing 
the coordinates of the members of the solar system; these series are of the 
type 

LGn,, mp, ..,% COS (HO, + 2.0, +... + HEOz), 
where the summation is taken over positive and negative integer values of 
Ny, Ng, -»-, %, and @O, is of the form A,¢+ ¢,; the quantities a, A, and e being 
constants. Delaunay+ shewed in 1860 that the coordinates of the moon can 
be expressed in this way; Newcomb{ in 1874 obtained a similar result for 
the coordinates of the planets, and several later writers§ have designed 
* Whittaker, Modern Analysis, § 203. 


+ Théorie du mouvement de la lune. Paris, 1860. + Smithsonian Contributions, 1874. 
§ e.g. Lindstedt, Tisserand, and Poincaré. 
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processes for the solution of the general Problem of Three Bodies in this 
form; these processes are also applicable to other dynamical systems whose 
equations of motion are of a certain type resembling those of the Problem of 
Three Bodies. In the following articles we shall give a method* which is 
applicable to all dynamical systems and leads to solutions in the form of 
trigonometric series: the method consists essentially, as will be seen, in the 
repeated application of contact-transformations, which ultimately reduce the 
problem to the equilibrium-problem. 


182. Removal of terms of the first degree from the energy function. 


Consider then a dynamical system, whose equations of motion are 
SL! gl So ees 
de 0pm Ce aoa 


where the energy function H does not involve the time t explicitly. 


The algebraic solution of the 2n simultaneous equations 
oH oH 
caeven () ees 
Opry 0gr 

will furnish in general one or more sets of values (a), ds, --., Gn, by, do, ..., Dn) 
for the variables (q,, qo, .--, Qn» Pis ---» Pn); and each of these sets of values 
will correspond to a form of equilibrium or (if the above equations are those 
of a reduced system) steady motion of the system. 


0 (r=1, 2, ..., 2) 


Let any one of these sets of values (a), dz, ..., Gn, b,, by, ..., bn) be 
selected ; we shall shew how to find expansions which represent the solution 
of the problem when the motion is of a type terminated by this form of 
equilibrium or steady motion. Thus if the system considered were the 
simple pendulum, and the form of equilibrium chosen were that in which 
the pendulum hangs vertically downwards at rest, our aim would be to find 
series which would represent the solution of the pendulum problem when the 
motion is of the oscillatory type. 


, 


Take then new variables (qy', qo, -»:) Qn» Pi» Pas +++) Pn), defined by the 
equations 
Gr = Gr + q>, Pr = by + py (e=—1,-2, 
the equations of motion become 
Cy ol dp,’ oH 12 
a =—>5 res 1S 2 ae 
at Cp, dt O¢r ( ) 
and for sufficiently small values of the new variables the function H can be 
expanded as a multiple power series in the form 


H=H,+ H,+ H,+ H+... 


* Whittaker, Proc. Lond. Math, Soc. xxxtv. (1902), p. 206. 


- aii 
a 
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where H;, denotes terms homogeneous of the kth degree in the variables 


(qi, qes DOP! In» ie SRE) Da): 

Since H, does not contain any of the variables, it can be omitted: and the 
fact that the differential equations are satisfied when (q’, qx’, ---5 ns Dis @usy Die) 
are permanently zero requires that H, should vanish identically. The 
expansion of H therefore begins with the terms H,, which (suppressing the 
accents of the new variables) can be written in the form 


y= $2 (Gr Ge + WbyeGr Gs) + VdrsQr Ps + EL (Crm Dr? + Wrs Pr Ds); 
where Ars = Agr, Crs = Csr, 
but b,, 1s not necessarily equal to b,,. If the terms H,;, H,,..., were neglected 


in comparison with H,, the equations would become those of a vibrational 
problem (Chapter VIL.). 


183. Determination of the normal coordinates by a contact-transformation. 


We shall now apply a contact-transformation to the system in order to 
express H, in a simpler form*,—in fact, to obtain variables which correspond 
to normal coordinates for small vibrations of the system. 


Consider the set of 2n equations 


0 
SY, + Fn Hf, (%,, Hay e006, Uny Yrs vey yn) =0| 
-. (i 1 Byatt) 
Seer re Hi, (a, Lay vey Un, Ys very sre 
Yr 
or = SYp = Ap Ly + Ap ®y + 006 + Ayn dn t+ On Yr oe + ae Gatto aie 
SLy = Dy By + DopHe +... + Opp hn + Cn Yr +... + Cr Yn 
On solving these equations, we obtain for s the determinantal equation 
which in § 84 was denoted by f(s)=0: we shall suppose that H, is a positive 
definite form, and (as in § 84) we shall denote the roots of the equation by 
+13,, +%8,, .... +%5,; the quantities s,, 5, ..., S,, are all real, and for 
simplicity we shall suppose no two of them to be equal. 


To each root there will correspond a set of values for the ratios of the 


quantities (4, @, ..., Zn, Yi, «+» Yn); let the set which correspond to the root 
as, be denoted by (44, -Lo, +--+) r@ns Yi» +++» en), and let the set which corre- 
spond to the root — 1s, be denoted by (—,%1, ~r%2, ++, —®ny —rYr» ++ SOC) 


that we have 
— 18, 1Yp = Ap, rLy + Ayg plo F o16 + Apn rhn + by: AS Aion bon rYns 
0S, phy = Dip phy + Dop phe vee TF Ons ln + Cyr Yr + +++ + Con rYn- 


* Tn obtaining the transformation of this article a method is used which was suggested to the 
author by Professor Bromwich of Queen’s College, Galway, and which furnishes the transforma- 
tion more directly than the method originally devised. 
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Multiply these equations by 42, and xy, respectively, add them, and sum 
with respect to p; we thus obtain the equation 


v8, > (2p Yp — ep rp) = H (r, k), 
p= 
where 


ED (17, be) = yy by Hey + Oya (pl Ee + Kr Me) +. +O (hr ef + 2 Yr) +... 
+ Cy ri RY “Tw sinks 
so that H (r, k) is symmetrically related to r and k. ; 


Interchanging r and k, we have 


1S, a (&p Yp — Xp kp) = H (r, k), 
p= 
and therefore (8+ Sz) 2% (4&p Yip — r&p kp) = 0. 
p=l1 5 


So, unless s,-+ sg is zero, we have 
5 (Lp KYp — Kp Yp) = 9, 
and consequently H(r, k) is zero: if s,+s,g 1s zero, we have yt,=_,t», 
KYp =—+Yp, and therefore 
Oop 5 (Xp Yn — —r&p rYp) = H (r, — 7). 


If now we define new variables (q1', qs, ---, Un, Pry «++» Pn) by the equations 
Pp = 10 Gr + pda Hove + Bp Qn + a®y Pi +... + —n@, Pn | (1 
Pr =r Qe + Yrda +--+ Yr Gn Fair Pr +--+ + —nYr Pn’) a 

and if 6 and A denote any two independent modes of variation, it is evident 


that the coefficient of dq,’Ap;,’ in S (8q,Ap;— Agqzdp;) is S (+21 _KYt — ett Yr), 
o=1. t=1 


na 
which is zero when r is not equal tok. Thus > (8q,Ap; — Ag;dp;,) contains no 
1=1 


terms except such as (6q,’Ap,’ — Aq,’dp,’), and the coefficient of this term is 
n 

> (41 —-Yt — 4 -y). Now hitherto the actual values of ,2;, ,.y, have not 
l=1 7 


been fixed, as only their ratios are determined from their equations of 
definition; we can therefore choose their values so that 


> 
= 


yey el 7 y —_ . . 
fa (,.2] —r Yt — —p Vj PD) = (r= l, 2, vey nr), 
=1 


and then we shall have 
= (dq: Ap; — Aqrdpzx) = S (dq,Ap,’ — Aq,’dp,’), 
= r=l1 

so that (§ 128) the transformation from the variables (Qin: Gan srry Geis Di ses ty Bgl 


is yet 7 / / / . a ‘ 
to the variables (q’, qi, -.:, Qn’, py, «+, Pn’) 18 a contact-transformation. 
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Moreover, if in H, we substitute for (q,, qo) +++) Yn> Pr» +++) Pn) In terms of 
(hi; Ga; DAI} On; Dri, Cares) ids we obtain 


6 n 
H,= % H(r, —r) q,'p, 
+ rel 
ett . Theat} 
or Hy =1X $9; Dy s 
r=1 


Now apply to the variables (q1', q2, -.- Qn, Pry +++) Pn) the contact- 
transformation defined by the equations 


aro 7, OW: 
qr iy Op,” ) Pr on Og, ( == il a. ) n), 
4 n a 1 py? ; 
where Ww = (p, Gr =D 4 oe or) 415, 7 ) 
(ia | Sy; 
which gives Hs = 4 3 (p,? at 8,2q)2). 
: r=1 


As all the transformations concerned have been linear, we see that 
H,, H,, ... will be homogeneous polynomials of degrees 3, 4,... in the new 
variables: and thus, omitting the accents, we have the result that the 
equations of motion of the dynamical system have been brought to the form 

dq, oH (pe eke ; 
dikes one aR 7, Kane) Lee wasn?) 3 
where H=H,+ H,+ Ayt+.::., 


in which H,. is a homogeneous polynomial of degree r in the variables, and im 
particular 


n 
Hi, = $ ps (De aR 8). 


r=1 
It is clear that if we neglect H;, H,, ... in comparison with H,, and 
integrate the equations, the solution obtained will be identical with that 
found in § 84. 
184. Transformation to the trigonometric form of H. 


The system will now be further transformed by applying to it a contact- 


transformation from the variables (q,, go, -»-» Un» Pry +++) Pn) to new variables 
(qx, G2’, +++) Qn» Pir +++) Pn), defined by the equations 
ow ow 
——— genes ie), 
Pr Oqr. 5] q Opr (7 n) 
= Rel: Tapeless Pr Pr hae orale 
where W= ‘oh E sin “Gs = 26, {28,Qy Pr } | ) 
so that 
0; =( 28,97 Jt S10), ; Gr = (2qr )t Sp~* COS py’, (r= 1, Qu, 1). 


W. D. 26 
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The differential equations become 

dq, 0H dp, oH 5 

Gi ge ee 
where = s,Q) + 8.qe + «.. + Sndr’ +H, 4+ Hi t+..., 
and now H, denotes an aggregate of terms which are homogeneous of 
degree $r in the quantities q,’, and homogeneous of degree r in the 


quantities cos p,, sin p,. 


Since a product of powers of cos p,, sin p,’ can be expressed as a sum of 
sines and cosines of angles of the form (np, +p. + ... + %nPn’), where 
Ny, Ne, ---, M have integer or zero values, it follows that H, can be expressed 
as the sum of a finite number of terms, each of the form 


sin 
A v4 ti / , , 
Qi ga ™* ... Gn ™ eos (Mpr + NPs +... +MnPn ), 


where M+ M+ ... +My, = Fr, | n,|<2m,, 
and therefore | m1 |+|mg| +... +| Mm] <7. 


The function H is thus expressed in the form 
ie ss Aim Mas... Mn 7m My mn sin , , , 
. Wp nssis naga eee | = feted cos (1% Pr + Mepy +... + MnPn), 
where for each term we have 
| m1] +| mel +... +] Mn|<2(m,+m,+ ... + mp), 
and the series is clearly absolutely convergent for all values of p,’, po’, ..., Pn’; 
provided gy’, q2, ---, Ga do not exceed certain limits of magnitude. From the 
absolute convergence it follows that the order of the terms can be rearranged 
in any arbitrary way: we shall suppose them so ordered that all the terms 
involving the same argument ,p;’+...+Mnpn are collected together, so 
that H takes the form 
/ / 
H= Qo, 0,...,0 1 Silas ne ae cos (mp, 1p CH Fi RnPn ) 
S ath ' aA 
1 ron nahn sin (Mr Tr scat NnPn )s 
where the coefficients a and 6b are functions of q’, gs, -.., gn and the expansion 
Of Gn, n,n OF Oni tytn in powers of qq’, Go, ---, Yn contains no terms of order 
lower than 4{|m|+ |m.|+...+|m,|}; and where the summations extend 
over all positive and negative integer and zero values of m, mg, ..., M,, except 


the combination 
(OU SON ES) ang Si) pS. 
Moreover, the expansion of a... (which will be called the non-pervodic part 
of H, the rest of the expansion being called the periodic part) begins with 
the terms 
891 + SGa +... + SnGn. ) 


and, when q’, q2, ---, Yn are small, these are the most important terms in H, 
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since they contribute terms independent of 4’, q’, ..., dn’ to the differential 
equations. 


For convenience we shall often speak of q’, gz’, ..., Yn’ as “small,” in order 
to have a definite idea of the relative importance of the terms which occur. 
It will be understood that ’, q@’, ..., Yn’ are not, however, infinitesimal, and 
in fact are not restricted at all in magnitude except so far as is required to 
ensure the convergence of the various series which are used. 


To avoid unnecessary complexity, we shall ignore the terms 
Zn, gy. SIN (Py + ... + Mn Pn’) 
in H, as they are to be treated in the same way as the terms 
Liang, they.erym COS (1, py’ +... + MnPn), 


and their presence complicates, but does not in any important respect modify, 
the later developments. 


The form to which the problem has now been brought may therefore be 
stated as follows (suppressing the accents in the variables): The equations of 
motion are 

Ch ah et Cpr ot. a 
ds Mey aag Eas SamiDgpatoy Wo Vaan SND 
where H= Ao,0,...,0 + Renae COS (1 + NoP2 + ... +NnPn); 


and the coefficients a are functions of q, q2, -»+» In only ; moreover, the perrodic 
part of H is small compared with the non-periodic part apo,o,,9; a term which 
has for argument (np, + Npo+ ... + Mnpn) has rts coefficient An,,n,,...,nn at least 
of order ${\m,|+|no|+... +|Mn|} im the small quantities qi, qa, +--+, In3 and 
the expansion of Ao,o,.,o begins with the terms (s,Q, + 8xq2+ «+» +8nQn): 


It follows from this that when the variables q, qo, .--, dn are small they 
vary very slowly, while the variables p,, p2, ..., Pn vary almost proportionally 
to the time. 


185. Other types of motion which lead to equations of the same form. 


The equations which have now been obtained have been shewn to be 
applicable when the motion is of a type not far removed from a steady motion 
or an equilibrium-configuration, e.g. the oscillatory motion of the simple 
pendulum, or those types of motion of the Problem of Three Bodies which 
have been studied in § 171. But these equations can be shewn to be 
applicable also to motion which is not of this character, and in particular to 
motion such as that of the planets round the sun, or the moon round the 
earth *. 

For let the equations of motion of the Problem of Three Bodies be taken 


* Delaunay, Théorie de la Lune; Tisserand, Annales del’ Obs. de Paris, Mémoires, xvii. (1885). 


26—2 


4040 Integration by Trigonometric Series (cH. XVI 


in the form obtained in § 160; and let the contact-transformation which is 


defined by the equations 


Pema pees (r=1 re oe 4) 


be applied to this system, where 


; ‘ 1 Qa 2a 2 9 42\4 
W=gint ant | {emi wmym a oF 
q3 n n 


The new variables can be interpreted in the following way. Suppose that at 
the instant ¢ all the forces acting on the particle ~ cease, except a force of 
magnitude m,m,/q," directed to the. origin; and let a be the semi-major axis 
and e the eccentricity of the ellipse described after this instant: then 


qi = {mym,ua (1 — e*)}4, Js = {mm,pa}}, 
Further, if the lower limits of the integrals are suitably chosen, p,’ + q, is 


the true anomaly of w in its ellipse, and —p,’ is the mean anomaly. The 
variables qo’, qu, Po, ps Stand in a corresponding relation to the particle p’. 


The equations of motion now take the form 


dq, off dp, oH a } 

RN nae dt gee alae 
when the particles m, and m, are supposed to be of small mass compared with 
m,, and are describing orbits of a planetary character about m,, it is readily 


found that H can be expanded in terms of the new variables in the form 


/ /, ’ 
FT = A,0,0,0 + 2Any, ng, ny, ng COS (% Pr + Ne Pa’ + Nsps' + NPs), 


where the coefficients a are functions of (q1’, qo, gs, g:) only, the summation 
extends over positive and negative integer and zero values of 7, my, Ms, M4, 
and the coefficient ao,o,o,9 is much the most important part of the series. As 
this expansion of H is of the same character as that obtained in § 184, it 
follows that the method of solution given in the following articles is applicable 
either to motion of the planetary type or to motion of the type studied in § 171. 


186. Removal of a periodic term from H, 


We shall now apply to the system another contact-transformation, the 
effect of which will be the removal of one of the periodic terms from H ; this 
will further accentuate the feature already noted, namely that the non-periodic 
part of H is much more important than the periodic part*. 


* Readers familiar with Celestial Mechanics will notice the analogy of this method with that 
of Delaunay’s lunar theory : the analysis is different from Delaunay’s, but the idea is essentially 
the same. 
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Let one of the periodic terms in H be selected, say 
Any, May. Mn COS (Ny; + NoMa + ... + Mn Pn). 
Write A eee An,, mg). COS (MP, + Ny Po +... + MnPn) + R, 
so that R denotes the rest of the periodic terms of H; when we wish to put 
in evidence the arguments of which dy,,n,,..,n, 18'a function, we shall write it 
Ong, Myy.uytm (Yay Jay #*#) Yn): 
Apply to the system the contact-transformation defined by the equations 


AIEONE wie Ww, me 
Praga) ars (P= 1,2, «4.5 1), 
where W= Qi Pr + Jo Po af tee 4 Ga Dn +7, Gas Co) Cas 0) 
and O=N Pi t+ MoPot «0. +MnPn} 


we shall suppose that fis a function, as yet undetermined, of the arguments 
indicated. The problem is now expressed by the equations 


dq, oH dp, . 0H ee 
b= 0p, samden ae Og, Cais pecan 


where 


, 0 i 4) 
TT = Oy, 6,...,0 (4 +m2, se On +1025) 


é 0 , 0 
+ Any, ng,..., 2 (a +N ue sue Qa tin. Z cos 0+ R, 


and @ and R are supposed to be expressed in terms of the new variables by 
means of the equations of transformation 


= of pee kon K 
Pr ~ PE Gat Tella (=I, Pdire See PNY 


The function f is, as yet, undetermined and at our disposal. It will be 
chosen so as to satisfy the condition that @ shall identically disappear from 
the expression 

pate ee / of 
Lo, 0,...,0 (a ve 20) In +n 4) 


; d , of 
H Anny, ty .0s ton @ +7 a 14 In + Mn 3g ) cos 0, 
so that this quantity is a function of 7, q.’, ..., dn’ alone, say 


@ o,0, es (qn, Oa; seey Gao) 
Then the equation 


1 0 / of 
0,0, ...,0 (a + inet sory Qn + Nn a) 
, () P 0 
ae ee (4 +N iy sees Yn + Mn v) cos 0=a Sie 


determines 0f/00 in terms of 1’, qs «++ Qn» &o,6,...,0, and.cos 0. 
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Suppose that the solution of this equation for df/0@ is expressed in the 
form of a series of cosines of multiples of 6 (which can be done, for instance, 
by successive approximation), so that 


rs) ao 
OI ain he: = cy cos kG, 
00 Rah 
where ¢, ¢, C,, ... are known functions of qj’, qo’, «++» Uns Wo,0, ..40° 


Now @’4,0,...,0 18 as yet undetermined, and is at our disposal. Impose the 
condition that c, is to be zero; this determines a’,,., as a function of 
, Qa, «++» Qn; and, on substituting its value in the series for 0f/00, we have 


of/d0 = S c, cos ké, 
k=1 


where now ¢, Gs, Cs, ... are known functions of q,’, q@,---, Gn- Integrating 
this equation with respect to 6, and for our purpose taking the constant of 
integration to be zero, we have 
f= > “sin ko. 
kai k 


The equations defining the transformation now become 


r=Qr +My X cy cos kO 
ce 


Multiply the first set of these equations by 7, me, ..., M_, respectively, and 
add them: writing 
Pi + NoPs +... + NnDn = 0, 

eal : 
we have O =O. > (1 OK + Nq 00 +...+2y ee sin ké. 

halk Og Ya On 

Reversing this series, we have 
G=6'+ > d:sin kO’, 


k=1 


where d,, d,,... are known functions of q’, qo’, ..., Qn. Substituting this 
value of @ in the equations of transformation, they become 


Dr = Pr + > ye, sin kd’ 


k=1 


“ ( 
r= Qr +% & gy cos kO’ | 
kal 


where all the coefficients ,¢,, g, are known functions of qy’, qo’, ..., Qn’ 


Now, before the transformation, the function R consisted of an aggregate 
of terms of the type 


is : ; 
RB = Dan, , my, cy mp COS (MP, +... + MpPn) ; 
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when the values which have been found for KGi9Ga, Sas Gani Duy ee 2Dn) OLE 
substituted in this expression, and the series is reduced by replacing powers 
and products of trigonometric functions of p,’, p,’, ..., Pn’ by cosines of sums 
of multiples of py’, py’, ..., Pn’, it is clear that R will consist of an aggregate 
of terms of the type 


B= ZW on, tg, oor; My COS (MAD + Maa +... + Mn Pn’), 
where the coefficients a’ are known functions of (q’, qo’, -..; Yn’). 


We thus have the result (omitting the accents of the new variables) that 
after the transformation has been effected, the system is still expressed by a set 
of equations of the form 

dq, 0H dp, _ oH 


sees ee SP as 
TOS @ Ge Sra, 
where = 4, 6,...,0 + UE m,, 209, 5 tm COS (14M; + Mg Py +... + MnPn); 
and where the coefficients a’ are known functions of qy, qa) +++5 Un+ 


Let us now review the whole effect of the transformation. The differential 
equations of motion have the same general form as before; but from the 
equation 


th 
Qo, 0, ...,0 + Any, ng, .--; %_ COS (1p + NeoPa +... + Nn Pn) = @ 9,0, ...50 


ary 


we see that one term has been transferred from the periodic part of H to its 
non-periodic part: the periodic part of H is less important, in comparison 
with the non-periodic part, than it was before the transformation was made. 


187. Removal of further periodic terms from H. 


Having now completed the absorption of this periodic term into the non- 
periodic part of H, we proceed to absorb one of the periodic terms of the new 
expansion of H into the non-periodic part, by a repetition of the same 
process. In this way we can continually enrich the non-periodic part of 
H at the expense of the periodic part, and ultimately, after a number of 
applications of the transformation, the periodic part of H will become so 
insignificant that it may be neglected. Let (a), a, ..., &n, Bi, Ba, «++ Bn) be 
the variables at which we arrive as a result of the final transformation: then 
the equations of motion are 

dap Olt dp, oH : 
RC Oi Toe Pro ape Cree LA Bern), 


where H, consisting only of its non-periodic part, is a function of 


(1, %&,..., G) only. We have therefore 
da, x 0H ipl 
a 0, By=— Ba dt CP ee eas 
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which shews that the quantities a are constants, and the quantities 6 are of 
the form 


; oH 
8, = prt +e,, . where ie saieas (r=, 2, ccs BG 


the quantities ¢, are arbitrary constants, and the part of 4, independent of 
(Oras ory In) ES — ish: 


188. Reversion to the originul coordinates. 


Having now solved the equations of motion in their final form, it remains 
only to express the original coordinates of the dynamical system in terms of 
the ultimate coordinates (4), ag, ..., 4n, 81, ++»; Bn). Remembering that the 
result of performing any number of contact-transformations in succession is a 
contact-transformation, it is easily seen that the variables (q, qo, .--, Yn, 
Pi» +++) Pn) used at the end of § 184 can be expressed ‘in terms Of (@), Gs; =05 bes 
B,, ..., Bn) by equations of the form 


mr Claes seey Mn = 
ee een te sin (mp; + Mop. + -.. + MnPn) BR We. 


dr = A + De at My, «0:7 Mn COS (mp, + M2Pot...+ MnPn): 
or 
Or =f, (a, gy Visca Jit iran Mg, ..., Mn COS (mB, + mB. +...+ =a 
Pr = 8B, + 2m My, .) Mn sin (m,8, + M285 + ... + M%nBn) 
Cacen By Spetrag) 
where the coefficients a and 6 are functions of (a, a2, ..., &). 

From this it follows that the variables (1, qo, ---; Yn» Pir «++» Pn) Of § 182, 
in terms of which the configuration of the dynamical system was originally 
expressed, are obtained in the form of trigonometric series, proceeding in 
sines and cosines of sums of multiples of the n angles 8,, Bo, ..., 8n. These 
angles are linear functions of the time, of the form w,t+.e,; the quantities 
e, are n of the 2n arbitrary constants of the solution, while the quantities 
py, are of the form 


= hig k, 
Py = — 8 + > Chi, kg n,n 1 1g? . 2+ An™®, 
By, Kgs 


the coefficients ¢ being independent of the constants of integration. The 
coefficients in the trigonometric series are functions of the arbitrary constants 
(Gy, Gay 14 Oy) ODLVe 

The expansions thus obtained represent a family of solutions of the 
dynamical system, the limiting member of the family being the position of 
equilibrium or steady motion which was our starting-point. 

Evidently also, by applying the integration-process of §§ 186—188 to the 
equations of motion found in § 185, we obtain a solution of the Problem of 
Three Bodies, when the motion is of the planetary type, in terms of trigono- 
metric series of the kind above specified. 
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For the further development of the theory of the present chapter, in connexion with 
the Problem of Three Bodies, reference may be made to treatises on Celestial Mechanics: 
in particular, the second volume of Poincaré’s Vowvelles Méthodes de la Mécanique Céleste 
contains an account of several methods of deriving expansions, with a discussion of the 
convergence of the series obtained. 


MISCELLANEOUS EXAMPLES. 


1. Let @ denote any function of the variables ¢,, Ya, «++) Yay Piy +++) Pn Of a dynamical 
system which possesses an integral of energy 
LLG, Gos «=+5 Wny Pis «<9 Pn) = Constant ; 


let @, Gg, ...5 Gn, 51, ..., On be the values of 91, Go) ».+) Yn» P19 «-+> Pn Lespectively at the 
instant t=); and let {7 g} denote the value of the Poisson-bracket (7, g) when the quan- 
tities 91, Joy ---) Yn» Piy +++» Pn OCCUITINg in it are replaced respectively by @,, dy, ..., Gn, 


3 


Shew that 
PD (Gry Yar «+19 Yar Pry +229 Pa)=P (Ayy My, 00) Any Dy, «-+y On) +(¢—t) {h, Z} 


+2" (6, B), B+... 


2. Shew that the dynamical system whose equations of motion are 
dq 0H dp _0H 
dt Op’ Gis Gee 
(Gies thy 
Lai ya ares es AS es 
where H=Fp +o, ee 
possesses a family of solutions represented by the expansion (retaining only terms of order 


less than a?) 


aa 
7 ale t(Z V'c0s 8 — Sry 00s 28, 


where [ej— -(i aa 3 3) tte, 


and a and e are arbitrary constants. 


INDEX OF TERMS EMPLOYED. 


(The numbers refer to the pages, where the term occurs for the first time 


Absolute integral-invariants, 265 

Acceleration, 14 

Action and Reaction, Law of, 29 

Action, Integral of, 243 

Adjoint system, 281 

Admission of a contact-transformation by a 
dynamical system, 308 

Angles, Eulerian, 9 

Angular momentum, 58 

Angular velocity, 14 

Anomaly, 88 

Apex of a top, 151 

Aphelion, 84 

Apocentre, 84 

Appell’s equations, 253 

Apse, 84 

Are-coordinates, 19 

Attractive regions of a field of force, 392 

Axes, principal, 122 

Axis, instantaneous, 2 

Azimuth, 19 


Bernoulli’s principle, 182 

Bertrand’s theorem on determination of forces, 
319 

Bertrand’s theorem on impulses, 255 

Bilinear covariant, 285 

Bodies, Problem of Three, 327 

Boltzmann-Larmor representation of the Last 
Multiplier, 272 

Bonnet’s theorem, 92 

Bracket-expression, Lagrange’s, 287 
o 3 Poisson’s, 288 

Bruns’ theorem, 346 


Canonical form of equations of motion, 259 
Central forces, 76 

Centre, instantaneous, 3 

of oscillation, 130 

of suspension, 130 


9? 


oP) 


in the book or is defined.) 


Centrifugal forces, 41 
Characteristic exponents, 388 
Christoffel’s symbol, 39 
Classical integrals, 346 
Coefficient of friction, 223 

Baie », Stability, 384 
Collinear Lagrange’s particles, 381 
Collision, 230 
Components of a vector, 13 
Conjugate determinants, 289 

5 points on a trajectory, 248 
Conservation of energy, 61 

30 », Momentum, 58 
5 », angular momentum, 59 

Conservative fields of force, 37 
Constraint, Gauss’, 250 
Contact-transformations, 282 
homogeneous, 290 

a oh infinitesimal, 291 
Coordinates of a dynamical system, 32 

ss elliptic, 95 

is ignorable or cyclic, 53 

ms ignoration of, 55 

"f normal or principal, 177 

3 quasi-, 41 
Cotes’ spirals, 81 
Covariant, bilinear, 285 

i. deformation-, 109 
Curvature, least, 250 
Cyclic coordinates, 53 
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Deformation-covariant, 109 
Degrees of freedom, 33 
Density, 115 
Differential form, 285 
nf parameters, 109 
Displacement of a body, 1 
a4 possible, 33 


Dissipation function, 226 
Dissipative systems, 222 
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Distance, mean, 86 
Divisors, elementary, 179 


Eccentric anomaly, 88 
Elementary divisors, 179 
Elimination of the nodes, 329 
Ellipsoid, momental, 122 
ee, of inertia, 122 
3 of gyration, 122 
Elliptic coordinates, 95 
Energy, integral of, 61 
A kinetic, 35 
7 potential, 37 
5 total, 62 
Equations, Appell’s, 253 
3 first Pfaff’s system of, 296 
re Hamilton’s, 258 
Pe Hamilton-Jacobi, 303 
% Jacobi’s, 329 
5s Lagrangian, 37 


as Lagrangian in quasi-coordinates, 
41 
. Lagrangian with undetermined 


multipliers, 211 

5 variational, 262 
Equidistant Lagrange’s particles, 381 
Equilibrium configuration, 173 
Equimomental, 115 
Eulerian angles, 9 
Exponents, characteristic, 388 
Expressions, Pfaff’s, 285 

5 Lagrange’s bracket-, 287 

Bs Poisson’s bracket-, 288 
Extended point-transformations, 282 
External forces, 36 


Field of force, 29 
conservative, 37 
0 ys parallel, 91 
First Pfaff’s system, 296 
Fixity, 26 
Fixture, sudden, 165 
Flux of a vector, 13 
Focus, kinetic, 248 
Forces, 29 
53 central, 76 
7 centrifugal, 41 
a external and molecular, 31, 36 
an reversed, 47 
Form, differential, 285 
Frame of reference, 26 
Freedom, degrees of, 33 
Friction, 223 
. coefficient of, 223 
Function, dissipation, 226 
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Index 


Function, Jacobi’s, 330 
Function-group, 310 


Gauss’ principle, 250 

Gravity, 27 

Group, Function-, 310 

Group property, 283 

Gyration, ellipsoid of, 122 
sf radius of, 116 

Gyroscopic terms, 191 


Hamilton’s equations, 258 
‘3 principle, 242, 245 
,. theorem, 78 
Hamilton-Jacobi equation, 303 
Helmholtz’s reciprocal theorem, 293 
Herpolhode, 150 
Hertz’s principle, 250 
Holonomic systems, 33 
Homogeneous contact-transformations, 290 


Ignorable coordinates, 53 
Ignoration of coordinates, 55 
Impact, 230 
Impulsive motion, 47 
fe “A Lagrangian equations of, 
49 
Index of stability, 385 
Inelastic bodies, 230 
Inertia, ellipsoid of, 122 
- moments and products of, 115 
Infinitesimal contact-transformations, 291 
Initial motions, 44 
Instantaneous centre and axis of rotation, 2 
Integral of angular momentum, 59 
me classical, 346 


FF of energy, 61 

rs Jacobian, 342 

3 of momentum, 58 

vs of a system of equations, 52 


Integral-invariants, 261 

" absolute and relative, 265 
Invariable line and plane, 142, 334 
Invariant relations, 314 
Invariants, integral-, 261 
Inverse of a transformation, 283 
Involution, involution-systems, 310 
Tsoperimetrical systems, 261 


Jacobi’s equation, 329 
function, 330 
. theorem on equations of calculus of 
variations, 259 
Jacobi-Hamilton equation, 303 
Jacobian integral, 342 


Index 


Joukovsky’s theorem, 107 


Kinematics, 1 
Kinetic energy, 35 

» focus, 248 

» potential, 38 
Kineto-statics, 37 
Klein’s parameters, 11 
Koenigs and Lie’s theorem, 269 
Kowalevski’s top, 160 


Lagrange’s bracket-expressions, 287 
3 equations of motion, 37 

=A A + with undetermined mul- 
tipliers, 211 

of impulsive motion, 49 
ass oF for quasi-coordinates, 43 
is particles, 381 

Lagrangian function, 38 

Lambert’s theorem, 90 

Larmor-Boltzmann representation of the Last 
Multiplier, 272 

Last Multiplier, 270 

Law, Newtonian, 85 

Least Action, 243 

» curvature, 250 

Levi-Civita’s theorem, 313 

Lévy’s theorem, 318 

Lie and Koenigs’ theorem, 269 

Line and plane, invariable, 142, 334 

Liouville’s theorem, 274, 311 
“ type, systems of, 66 

Localised vectors, 15 
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Mass, 28 
Mathieu transformations, 290 
Mean anomaly, 88 

», distance, 86 


», motion, 86 
Meridian plane, 18 
Model, 46 


Molecular forces, 31 
Moment of a force, 29 
5 », imertia, 115 
Momental ellipsoid, 122 
Momentum, 47 
as angular, 58 
oy corresponding to coordinate, 53 
9 integral of, 58 
Motion, impulsive, 47 
a initial, 44 
oe mean, 86 
5% reversed, 293 
iy steady, 189 
Multiplier, Last, 270 
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Natural dynamical systems, 56 
Newtonian law, 85 
Newton’s theorem on revolving orbits, 82 
Node, 337 
Nodes, elimination of, 329 
Non-holonomic systems, 33 
Non-natural systems, 56 
Normal coordinates, 177 

», form, 376 

» Vibrations, 182, 191 


Orbit, 77 
»» periodic, 374 
Order of an integral-invariant, 262 
» 5, & system of equations, 51 
Oscillation, centre of, 130 


Parallel fields of force, 91 
Parameters, differential, 109 
4 Klein’s, 11 

5 symmetrical, 8 
Particles, 27 

a Lagrange’s, 381 
Pattern, 46 
Pendulum, simple, 71 

i spherical, 102 
Perfect roughness, 31 
Pericentre, 84 
Perihelion, 84 


a -constant, 85 
Periodic solutions or orbits, 374 
time, 86 
7 and non-periodic parts of Hamiltonian 


function, 402 
Pfaff’s expression, 285 
», system of equations, 296 
Pitch of a screw, 5 
Plane, invariable line and, 142, 334 
Planetoid, 341 
Poinsot’s representation, 148 
Point-transformations, 282 
Poisson’s bracket-expressions, 288 
, theorem, 308 
Polhode, 150 
Possible displacements, 33 
Potential energy, 37 
Ay kinetic, 38 
v9 Schering’s, 43 
Principal axes and moments of inertia, 122 
“A coordinates, 177 
Principle, Hamilton’s, 242, 245 
% of Least Action, 243 
- » 9»  Ourvature, 250 
Pr 5, Superposition of vibrations, 182 
Problem of Three Bodies, 327 
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Problem of Three Bodies, in a plane, 339 
+5 ee 3 restricted, 341 
os », two centres of gravitation, 95 
Product of inertia, 115 


Quadratures, problems soluble by, 53 
Quasi-coordinates, 41 


Radius of gyration, 116 
Rayleigh’s dissipation function, 226 
Reciprocal theorem, Helmholtz’s, 293 
Relations, invariant, 314 
Relative velocity, 14 

eo integral-invariants, 265 
Repellent regions of field of force, 392 
Restricted Problem of Three Bodies, 341 
Resultant of vectors, 13 
Reversed forces, 47 

* motion, 293 
Revolving orbits, 82 
Rigid body, 1, 31 
Rotation about a line or point, 1 
instantaneous axis of, 2 
centre of, 3 
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” 99 


Roughness, perfect, 31 


Schering’s potential function, 43 
Screw, 5 
Similarity in dynamical systems, 46 
Sleeping top, 201 
Smoothness, 31 
Solubility by quadratures, 53 
Solution, periodic, 374 
Spherical pendulum, 102 

7 top, 155 
Spirals, Cotes’, 81 
Stability of equilibrium, 182 

. ,, steady motion, 189 
,, orbits, 384, 394 
coefficient of, 384 

5 index of, 385 
Steady motion, 159, 189 
Sub-groups, 290 
Sudden fixture, 165 
Superposition of vibrations, 182 


Index 


Suspension, centre of, 130 
Sylvester’s theorem, 179 
Symbol, Christoffel’s, 39 

a of a transformation, 292 
Symmetrical parameters, 8 
System, adjoint, 281 
dissipative, 222 
involution-, 310 
isoperimetrical, 261 
. Pfaff’s, 296 


Thomson’s theorem, 256 

Three Bodies, Problem of, 327 

», in a plane, 339 
restricted, 341 
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” ” bed 9° 


Time, 27 
»» periodic, 86 
Top, 151 


», Kowalevski’s, 160 

5, Spherical, 155 

», sleeping, 201 
Trajectory, 77, 241 
Transformations, contact-, 282 
Mathieu, 290 

% point-, 282 

Translation of a body, 1 
True anomaly, 88 
Two centres of gravitation, 95 
Type, Liouville’s, 66 
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Variational equations, 262 
Vectors, 13 
% localised, 15 
Velocity, 14 
angular, 14 
relative, 14 
corresponding to a coordinate, 32 
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Vertex of a top, 151 
Vibrations about equilibrium, 173 
a », Steady motion, 189 
normal, 182, 191 
of dissipative systems, 228 
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», non-holonomic systems, 217 
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